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FEASIBLE POWER FRONTIERS FOR LEARNED SCALAR ANDERSON-RUBIN
SCORES UNDER HIGH-DIMENSIONAL WEAK IDENTIFICATION

TAMER CETIN

Weak-identification theory usually fixes the score before studying robust inference. In
high-dimensional IV designs, scalar Anderson—Rubin scores are often selected from growing
score dictionaries. This paper characterizes one finite-information frontier: sample splitting
preserves weak-ID size conditional on the learned score, but oracle scalar-AR power is limited
by what the training sample can learn about the weak-drift direction. In a canonical Gaussian
weak-drift experiment with sparse drifts, minimax normalized noncentrality regret is of
order min{1, 02 s, log(epn /s )/r2 }, with corresponding power regret on compact oracle-
noncentrality ranges. Hence nonvanishing training noise and growing sparse complexity rule
out uniform oracle-power recovery under nondegenerate weak-ID oracle power. Bayes and
finite-grid criteria are decision-theoretic benchmarks. Growing-dictionary PLIV gives the
central econometric realization through B, ,1A/2 gn.-
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1. INTRODUCTION

Weak-identification robust inference is usually formulated after a score or moment process
has been chosen. Anderson—Rubin, score, LM, conditional likelihood-ratio, conditional linear-
combination, and weak-GMM procedures deliver tests and confidence sets with correct size
when identification is weak, partial, or singular, taking the moment process as the object to which
the robust statistic is applied (Anderson and Rubin, 1949, Staiger and Stock, 1997, Stock and
Wright, 2000, Kleibergen, 2002, Moreira, 2003, Andrews, Moreira, and Stock, 2006, Andrews,
2016, Andrews and Mikusheva, 2016, Andrews and Cheng, 2012, Andrews and Mikusheva,
2022, Kaji, 2021). In modern IV applications, however, the score is often constructed before
the robust statistic is reported. Instruments are expanded into transformations and interactions,
high-dimensional controls are residualized, orthogonal scores are formed, and regularization
selects among many candidate score representations. Under weak identification, these choices
are first-order because they determine the local drift and covariance of the statistic used for
robust inference.

This paper studies the finite-information power frontier for learned scalar Anderson—Rubin
scores. Training data map noisy information about the weak drift into a linear score direction,
and an independent inference sample evaluates the corresponding one-dimensional AR statistic.
Sample splitting preserves the fixed-score AR null law conditional on training, while feasible
local power depends on how accurately the training sample learns the weak identifying direction.

The frontier is a scalarization frontier. A full-vector Anderson—Rubin statistic avoids learning
a score direction, but its critical value grows with the dictionary dimension. An oracle scalar
Anderson—Rubin statistic concentrates power in the best direction, but that direction depends on
the weak drift. A learned scalar Anderson—Rubin statistic is the intermediate design: sample
splitting preserves weak-ID size, while training information selects the one-dimensional direction
used for inference. The quantity n,, below is the price of this intermediate design.

The analysis is organized around a Gaussian weak-drift experiment. A growing score dic-

tionary has dimension p,,, and the training signal is Y,, = G,, + pt_rl/QE}/?fn, &, ~N(0,1,,).
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A feasible rule J,, chooses a coefficient vector Bn = 0,,(Y,,). For denominator matrix B,, and
inference-sample fraction p;,;, the scalar Anderson—Rubin noncentrality generated by a score
coefficient 3 at drift g is
, (8'9)?
Qn(ﬁangTl)_pmfIB/Bnﬁ' (11)

The associated level-v local power is ho {@r (8 9, Br)}s ha(q) =1—Fy2((ci1-a). The oracle
score direction is proportional to B, *g. The feasible problem is to choose a direction from the
noisy training signal Y,,, and to quantify the resulting loss in local Anderson—Rubin power.

The paper is organized around one unavoidable frontier. Weak-ID robust size is protected
by sample splitting, but oracle scalar-AR power is feasible only to the extent that the training
sample learns the projective direction of the weak drift. In sparse canonical coordinates the
finite-information difficulty is

B o2s, log(ep,/sn)
T

n

) (1.2)

n

V]

and the frontier is min{1,7, }. The Bayes, PLIV, finite-grid, and numerical sections are orga-
nized around this single object: Bayes clarifies the power decision, PLIV supplies the central
econometric realization, finite grids study common-score use over several local directions, and
the numerical experiments illustrate the same difficulty index.

The organizing theorem is a sparse high-dimensional minimax frontier for learned scalar AR
directions. In the canonical Gaussian sequence experiment Y = g + 0,,§, £ ~ N(0,1,, ), let
G (Sn,rn) ={g9 €RP" 1 ||gllo < Sn, |lg||2 =7} For normalized noncentrality regret,
Qn(0(Y)i9,1p,) {o(v)'g}?

L0y = 1= G = o PP

the minimax envelope is

(1.3)

2 nl n n
inf  sup E,L,(0,,9) < min{l, Tn® og(zep /n) } .

on 9EGn(sn,rn) rn

The lower bound is projective: signs of score directions are irrelevant for scalar Anderson—Rubin
power. The upper bound is attained, up to constants, by hard thresholding. On compact oracle-
noncentrality ranges, the same rate transfers to power regret because the scalar AR power map
has derivative bounded above and away from zero. Consequently, under nondegenerate weak-ID
oracle power and nonvanishing training noise, growing sparse complexity rules out uniform
recovery of oracle scalar-score power.

The scalar restriction creates a sharp econometric comparison. Full-vector or many-moment
AR avoids learning a score direction but pays a growing critical-value cost when the dictionary
is large. Oracle scalar AR avoids that cost but requires the weak drift. Learned scalar AR is
the operational middle ground: sample splitting preserves weak-ID size conditional on the
selected score, and the sparse frontier quantifies the finite-information cost of making the scalar
direction feasible. The Bayes analysis is a supporting decision-theoretic benchmark for the same
frontier. Given a posterior law for the drift GG,, after observing Y,,, the Bayes rule maximizes
E[ho{Q.(8;Gr, B,)} | Y,] over score directions. This posterior expected-power criterion need
not coincide with the posterior Rayleigh rule that maximizes posterior expected noncentrality. A
two-direction posterior example shows that the power-optimal score can depend on the nominal
level «, because the scalar AR power map is nonlinear in the noncentrality.
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The main econometric realization is growing-dictionary partially linear IV. The structural
environment is Y = (g + A)D + ¢go(X) + U, E[U | Z, X] = 0, with local first stage D —
mo(X)=N"2r,(Z,X)+ V. For a centered dictionary b, (Z, X), the training sample learns
gn =Elb,, (Z,X)7m,(Z,X)], while the inference-side local drift is G,, A = Ag,, and the scalar-
AR denominator is B, o = E[wa(Z, X)b,, (Z,X)b,, (Z,X)'], wa(Z,X)=E[(U + AV)?|
Z,X]|. Thus scalar-AR power depends on the denominator-normalized first-stage direction
Vn.A = B;lA/an, not on raw instrument coordinates. Under aligned PLIV conditions, the
canonical sparse frontier applies with difficulty index

_ P OaSnlog(epn/sn)
Nn,A = ~ 2
HVmA H

This normalization is substantive: sparsity is a property of the AR-denominator geometry, not of
an arbitrary raw dictionary. Section 5.7 gives a rotated-factor example in which the raw drift
is dense while the denominator-normalized drift is sparse. A final finite-grid extension studies
direction-free score design. For a finite set of local alternatives or tested values, the paper defines
integrated and maximin feasible-power envelopes over common training-measurable score rules.
The result gives existence and a collapse condition under which all local directions rank score
coefficients in the same order. This extension connects the pointwise score-learning frontier to
finite-grid test design while preserving the scalar sample-split Anderson—Rubin structure.

The paper connects four literatures. Strong-identification optimal-instrument and optimal-
moment theory studies efficiency when the identifying direction is regular (Chamberlain, 1987,
Newey, 1990, Donald and Newey, 2001, Belloni, Chen, Chernozhukov, and Hansen, 2012, Chen,
Chen, and Lewis, 2020). DML, locally robust moments, and automatic Riesz methods construct
orthogonal scores for regular or locally regular targets (Chernozhukov et al., 2018, Chernozhukov,
Newey, and Robins, 2022, Chernozhukov, Newey, and Singh, 2022). Weak-identification robust
inference and weak-GMM decision theory study size control, power, and optimal decisions
once the score or moment process is specified (Anderson and Rubin, 1949, Staiger and Stock,
1997, Stock and Wright, 2000, Kleibergen, 2002, Moreira, 2003, Andrews, Moreira, and Stock,
2006, Andrews, 2016, Andrews and Mikusheva, 2016, Andrews and Cheng, 2012, Andrews and
Mikusheva, 2022, Kaji, 2021). Many-instrument and many-weak-moment work studies validity,
estimation, or test construction with many instruments, moments, or covariates (Bekker, 1994,
Chao and Swanson, 2005, Hansen, Hausman, and Newey, 2008, Newey and Windmeijer, 2009,
Mikusheva and Sun, 2024, Carrasco and Tchuente, 2016, Lim, Wang, and Zhang, 2024, Ayyar,
Matsushita, and Otsu, 2025, Ma, 2023, Boot and Nibbering, 2024, Zhang, Li, and Sun, 2026,
Wang, Chan, and Ye, 2025, van der Laan, Kallus, and Bibaut, 2025, Baiardi, Clarke, Naghi,
and Polselli, 2026). The present contribution adds a finite-information score-learning layer to
weak-identification theory: before the final robust statistic is evaluated, high-dimensional score
construction imposes a quantifiable constraint on attainable local power.

The numerical section reports limiting-experiment designs that correspond to the main the-
orems. One design compares posterior-power and posterior-Rayleigh rules. A sparse design
varies the difficulty index in (1.2). Additional designs illustrate dense shrinkage, finite-grid
direction-free criteria, and finite-sample PLIV transfer in aligned dictionaries.

The paper proceeds as follows. Section 2 defines the canonical finite-information experiment
for learned scalar AR power and proves the sample-split scalar AR link. Section 3 gives the
Bayes decision benchmark for posterior power-optimal score choice. Section 4 proves the
sparse minimax frontier, its power-regret transfer, and the split-design implications. Section 5
transports the frontier to growing-dictionary PLIV through denominator-normalized score
coordinates. Section 6 studies finite-grid direction-free score design. Section 7 gives numerical
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local experiments. Appendix A contains the main proofs, and the Online Appendix gives the
full sparse minimax derivation and auxiliary PLIV and direction-free proofs.

2. A FINITE-INFORMATION EXPERIMENT FOR FEASIBLE POWER
2.1. Training signal, score rules, and power regret

Let p,, — oo. For each n, let B,, and 3,, be symmetric positive-definite p,, X p,, matrices.
The weak drift is a vector GG,, € RP~, either fixed in minimax analysis or random under a Bayes
prior. The training experiment is

Y, =G, +1,5Y%,, £ ~N(0,1,,), T = pi/?. .1

The constants p, and p;,; are fixed nondegenerate training and inference split-fraction limits
satisfying 0 < pg;, Pine < 1.

REMARK 2.1—Training and inference fractions: The main statements are written for fixed
nondegenerate split fractions because the sample-split AR statistic is evaluated conditionally on
the learned score. The split is nevertheless part of the same frontier. Corollary 4.5 records the
single-split tradeoff

“o?s, log(epn/sn N
y=" ng( / ), 4 (p) = (1 —p)ra.

n

Nn(p

A larger training fraction reduces score-learning noise but lowers inference-sample noncentrality.
Thus the split fraction is governed by the same finite-information frontier, rather than by a
separate identification argument.

A feasible score rule is a measurable map

-~

S, iR 5 RP A\ {0}, B, =0,(Y,). 2.2)

The action B\n is a linear score direction used in a scalar Anderson—Rubin statistic. Sample
splitting makes the selected score fixed conditional on training, so the procedure class isolates the
feasible-power effect of high-dimensional score learning while preserving transparent weak-ID
size control.

Because Anderson—Rubin noncentrality is homogeneous in the score coefficient, the action
space can be normalized to

B, :={B R :5'B,s=1}. 2.3)
For a nonzero coefficient 5 and drift g, define

(8'9)®
:g.B,) = p . 24
Qn(ﬁaga n) pmfﬁ/Bnﬁ ( )
The oracle noncentrality at drift g is
Q:(9) = pntd' B, ' g, (2.5)

attained by any nonzero scalar multiple of B, 'g when g # 0.
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Let
ho(q)=1— Fxg(q)(ﬁ_a), q>0. (2.6)
The local power induced by [ is
Tan(B:9) = ha{@n (859, Bn)}- 2.7)
The oracle local power is
Tom(9) =ha{@7(9)}- (2.8)

DEFINITION 2.2—Power regret: For a feasible rule §,, and fixed drift g, the power regret is

Ran(0n,9) =70 0 (9) = B [Ta,n {00 (Y20), 93], 2.9)

where E, denotes expectation under (2.1) with G,, = g.

THEOREM 2.3—Sample-split scalar AR experiment for learned scores: Ler B = 0,(Y,) be
any training-measurable score rule, and let F,, = o(Y,,). Suppose that, under the null,

dpr, (L{T, 5, | Fu}, N(0,1)) 0. (2.10)

Under the local alternative indexed by fixed drift g, suppose

den (LT, 5, | Fu}, N{pa(g),1}) 20, @2.11)

where the training-measurable signed shift satisfies

1(9)? = Qn (B3 g, By).- (2.12)

Let AR, 5 =T? 5,- Then Pro{AR, 5 > ci_o} =a+o0(1), and Pr{AR, 5 >c1_o} =
Ey[ha{Qn(6,(Yn);9,Bn)} + o(1). Consequently the power criterion in (2.9) is the local

rejection probability generated by the learned-score scalar AR experiment. The proof is in
Appendix A. 1.

REMARK 2.4—Uniform reading: Theorem 2.3 is used below in its uniform form over the
relevant triangular-array classes. If the conditional bounded-Lipschitz approximations in (2.10)
and (2.11) hold uniformly over classes P, o and P, a, then the null-size and local-power
conclusions also hold uniformly:

sup |P{AR,; >ci_o}—a| =0,

PEPn .o

and

sup )P{ARnﬁn Sea)— Epha{Qmp(Bn)}‘ 0.

PEPn A

The proof is unchanged: once the conditional bounded-Lipschitz distance is controlled uniformly,
the rejection-region bracketing argument and the normal boundary bound are deterministic and
uniform over the conditional mean.



REMARK 2.5—Why study learned scalar AR scores?: The rule class is intentionally nar-
rower than the class of all weak-ID robust tests. Scalar AR keeps size control transparent after
sample splitting: conditional on the training sample, the inference statistic is one-dimensional.
The restriction also creates a sharp comparison. A full-vector AR statistic avoids learning a
direction but pays a growing critical-value cost when the dictionary is large. An oracle scalar
AR statistic concentrates power in the best direction but requires the weak drift. A learned
scalar AR statistic is the intermediate procedure: it preserves sample-split weak-ID size while
using training information to select a low-dimensional direction for inference. Proposition 4.8
formalizes the many-moment side of this scalarization tradeoff. The results below are frontiers
over training-measurable scalar score rules, not dominance claims relative to CLR, conditional
linear-combination, or modern many-instrument procedures.

2.2. Canonical normalization and sparse classes

Many statements are simplest after the transformation
0= B!?3, v=B;'?g, Z=B;'?Y,. (2.13)
Then 6’6 = 1 on the normalized action space and

Qn(ﬁagaBn) - pinf(elﬁ)/)Q' (214)

The transformed training experiment is
Z =~+T1,0Y%,, Q, =B '*%,B;'? (2.15)

REMARK 2.6—Coordinate meaning of sparsity: The sparse minimax theory is stated in the
score coordinates in which the denominator geometry is normalized. Equivalently, sparsity is a
property of the canonical drift v = B;;*/2g, not of an arbitrary raw dictionary. An arbitrary
correlated denominator matrix can rotate the coordinate system and destroy raw-coordinate
sparsity. In econometric embeddings, the sparse theory therefore applies to dictionaries that are
orthogonalized or approximately diagonalized in the relevant score-denominator geometry, or
to raw dictionaries for which B,, is sufficiently aligned with the chosen coordinates. The sparse
power-regret frontier is therefore a canonical-coordinate result, with the econometric content
supplied by dictionaries aligned with the score-denominator geometry.

DEFINITION 2.7—Aligned canonical sparsity: A raw dictionary is said to be aligned for
the sparse frontier at denominator matrix B,, if the canonical drift B;;*/?g, rather than merely
the raw drift g, is sparse or approximately sparse. In PLIV this means sparsity of B;IAN G-
Alignment is automatic for an orthonormalized score dictionary with B,, approximately diagonal
in the chosen coordinates, but it can fail when denominator normalization rotates a sparse raw
first stage into a dense canonical direction. All sparse minimax statements below are conditional

on this aligned canonical sparsity.

The main high-dimensional frontier is stated for sparse shells in the canonical geometry,
denoted G, (s,,7m,) = {g € R?" : ||gllo < Sn, [lg]l2 = r.}. The sparse shell captures score
dictionaries in which a small subset of canonical transformations carries identifying drift.
Dense ellipsoid alternatives are retained as numerical benchmarks and are naturally paired with
shrinkage rules; the main high-dimensional frontier theorem package below focuses on sparse
shells.
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Throughout the paper, GG,, denotes a random weak drift under a prior, g denotes a fixed drift
in minimax analysis, and G, » denotes the PLIV local drift associated with local direction A.
The matrix B,, is always a denominator matrix; the normalized action set is 15,,.

3. BAYES DECISION BENCHMARK FOR THE FRONTIER

This section gives a decision-theoretic benchmark for the same learned scalar-score frontier.
The minimax result in Section 4 characterizes worst-case finite-information loss over sparse
weak-drift classes. The Bayes criterion studied here fixes a posterior law for the weak drift
after training and asks which scalar AR direction maximizes posterior expected power. The
comparison clarifies why feasible weak-ID score choice is a power problem rather than only a
Rayleigh-quotient or expected-noncentrality problem.

3.1. Exact posterior envelope

Let G, be arandom weak drift with prior 1L,,, independent of £,,. Given the training realization
Y, =y, a score coefficient 3 € B,, delivers posterior expected power

Pan(B;y) =E[ha{Qn(8;Gn, Bu)} [ Ya =1yl (3.1
The Bayes feasible power frontier is the random value
Van(y) = sup Pan(B:y). (3.2)

ASSUMPTION 3.1—Bayes regularity for posterior power: For each n, the posterior kernel
y—>IL, (- | y) is regular. The matrices B,, and X, are positive definite.

THEOREM 3.2—Bayes feasible power frontier: Under Assumption 3.1, for each n and almost
every y, the supremum in (3.2) is attained on B,,. There exists a measurable Bayes power rule
0% such that

6P (y) € argmax P, ,.(3;y) (3.3)

BEBR

for almost every y. The ex ante Bayes feasible power value is
E[Va.n(Ya)], (3.4)
and no measurable score rule has larger prior expected local power. The proof'is in Appendix A.2.

For comparison with posterior Rayleigh rules, assume additionally that
E[|Gnll3 | Ya=y] < o0 (3.5)

for the training realizations under consideration.

3.2. Posterior power and posterior Rayleigh rules
The posterior Rayleigh rule maximizes posterior expected noncentrality,

B M, (y)B

Qn(ﬁ;y):E{Qn(ﬁ;GmBn)|Yn:y]:pinf B/Bnﬁ )

3.6)
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It is a generalized eigenvector of (M, (y), B,). The next result separates posterior expected
power from posterior expected noncentrality.

PROPOSITION 3.3—Two-direction posterior and size-dependent power rules: Let B, = I,
suppress n, and suppose that conditional on'Y =,

a_ aey, with probability p,
| bes, with probability 1 — p,

where a,b> 0, p € (0,1), and e, e, are coordinate vectors. Write a normalized score direction
as B(t) = (Vt,V/1T—1), t € [0,1]. The posterior Rayleigh rule maximizes pa*t + (1 —
p)b?(1 —t), and therefore selects t = 1 if pa® > (1 — p)b?, selects t = 0 if pa® < (1 — p)b?, and
is indifferent if equality holds. The posterior expected-power rule maximizes

O, (t) = pho(pinea’t) + (1 — p)ha{pineb® (1 — 1) }. 3.7
Any interior maximizer satisfies
pa’hl, (pmea’t) = (1 — p)b°h. {pineb*(1 — ) }. (3.3)

Consequently the posterior expected-power rule can depend on the nominal size o. If
pa® > (L—p)b* but  pahi,(pinsa®) < (1 —p)b®hy,(0), (3.9)

then posterior Rayleigh selects t = 1, whereas posterior expected power does not. The proof is
in Appendix A.3.

For example, with p;,; = 1, p=0.95, a = 0.8, and b = 3, direct maximization of @, (t) over
t€[0,1] selects t =0 at « = 0.01 and ¢ = 1 at o = 0.05. The Rayleigh rule is unchanged and
selects t = 1, because pa® > (1 — p)b>.

REMARK 3.4—When posterior power and Rayleigh approximately coincide: If posterior
uncertainty is concentrated on a single direction, or if all posterior noncentralities are uniformly
small, the posterior-power objective is locally close to a Rayleigh objective. Indeed, for small q,
ha(q) = a+ R.,(0)q + o(q), so maximizing posterior expected power is first-order equivalent
to maximizing posterior expected noncentrality. The noncoincidence in Proposition 3.3 therefore
arises from posterior directional uncertainty together with nonlinearity of the power map away
from the local linear region. This is the decision-theoretic role of the Bayes section in the paper.

4. SPARSE MINIMAX FRONTIERS FOR LEARNED SCORE DIRECTIONS

This section proves the paper’s organizing frontier in the Gaussian weak-drift experiment
Y=g+o0.§, §~N(01I,).

The mathematical engine is the standard sparse normal-means geometry, but the payoff is a
weak-ID scalar-AR payoff: squared projective direction loss is exactly normalized noncentrality
loss, and on compact noncentrality ranges it is equivalent to local power regret. The single
quantity

M =0, snl0g(epn/sn) /7,
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therefore governs both the finite-information cost of learning the oracle scalar AR projection
and the no-oracle-recovery implication under nondegenerate weak-ID oracle power.
The loss is normalized noncentrality regret,

Qn((S(Y);g,Ipn): _ {5(Y>/9}2
Qr(9) 6O llgl*”

with the convention that L,, = 1 if 6(Y) = 0. This is squared projective angular loss: score
directions ¢ and —§ are equivalent for scalar AR power.

L,(d,9)=1- 4.1)

Let
gn(snvrn) == {g S an : ||gHO S sn7 ||g||2 :Tn}a (42)
and define
o%d,
d,, = s, log(ep,/sn), N = ZQ ) 4.3)

n

The quantity 7,, is the sparse finite-information difficulty index.

THEOREM 4.1—Sparse minimax frontier for normalized regret: Suppose 2 < s,, < p,, /4.
There exist universal constants 0 < ¢ < C' < 0o such that

cmin{l,n,} < iglf sup E,L,(5,,9) <Cmin{l,n,}. 4.4)

" g€Gn(sn,Tn)

The infimum is over all measurable score rules §,, : RP» — RP», with L,, = 1 when 0,,(Y) = 0.
The upper bound is attained up to constants by hard thresholding. Appendix A.4 gives the concise
proof. The Online Appendix, Section 2, gives the full canonical-coordinate proof, including the
projective-packing, Fano, perturbation-packing, and hard-thresholding derivations.

The hard-thresholding upper bound is in the sparse normal-means thresholding tradition of
Donoho and Johnstone (1994); the rate reflects the usual sparse high-dimensional complexity also
familiar from minimax theory for sparse regression and related models (Raskutti, Wainwright,
and Yu, 2011).

REMARK 4.2—Constructive role of hard thresholding: The top-s,, hard-thresholding rule
is used as an attainability device for the sparse minimax envelope: it shows that the canonical
direction-learning rate in Theorem 4.1 is feasible in the Gaussian experiment. The lower-bound
and no-oracle-recovery implications do not depend on this particular implementation. The
theorem is a frontier result for score-direction learning; tuning-rule selection is separate from
the econometric lower-bound object.

LEMMA 4.3—Power-map comparability on compact noncentrality ranges: Let h,(q) =
) (c1—a). For every G < oo, there exist constants 0 < me, 3 < M, 4 < 0o such that, for
all g € 10,q) and £ € [0, 1],

ma,ﬁqg S ha(Q) - ha{Q(l - f)} S Ma,ﬁ qﬁ (45)

The proof is in Appendix A.5.
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COROLLARY 4.4—Power-regret frontier on compact oracle-noncentrality ranges: Suppose
there exist constants 0 < q < G < 00 such that pi,r2 € [q q|. Then there exist constants 0 <
co < C, < 00, depending only on o ,q, G, such that

cemin{l,n,} < 1nf sup  Ran(0n,9) < Comin{l,n,}. (4.6)

on 9€Gn (sn,mn)

The proof'is in Appendix A.6; the Online Appendix, Corollary 2.7, records the corresponding
canonical-coordinate transfer.

COROLLARY 4.5—Split-fraction frontier: Let p € (0, 1) denote the training fraction and 1 —
p the inference fraction in a single-split design. In the canonical sparse Gaussian experiment, de-

71025n og(epn/sn
fine Y, =g+ p'0,8, £~ N(0,1,,), and g5 (p) = (1 = p)r2, nu(p) = ° o8(cpn/on),

T

Fix a nonempty split set R,, = {p € [p,1 — p] : q;(p) € [¢,q] } , where()<,0<1/2ana’0<q<
q < o0o. Let Rg,n((sag) he {Qn(p)} E he {Qn,p< ( )Q,I )} where Q, p(ﬁ’ga pn):

7 N2
(1—p) (fﬁélll)g - Then, uniformly over p € R, infs, ,sup ¢ (s, vy Ro (0 p,9) <min{l,n,(p)}.

Consequently, if V1, , =sups, infeeg, (s,rm) Egha{@n,o(0,0(Y,); 9, 1p,)}, then there exist
constants 0 < ¢, < C < 09, dependmg only on «,q,q, such that, uniformly over p € R,,
ha{q;(p)} — Comin{l,n,(p)} <VZ , <holq}(p)} — ca min{1,m,(p)}. Thus increasing the
training fraction reduces score-learning noise but lowers inference-sample noncentrality. The ex-
act optimizing split is constant-sensitive, but every split-design rule is governed by the displayed
tradeoff between ¢, (p) and n,,(p). The proof'is in Appendix A.7.

COROLLARY 4.6—Sparse signal-to-noise frontier: The minimax envelope implies the follow-
ing signal-to-noise frontier.
(i) If n, > 1 eventually, finite information prevents uniform recovery of the oracle score
direction: infs, sup,cg. (5. sy EgLn(0n,9) > co for a universal constant c, > 0.
(ii) Ifnn, — 0, the hard-thresholding upper-bound rule H, satisfies Sup cg, (s, ) E,L,(Hs,,9) =
O(n).
(iii) If, in addition, pi,s7? € [q,q] C (0,00), the same low-signal and high-signal conclusions
transfer to power regret through Corollary 4.4.
The proof is in Appendix A.8.

COROLLARY 4.7—No oracle-score recovery under nondegenerate weak-ID power: Suppose
there exist constants 0 < ¢ <G < 0o, p >0, and g > 0 such that, eventually, pins > p, pinsT2 €
lq,q], 02 > a2 If s,log(epn/s,) — oo, then n,, — oo, and there exists c, > 0 such that
infs, SUDyeg,, (5n.mm) Ran(0n,9) > Co eventually. Thus, under nondegenerate weak-1D oracle
power and nonvanishing training noise, growing sparse complexity rules out uniform oracle-
power recovery by learned scalar scores. The proof is in Appendix A.9.

PROPOSITION 4.8—Scalarization benefit against many-moment AR critical values: Let
Pn — 00. Suppose a full-vector AR statistic has local limit x>, (¢,), ¢n — q € (0,00), and
rejects at the level-o central critical value c,,, 1—o. Then Pr{x2 (q.) > ¢p, 1—a} — . By
contrast, an oracle scalar AR score with the same limiting noncentrality q has limiting power
ha(q) = Pr{xi(q) > c1_o} > a. Thus scalar score learning trades a many-moment critical-
value cost for the finite-information cost of learning the relevant direction in this benchmark. The
proposition isolates the scalarization tradeoff: many-moment AR pays a growing critical-value
cost, while learned scalar AR pays a finite-information score-learning cost. The proof is in
Appendix A.10.
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REMARK 4.9—Weak-ID scaling and high-dimensional recoverability: Corollary 4.7
isolates the conventional weak-ID implication of the sparse frontier. The quantity 0, =
o2s,log(ep,/sn)/r? measures training-side direction-learning difficulty, whereas p;nsr* mea-
sures oracle inference-side noncentrality. In exact local-weak sequences with nondegenerate
oracle power, r2 = O(1). Therefore growing sparse complexity requires either increasing ef-
fective training information, decreasing training noise, or a larger weak-drift norm to recover
oracle scalar-score power.

REMARK 4.10—Canonical-coordinate and procedure scope: The sparse minimax envelope
is stated in canonical Gaussian sequence coordinates. Correlated denominator and training-
covariance geometries must first be transformed to the normalized coordinates described in
Section 2 and in the PLIV embedding. The theorem is a frontier for learned linear score directions
entering scalar Anderson—Rubin procedures. Broader weak-identification robust procedures
have different critical-value and conditioning structures.

The next section maps this canonical frontier into an econometric weak-IV model. In PLIV,
the abstract radius 72 becomes the squared norm of the denominator-normalized first-stage drift,

—1/2
1B, L% gull?,
and the sparse difficulty becomes
o a = pitoasnlog(ep,/sn)
’ 1B, L% gnl?

5. GROWING-DICTIONARY PLIV LEARNED-SCORE FRONTIER

This section is the central econometric realization of the canonical frontier. The primitive
experiment and sparse minimax theorem identify the finite-information cost of learning a scalar
AR direction. The PLIV embedding shows when that canonical experiment is generated by a
growing instrument dictionary. The key object is the denominator-normalized first-stage drift
B;Xz gn; it is this object, not the raw first-stage coefficient vector, whose complexity determines
feasible scalar-AR power. The section is organized in three layers. The first subsections define
the PLIV benchmark, the training statistic, and the feasible sample-split AR statistic. The
operational reduction then shows that, conditional on the learned score, the feasible PLIV
statistic has the scalar-AR local-power representation of Section 2. The remaining subsections
give sufficient primitive alignment and coupling conditions, a rotated canonical-factor example,
and the PLIV learned-score frontier.

5.1. PLIV benchmark: model, centering, and score dictionary

LetY = (6y + A)D + go(X) 4+ U, E[U | Z, X]| = 0. Start from the local first-stage represen-
tation

D—mo(X)=N"2x(7 X)+V, E[V|ZX]=0. (5.1)
The raw drift in (5.1) need not be conditionally centered. Define 7,,(X) = E[n:*¥(Z, X) |
X], 7 (Z,X) =71(Z,X) — 7,(X), and my (X) = mo(X) + N~/27,(X). Then

D—my(X)=N""%75(Z,X)+V, E[r(Z,X)|X]=0. (5.2)
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Let b,, (Z, X) € RP~ be a growing dictionary satisfying
Elb,,,(Z,X) | X] = 0. (53)

Because the dictionary is conditionally centered, E[b,, (Z, X)7¢(Z, X)] =E[b,, (Z, X)r*¥(Z,X)].
Below, write ,, for the centered drift 7{ and take m y as the residualization target. Define

In :E[bpn (ZvX)Trn(Z’X)L

Gn,A - Agna
B, A =E[wa(Z,X)b,, (Z,X)b,, (Z,X)'],
C, :E[U%,(Z,X)bpn (Z,X)b,, (Z,X)], 5.4)

where
wA(Z,X):]E[(U+AV)2|Z,X], a%,(Z,X):]E[VQ\Z,X].

For a score coefficient 3, the PLIV local noncentrality is

v /Gn 2 ! n 2

pl (ﬁ) pinfu — ﬂian2M. (5.5)
B'By,afB B'Bn,aB

The training statistic is g, = f =2 iety, bon (Zi, Xi){Di — m(X;)}. Throughout Section 5,

P pe € (0,1), Mot = pge E (0,1]. The training and inference samples are independent
conditional on the triangular—array law.

5.2. Operational learned-score PLIV statistic

Let 3, = 6, (9,) be a training-measurable score coefficient and 5,,(Z, X) =b,, (Z, X)’ B
On the inference sample define

i’ ? D Biby, (Zi, X){Yi — ia(X5) — 05[D; — ma (X))}

- i€l

T. 5 (6) = St S (5.6)

n,Bn 0 ’ in )
{Ban,fA/Bn}l/Q

where fin, ma, and Blrl 'a are cross-fit relative to the inference observations. Let ARn 5. (00) =

T, 5,(00)>. The oracle residualization targets under Py a are pya(X) = Epy [V |
X], my(X) =Ep, ,[D | X]. The A-indexed notation in (5.6) is used for a fixed-local-
alternative power expansibn. The local direction is not observed by the practitioner; it indexes the
sequence along which local power is evaluated. In confidence-set inversion the same notation is
read pointwise: for each tested value one forms the residuals and variance estimator appropriate
to that tested value, while the local-power calculation evaluates the resulting statistic along a
fixed sequence Py .
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5.3. Operational conditions for the PLIV reduction

For fixed A, define the denominator-bounded score set H, A(c,C) = {8 € RP" : ¢ <
B'BoafB < C}. Let

ftr - U{(YL7D’L7Z’L7XZ) : Z S Itr}7
Dtr = O’{(Z“XZ) . Z S Itr}7
Dinf = U{(Z“XZ) 11 < Iinf}.
ASSUMPTION 5.1—Operational PLIV reduction conditions: Fix A. The following conditions
hold for constants 0 < ¢ < C' < 0o and for the realized score rules considered below.

(i) Splitting, centering, and eigenvalues. The split samples are independent conditional on the
triangular-array law, the centered first-stage representation (5.2) holds, and

I, <C,=<CI,, ¢, <B,a=CI,

(i1) Training representation. The drift sampling and training residualization errors satisfy

1
2 { > by, (20, Xi)ma(Zi, X5) —gn}| =0,(1) (5.7)
Mt i€lgr 9
and
1/2 Zb (Zi, X){m(X;) — mn (X))} = o0,(1). (5.8)
tr i€ gy 2
Moreover,
dBL< {C 22 Zb (Z:, X,)V, Dtr} N(O,pt_rllpn)> 20, (5.9)
tr i€ 1ty

where Dy, = 0{(Z;, X;) : i € I, }. Condition (5.9) is an operational high-dimensional Gaussian
approximation, Propositions 5.4 and 5.5 below give sufficient conditions and separate operator-
norm covariance control from the stronger trace/Frobenius control needed for exact canonical
equivalence.

(iii) Inference drift, variance, and nuisance remainders. Let g = — - D ic 1 O (23, Xi)T0 (23, X5).
Then
B 2@ = 90| = o), (5.10)
2

and, uniformly over 8 € H,, a(c,C),

IB/Blnf /8

7B Aﬁ 1| =o0,(1), (5.11)

n,A

;;/2 Z By, (Zi, Xi){[1ia — v, al(Xi) — Oo[Ma —mn](Xi)}

i€ling

1). 5.12
G o G
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(iv) Conditional scalar CLT. For R; o = U; + AV, uniformly over 5 € H, a(c,C),
nt’> > B0y, (2, Xi) Ry

1€ 1ing

(8'Bn.afB)"?

dpy | £ Fu VD p,N(0,1) | 20. (5.13)

(v) Bounded local frontier. The oracle PLIV local noncentrality is bounded.:
naBraGna=0(1). (5.14)
All remainders above are uniform over the PLIV classes used in the minimax statements below.

THEOREM 5.2—Operational PLIV learned-score AR reduction: Suppose Assumption 5.1
holds. Let (3,, = 0,,(g,,) be training-measurable and suppose Pr{f,, € H,, a(c,C)} — 1. Then:
(i) Training representation. Let Z,, , = C'7 /2 YN >icr,, bon (Zi, Xi)Vi. Then C (g, —

Ntr
Gn) = Zn i + Cn iy lan tell2 = 0p(1), and dg;, (E{Zn,tr | Dtr},N(O,p{rlen)) 50. No
Euclidean coupling is asserted in this operational representation. Such a coupling is imposed
only under the stronger sparse-frontier conditions in Theorem 5.12 and Assumption 5.8.
(i) Feasible signed-shift approximation. Conditional on the training sigma-field,

e = B\;Gn,A P
o (ﬁ{T”’ﬂ" S ( VP B B s 1)) o o

(iii) Size and local power. For the null size statement, Assumption 5.1 is understood with
A = 0. For the local-power statement, it is understood at the fixed local direction AA. Under the

null, PFN,O{ZI\%@L (00) > ci—o} =a+o0(1). Under Py a,

AR {6n(/g\n)/Gn A}2
5 = i . . 5.16
]\];)yg{ARn,Sn (00) > leoz} ]EN,A |:ho¢ (plnf 6n (@\n)/BnYAén (/g\n) + 0(1) ( )

Thus the feasible PLIV statistic satisfies the primitive learned-score scalar AR experiment with
C,, inference drift G, a, and denominator B,, a. The proofis in Appendix A.11.

REMARK 5.3—Uniform PLIV reduction: The operational PLIV reduction is pointwise in
notation but is used in its class-uniform form. When Assumption 5.1 holds uniformly over a
PLIV class *B.,,.a, the 0,(1) remainder in the rejection-probability representation is uniform
over that class. In particular,

T CAING
sup P{ARnygn (90) > Cl—a} — Epha Pinf <~ =~ —
PEPBn, A 6;Bn,ABn

Thus weak-ID uniformity is imposed or verified through the uniform operational and primitive
PLIV conditions, not inferred from pointwise convergence.

5.4. Primitive verification and canonical coupling

The operational conditions above are intentionally stated in the exact score-weighted quantities
that enter the statistic. This subsection records primitive sufficient conditions. Two distinctions
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are important. First, operator-norm covariance consistency gives a covariance-perturbed Gaus-
sian experiment, but it does not by itself give bounded-Lipschitz convergence to the exact
canonical N (0, I, ) law when p,, — co. Exact canonical equivalence requires a trace or Frobe-
nius condition. Second, the sparse upper bound for hard thresholding requires an L,-coupling
remainder, not only weak convergence of the training law.

PROPOSITION 5.4—Gaussian first-stage covariance and canonical equivalence: Sup-
pose, conditional on (Z;,X;)cr,,, the first-stage residuals V; are independent Gaus-

sian random variables with E[V; | Z;, X;] = 0, E[V? | Z;, X,] = 03(Z;, X;). Let~aff =
e 2iety, 0o (2, Xi)by,, (2, X3) 0325, X;) and Re, = CV2CHC 2 — 1, Re, =
pue (I, + Ron) = I, Assume (5.7), (5.8), and | Ro,|op = 0, (1). Then

0;1/2(/9\71 - gn) = Cn + Tn trs
Co | Do ~ N{0, p (I, + Ren) b, (5.17)

[173n,xll2 = 0p(1).
If, in addition, tr(ﬁ%n) = 0,(1), then (5.9) holds. The proof is in Online Appendix 4.1.

PROPOSITION 5.5—Non-Gaussian training approximation and coupling: Let X,; =
C; Y2, (Z;,X:)V;, i € I, and suppose E[X,,; | D,] = 0. Assume a conditional multivariate
normal approximation for the normalized score-weighted array:

N N
dBL< { Dtr} N<0,C;1/QC,?C;1/2)> 5 0. (5.18)
tr ntr
i€ 1y

D> X
A primitive input for high-dimensional Gaussian approximation, Berry—Esseen, or Yurinskii-type
bounds is the vector third-moment quantity b,, ., := No2 et Bl Xnill3 | D] = 0,(1). Set

Ter

Rep = pulCyV2CHCY2 — 1, L If (5.18) holds and tx(R2, ) = 0,(1), then (5.9) follows.

In particular; if K¢ == sup. , 0y (2,2) | C;/2b,, (z,)2 and sup. , *IZ== < oo,

then b, . = O, (K 30 n/ /M) For the usual weighted leverage scale K¢ ,, = O(\/py), this
is the familiar requirement p3/? /\/ny, — 0.

For sparse upper bounds, the bounded-Lipschitz approximation in (5.18) is not enough. The
needed additional input is a quadratic Wasserstein, or equivalently Euclidean coupling, rate
in the denominator-normalized coordinates used by the sparse theorem. Here and below, W,
denotes quadratic Wasserstein distance on RP" induced by the Euclidean norm:

W2(PQ)= inf /||x—y||2dw ),

mell(P,Q)

where I1( P, Q) is the set of couplings of P and Q. Conditional W, distances are interpreted
after conditioning on the relevant design sigma-field; an outer expectation averages over that
sigma-field. Let

SBA =B, 1/2 Z by, (Z FE,A = Pt;lai([pn + @:;,A)v

tr i€ Ity
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with 937 A as in (5.24) below, and with r,, and n,, A defined by the sparse PLIV problem. If, in
addition,

EW2(L{SE 5 | D}, N(0,T8 :
5 (L{Sma |T2t } N ( ) = o{min(1,7..4)}, (5.19)

n

then the non-Gaussian branch supplies the non-Gaussian part of the Euclidean coupling.
Combined with the denominator-normalized covariance perturbation rate (5.27), this gives the
canonical Euclidean coupling required in the sparse PLIV upper bound.

Condition (5.19) may be verified in applications using quantitative strong-approximation
tools, such as Yurinskii- or Zaitsev-type couplings, under suitable moment, leverage, and
dimension-growth restrictions. It is not implied by the bounded-Lipschitz approximation alone
(Yurinskii, 1977, Zaitsev, 1987, Chernozhukov, Chetverikov, and Kato, 2017). The proofis in
Online Appendix 4.2.

PROPOSITION 5.6—Scalar inference CLT from leverage and third moments: Fix A. Suppose,
conditional on the inference-side design, the variables R; n = U; + AV, are independent, mean
zero, with B[R? A | Z;, Xi] = wa(Z;, X;).

Let K5, =sup, ,wa(z,2)'?| B, 1/2bpn (z,2)||2. Assume
EHRz A|3 | Zl = Z,Xi = .T]

KwB,n/\/ Nint — 07 sup : 3/2 < 00,
2@ wa(z,x)

and the oracle covariance concentration

B’ {n > biblwalZi, Xi) — Bn,A} B’
inf

1€lins

=0,(1).

op

Then the uniform conditional scalar CLT (5.13) holds. If the feasible variance estimator is
operator-norm consistent in the same geometry, then (5.11) also holds. The proof is in Online
Appendix 4.3.

PROPOSITION 5.7—Denominator-noise alignment: operator and trace forms: Suppose, for
Sfixed A, there exists ka > 0 such that

En,A = szug) m — kal|—0,
and that B,, n = Elwab,,, b, | has eigenvalues bounded away from zero and infinity. Then
HB 20, BIY? — kal,, || <ena. (5.20)
op
Moreover,
tr{{ B Y*C, B Y? - &AIPH}Z] < Pa? A (5.21)

Thus operator alignment follows from €, A — 0, while trace alignment for exact canonical
coupling requires the stronger rate implied by the right side of (5.21). The proof is in Online
Appendix 4.4.
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5.5. A primitive aligned PLIV verification

For the sparse frontier, normalize the training statistic by the inference denominator:
> —1/2~ ~ —-1/2
Zn,A :Bn,A/ In, ’yn,A:Bn,A/ In-

The next assumption gives primitive rates that verify both the operational AR reduction and the
stronger L,-coupling needed by the sparse upper bound.

ASSUMPTION 5.8—Primitive aligned PLIV design with strong training coupling: Fix A.
The following conditions hold.

(i) Centering, eigenvalues, and canonical alignment. The centered representation (5.2) and
dictionary centering (5.3) hold. The eigenvalues of B, a and C,, are bounded away from zero
and infinity. For some 0 < g < o <7 < 00,

—0. (5.22)

op

|BiPCuB X - oA,

(i1) Drift and nuisance rates. The operational drift and nuisance remainders in (5.7)—(5.12)
hold. For sparse-frontier upper bounds, with 1, n = py 048, log(€ep,/s,)/r2, rH =
|¥n.all2, the stronger B, -normalized training rate holds:

{ erw } er{m (Xi)}]

2 2 = o{min(1,7, )}
(5.23)

2
1/2

E

n

(iii) Training covariance trace coupling. Let C''F = n%r D e, bbioi (Z;, X;) and

N
Na=Pu—0 0B, *CuB Y 1, (5.24)

tr

Also define the C.,-normalized covariance perturbation R, = pyi-C 2O CY2 — 1,
For the operational Gaussian approximation in (5.9), require

IRE lop = 0p(1),  tr{(RE,.)*} = 0,(1). (5.25)

This is the C,,-normalized trace condition used by Propositions 5.4 and 5.5. The denominator-
normalized perturbation O},  is the one used by the sparse upper-bound coupling. For it,
require

105 allop =05(1),  tr{(O}7 4)*} = 0,(1). (526

For sparse-frontier upper bounds, the stronger mean trace rate holds:

1 QEt tr 2
7a ;j( n.a) }:o{minu,m,A)}. (5.27)

n

(iv) Training law, strong-coupling branch, and inference CLT. For the operational AR re-
duction, either the first-stage residuals are conditionally Gaussian as in Proposition 5.4, or
the direct bounded-Lipschitz vector approximation in Proposition 5.5 holds. For the sparse
upper-bound conclusion, the denominator-normalized mean trace rate (5.27) in part (iii) is
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required in all cases. In addition, the training side satisfies one of two strong-coupling branches:
either the first-stage residuals are conditionally Gaussian, or the non-Gaussian Wasserstein
coupling rate (5.19) holds. The non-Gaussian branch replaces Gaussianity of the training law;
it does not replace the covariance-perturbation trace rate in (5.27). On the inference side, either
R; A is conditionally Gaussian, or the leverage and moment conditions of Proposition 5.6 hold.
Variance consistency (5.11) holds.

(v) Bounded frontier and canonical sparsity. G, aB, WG a = O(1). For sparse-frontier
statements, Y, A € Gn(Sp,T0), With2 < s, <p, /4.

THEOREM 5.9—Primitive aligned PLIV verification: Under Assumption 5.8, the operational
conditions in Assumption 5.1 hold, and Theorem 5.2 applies.

For the sparse-frontier components, suppose that (5.23) holds, that the denominator-
normalized mean trace rate (5.27) in Assumption 5.8(iii) holds, and that the training law
satisfies one of the two strong-coupling branches in Assumption 5.8(iv). Then there exists a
coupling with §,, ~ N (0, I, ) such that, uniformly over the primitive aligned sparse PLIV class,

~ ~ - ]E €n 2 .
Zn,A = Tn,A + ptr1/20A€n + €n,A, @ = O{mln(la nn,A)}' (528)

TTZ»

Consequently the upper-bound part of Theorem 5.12 applies. The direct bounded-Lipschitz
non-Gaussian approximation alone verifies the operational AR reduction, but not this Euclidean
coupling. The proof is in Online Appendix 4.5.

REMARK 5.10—Interpretation of the aligned design: Assumption 5.8 characterizes aligned
dictionaries for which the denominator-normalized sparse frontier can be transported from the
Gaussian sequence experiment to PLIV. The conditions cover score dictionaries that are close
to the AR denominator geometry and nuisance estimates that are small in the score-weighted

directions entering the scalar statistic. Raw-coordinate sparsity is not enough when B, 1/ % s

highly rotational; the sparse theorem applies to the canonical PLIV drift B, 1A/2 Gn-

5.6. Aligned orthonormalized dictionary example

This aligned design arises in a stylized but useful case after residualizing controls and or-
thonormalizing the instrument dictionary in the AR denominator geometry. Suppose b, (Z, X)
is conditionally centered and normalized so that E[b, 0/ | = I, . Suppose also that, for
fixed A, the AR residual variance is approximately constant over the dictionary support,
wa(2,2) =wan{l +€un(2,2)}, [|€0nlloo < 0w n. and the first-stage residual variance is ap-

proximately proportional to it, 03 (z,2) = 02 wa (2, 2){1 +ev..(z,2)}, llevnlloo < Ovn-
Then [lwx!, B — Iy, ||, < 8un: HB;XQC B Y- o2 Ian < 8y +o0(1). The cor-
op

responding trace condltlons follow when pn62 — 0 and p,, 62 » — 0. If the centered first-stage
drift has the dictionary expansion ,,(Z, X ) = b (Z,X)0, + a "Z,X), | E[by, al]lle =
0(/|0,]|2), with 6,, s,,-sparse, then g,, = 6,, + o(|0,||»). Since B, }/* = 71/2{ +o0op(1)},
the denominator normalization is asymptotically scalar in this example The exact sparse theo-
rem should still be read in the orthonormalized denominator coordinates; the display explains
why raw dictionary sparsity and canonical sparsity coincide exactly in the ideal proportional
case and remain close when the perturbations are negligible at the stated risk scale. This
example covers orthonormalized instrument transformations whose first-stage noise and AR
residual noise are approximately proportional; general correlated raw dictionaries require the
denominator-normalized canonical coordinates described above.
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5.7. Rotated canonical-factor example

The sparse frontier is formulated in denominator-normalized coordinates. This normaliza-
tion can rotate the reported raw dictionary. Let a,, (Z, X) be a conditionally centered factor
dictionary with Ela,, (Z,X)a,, (Z,X)'] =1,,, and let the raw dictionary be b, (Z,X) =
L,a,, (Z,X), where L, is nonsingular and L, L/, is not diagonal in the reported raw co-
ordinates. Suppose, for clarity, that wa(z,2) = WA, 03 (2,2) = 0awa . Then B, Ao =
wanL, L, C, =03wa nL,L,, and therefore B, 1/20713;2/2 = oal,,. The denominator-
normalized factors are 1, (Z, X) = B;}A/?bpn(z, X)=wy (Lo L)) 2Ly, (Z,X), an
orthonormal rotation and scaling of the raw factors. Suppose the centered first-stage drift loads
sparsely on these normalized factors: ,,(Z, X ) = wlA/iq/Jpn (2,X)0,+al(Z,X), |Elby,al]ll2
0(||0,]|2), where 0,, is s,-sparse. Then g, = E[b,, 7, = (L,L.)"?0, + o(||0.]]2), and

- Aan = wAl/ 0., + 0(||0..||2). Thus a sparse canonical drift can correspond to a dense
raw coefficient vector whenever (L,,L’,)*/20,, is dense. The sparse frontier is a statement about
the denominator-standardized score factors that carry identification, rather than sparsity in
arbitrary raw instrument coordinates.

5.8. Operational sparse PLIV frontier

The sparse class below is a class for the normalized PLIV drift 5, o = B;1A/2 Jn, nOt for an
arbitrary raw first-stage coefficient vector. Let ‘Bphv (8n,Tn) denote a class of PLIV triangular

arrays satisfying Assumption 5.1, the alignment condition HB L ’c, B, 1/ 2 —oal,,
op

o(1), 0 < g <oa <7 < 00, and the sparse normalized drift restriction 5, A = B;IA/2 Jn €
G (Sny1n), Tn, = |[Yn,all2- For a normalized-coordinate rule d,, : RP» — RP», define

Znan =B, 1A/2gn Fix a deterministic unit vector e; ,, € RP». Implement the original PLIV
score coefficient by the normalized representative

=~ {BnlA/an( nA)/||d< nA)H?v dn(Zn,A)?éO,

Bn(d,) = _ (5.29)
() B Y?e, ., dn(Z,.a) =0.

Then Bn(dn)’Bn, Agn(dn) = 1. Define normalized PLIV noncentrality regret by

QuX{Bn(dn)}

LleiZ (dn) =1- *,pliv ’
' Qn

*,pliv __ 2.2
Qn,A 7pian Th-

DEFINITION 5.11—Balanced canonical PLIV lower-bound subclass: For fixed A # 0, o >
0, and ¥ € G, (Sn, ), the balanced canonical PLIV subclass is the triangular array with known
nuisances, X; =0, p, + 1 < min(ne,, nint) eventually, and deterministic split designs satisfying

%Zbi:o, *be’ I,,,  aé€{tr,inf},

@ iel, Na icly

first-stage drift m; = b7, first-stage residuals V N (0,03 ), and inference residuals R; n =
U+ AV, %' N (0,1), _independent of V; conditional on the design. Then B, n = I, C, =
oxl,,, g. =7, and Z,L A =7+ VN/n,oa., & ~ N(0,1,,). exactly. If exact balance
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is inconvenient, an asymptotically balanced version with total-variation equivalence to this
Gaussian experiment gives the same lower bound. This subclass is used as a least-favorable
local experiment for the lower bound, not as a claim that empirical PLIV designs literally have
deterministic balanced instruments and Gaussian residuals.

THEOREM 5.12—PLIV learned scalar-AR power frontier: Fix A # 0 and suppose 2 < s,, <
Dn /4. Let

—152 s, log(ep,. /Sy,
nn’A — ptr A ng( p / ) (530)

n

Upper bound. Suppose, uniformly over ‘1321’1(3”, T, ), the normalized training signal admits

the coupled decomposition

Zn,A = ﬁn,A + pt;l/QO'Agn + €n,A gn ~ N(O,Ipn), (531)
with
Epllen all?
sup M = o{min(1,n,.)}. (5.32)
PP (snr)  Tm

Then the top-s,, hard-thresholding rule in normalized coordinates satisfies

sup ]EprhV( H, ) <Cmin{l,n, A} +o(1).

liv
PG‘BE’ A(Sn Tn)

The primitive aligned verification theorem verifies (5.31)—(5.32) for the primitive aligned sparse
class only under one of its stated strong-coupling branches.

Lower bound. Suppose ‘,thg(sn,rn) contains the balanced canonical PLIV subclass in

Definition 5.11, with \/N/n., replaced by its nondegenerate limit p;,"’* at an o(1) cost. Then
there exists a universal ¢ > 0 such that

inf sup EPLEI,X(CZ”) > cmin{1,n, A} —o(1).

liv
PG‘BP A(Sn Tn)

The same lower bound holds if the balanced subclass is replaced by a PLIV subclass uniformly
asymptotically equivalent in total variation to the canonical Gaussian sequence experiment over
G (8n,10) If Q1'% P — pineA%r2 € [q,q] C (0,00), then the corresponding upper and lower
bounds transfer to PLIV power regret through Corollary 4.4. The proof is in Appendix A.12.

COROLLARY 5.13—Nondegenerate weak-ID impossibility in operational PLIV: Fix A #
0. Suppose Q Y = - pianQTi € [‘Lq] - (0700); U2A 2 QQ > 07 and Sn log(epn/sn) —
co. Then 1, A —> oo. Under the lower-bound conditions of Theorem 5.12, learned scalar
AR scores cannot uniformly recover oracle PLIV scalar-score power: there exists co, > 0
such that inf SUD pgupiiy RZI’IZ,A(dn) > ¢, —o(1), where R’;{’,‘L’,A(dn) = ha(Q:L’ypAhv) -

(snsmn)
Epha (QVX{Ba(dn)})

REMARK 5.14—Split fractions in PLIV: For a single-split PLIV design with training fraction
p and inference fraction 1 — p, the same tradeoff becomes

-1 _2
*,pliv - p o SnIOg €Pn/Sn
G (0) = (1 A B0, e ap) = LS 08P o)
1B, £%gnl?
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Increasing the training fraction improves learnability of the denominator-normalized PLIV drift
but reduces inference-sample noncentrality. The split choice is therefore an operational use of
the same learned-score frontier.

REMARK 5.15—PLIV interpretation of the lower bound: The lower bound is an econometric
lower bound over PLIV classes that contain, or are uniformly asymptotically equivalent to,
the denominator-normalized canonical sparse training experiment. Every training-measurable
PLIV score rule then induces a measurable rule in the canonical Gaussian experiment, and the
PLIV normalized noncentrality regret is the canonical projective regret after the transformation
Vn.A = B;lA/an. Thus the sparse lower bound identifies the least-favorable power cost of
learned scalar AR score construction in aligned growing-dictionary PLIV. General PLIV designs

with different denominator-normalized geometries correspond to different canonical drift classes.

REMARK 5.16—Training drift and local-alternative scaling: The training sample learns
the first-stage drift g,,. The local-alternative index /\ scales the inference-sample drift and the
resulting AR noncentrality, but it does not make the first-stage direction easier to learn. This is
why 1, A is defined using ¥, o = B;lAm Jn, Whereas oracle power contains the factor A2

REMARK 5.17—Cross-fitting, orthogonality, and discontinuous score rules: The primitive
conditions above are stated in score-weighted form because these are the remainders that enter
the feasible statistic. Standard orthogonalization and cross-fitting are one way to verify (5.8)
and (5.12). The hard-thresholding upper bound uses the stronger coupling condition (5.32), this
is why the primitive aligned theorem imposes trace-covariance and Ly-remainder rates rather
than only a bounded-Lipsch training approximation.

REMARK 5.18—Moment-selection mapping: The same decision problem can arise in
growing-moment GMM. If m,, (W,0) € RP" is a growing moment vector and, along a weak-
GMM local sequence,

\/HE[mPn (VV, 90)} =Gn+ 0(1)7

n_1/2 Z{mpn (Wza 90) — ]Empn (W“ 90)} ~ E;/an

i=1

then selecting a linear combination of moments maps into the primitive experiment. This remark
records transportability of the learned-score decision problem. The main econometric embedding
in this paper is the growing-dictionary PLIV model.

6. SUPPORTING FINITE-GRID DIRECTION-FREE FEASIBLE POWER DESIGN

This section records the finite-grid extension of the scalar-score decision problem. A score
chosen for one local direction need not be appropriate when a common score is used over a
finite set of tested values or local alternatives; integrated and maximin criteria formalize this
common-score design problem.

Pointwise score rules can depend on the local direction through the drift and denominator pair
(Gne, Bpe). For multi-direction alternatives, a common rule can be chosen by an integrated or
maximin criterion. Let £ € {1, ..., L} index a finite grid of local directions. Under direction /, the
training signal has law P,,,, and the payoff from score /3 is ho{Q.¢(3; Gre, Bye) }. For weights
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w, > 0 summing to one, define P,, ,,(5,) = ZZLII W e[ha{Qne(0n(Y); Gre, Bre)}] , Where
[E,.. denotes expectation under P,,,. The maximin criterion is

Pmin,n(én) - 12122111 En@[ha{QnZ(én(Yn)a Gnéa BnZ)H . (61)

THEOREM 6.1 —Integrated finite-grid score envelope and collapse: Suppose L < oo, each
B, is positive definite, and the laws P,,, are dominated by a common measure v,, with densities
fne- Let K, CRP» \ {0} be a compact normalized action set, and restrict feasible rules to take
values in K,. Then an integrated-power optimal rule exists. For v, -almost every y, it can be
chosen from argmax ;¢ Zle We fre(Y)hal{Qne(B; Gres Bre) }. If there exist ¢, > 0, a, # 0,
a positive-definite matrix B,,q, and a vector G o such that B,,, = ¢, B9, Gne = a,Gofor all £,
then every pointwise power-optimal score direction for (G.q, Bno) within the action set, that
is, every element of argmaxg e Qn(B; Gno, Bno), is integrated-power optimal. Any such
maximizer also solves the maximin criterion (6.1). The proof is in Online Appendix 3.1.

COROLLARY 6.2—Restricted inversion validity: Consider a sample-split AR confidence set
formed by using a common training-measurable direction-free score rule over a finite grid of
tested values. If the conditional CLT, variance consistency, and oracle-equivalence conditions
hold uniformly over that grid, then the inverted AR confidence set has asymptotic coverage at
least 1 — a on the grid. The proof is in Online Appendix 3.2.

7. NUMERICAL LOCAL EXPERIMENTS

The numerical exercises illustrate the same frontier in several forms. The sparse designs vary
the difficulty index 7,, and display the corresponding loss in frontier attainment and scalar AR
power. The PLIV design checks that the denominator-normalized canonical prediction tracks
finite-sample learned-score power in an aligned I'V design. The Bayes and finite-grid designs
report decision-theoretic benchmarks for the same scalar-score choice problem.

7.1. Posterior power versus posterior Rayleigh

Expected power Expected noncentrality
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FIGURE 1.—Posterior-power and posterior-Rayleigh rules. The left panel reports mean 5 percent AR local power.
The right panel reports mean noncentrality. The posterior-power rule optimizes the left-panel criterion, whereas the
posterior-Rayleigh rule optimizes the right-panel criterion. The two rules become visibly distinct when posterior
uncertainty over non-collinear drift directions remains.
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TABLE I
POSTERIOR POWER AND POSTERIOR RAYLEIGH RULES IN THE LIMITING EXPERIMENT
Training noise ~ Rule Mean power Mean noncentrality ~ Mean frontier attainment
oc=1.0 Oracle 0.547 (0.002) 6.844 (0.045) 1.000 (0.000)
Posterior power 0.524 (0.002) 6.507 (0.045) 0.920 (0.001)
Posterior Rayleigh 0.521 (0.002) 6.590 (0.046) 0.910 (0.001)
Plug-in 0.487 (0.002) 6.053 (0.045) 0.782 (0.002)
c=2.0 Oracle 0.552 (0.002) 6.955 (0.046) 1.000 (0.000)
Posterior power 0.498 (0.002) 5.747 (0.040) 0.808 (0.001)
Posterior Rayleigh ~ 0.479 (0.003) 6.206 (0.048) 0.749 (0.002)
Plug-in 0.440 (0.002) 5.127 (0.041) 0.642 (0.002)
c=3.0 Oracle 0.546 (0.002) 6.835 (0.045) 1.000 (0.000)
Posterior power 0.474 (0.002) 5.155(0.037) 0.740 (0.002)
Posterior Rayleigh ~ 0.442 (0.003) 5.824 (0.048) 0.633 (0.003)
Plug-in 0.399 (0.002) 4.388 (0.038) 0.579 (0.002)

Notes: Entries are computed from the limiting Gaussian training experiment with three non-collinear posterior
support points. The posterior-power rule maximizes posterior expected rejection probability, while the posterior-
Rayleigh rule maximizes posterior expected noncentrality. Monte Carlo standard errors are in parentheses; the
simulation uses seed 20260508 and 20,000 draws per training-noise value.

The first experiment uses a two-dimensional posterior with three non-collinear drift support
points. The denominator is normalized to the identity, and the training signal is

Y=G+of,  £~N(0,L).

For each realization of Y, three feasible rules are compared: the posterior-power rule that
maximizes posterior expected rejection probability, the posterior-Rayleigh rule that maximizes
posterior expected noncentrality, and the plug-in rule Y. The oracle rule, which uses the realized
drift direction, is infeasible and is shown only as a benchmark. Figure 1 reports mean local power
and mean noncentrality as the training-noise standard deviation varies. Figure 1 and Table I
illustrate Proposition 3.3. The posterior-Rayleigh rule can deliver larger expected noncentrality
while the posterior-power rule delivers larger expected rejection probability. The plug-in rule is
natural but treats the noisy training signal as if it were the drift, and it deteriorates as training
noise grows.

7.2. Sparse high-dimensional drift

Studying a sparse high-dimensional weak drift, this experiment corresponds to the sparse
theory in Section 4. Plug-in learning is not the right high-dimensional benchmark: it estimates
all coordinates of the weak drift, including many noise coordinates. Thresholding uses the sparse
structure of the drift class and therefore preserves more of the feasible power frontier. The
canonical denominator and noise-shape matrices are B,, = I,,, and X,, = I, . The true drift has
s = 8 nonzero coordinates, each equal to 1.5, while the remaining coordinates are zero. The
training signal is

Y=g+o§,  §~N(0,1,,),

and the inference fraction is set to p;,;r = 0.25, so oracle power is away from both size and
saturation.

The rules are the infeasible oracle, the plug-in rule Y, a top-s hard-thresholding rule that
keeps the eight largest coordinates of Y, and a coordinatewise soft-thresholding rule

SA(Y)J' = Slgn(ifj)ﬂ}/” - )‘)+7 A=o V 210gpn
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TABLE II
SPARSE HIGH-DIMENSIONAL SCORE LEARNING

Dimension Nn, Rule Mean power Mean frontier attainment ~ Median frontier attainment
p =250 032 Oracle 0.564 (0.000) 1.000 (0.000) 1.000
Top-s threshold ~ 0.443 (0.001) 0.738 (0.002) 0.776
Soft threshold 0.313 (0.001) 0.484 (0.002) 0.481
Plug-in 0.220 (0.000) 0.312 (0.000) 0.312
p=1000 041 Oracle 0.564 (0.000) 1.000 (0.000) 1.000
Top-s threshold ~ 0.379 (0.001) 0.611 (0.002) 0.607
Soft threshold 0.251 (0.001) 0.370 (0.001) 0.363
Plug-in 0.104 (0.000) 0.102 (0.000) 0.101
p=2000 046 Oracle 0.564 (0.000) 1.000 (0.000) 1.000
Top-s threshold ~ 0.341 (0.001) 0.539 (0.002) 0.579
Soft threshold 0.224 (0.001) 0.319 (0.001) 0.311
Plug-in 0.078 (0.000) 0.054 (0.000) 0.053

Notes: The sparse design has eight nonzero drift coordinates of amplitude 1.5, p;ns = 0.25, and training-
noise standard deviation o = 0.40 in the dictionary-dimension design. The table reports simulations of the
limiting Gaussian weak-drift experiment. The soft-thresholding rule uses Sx (Y); = sign(Y;)(|Y;| — N+
with A = o+/2log p,,. If all coordinates are thresholded to zero, the numerical implementation uses the fixed
representative e; ,,, which has frontier attainment 1/8 in the displayed support design. Monte Carlo standard
errors are in parentheses; the simulations use 8,000 draws per dimension.

For the dictionary-dimension design in Figure 2 and Table II, the training-noise standard
deviation is 0 = 0.40. If S5 (Y) = 0, the numerical implementation uses the fixed representative
e1.. Since the displayed sparse support is {1,...,8}, this fallback has normalized frontier
attainment 1/8. The fallback is a reporting convention for zero selected scores in the simulation.
The dictionary dimension p,, varies from 50 to 2000, and Table II reports the sparse difficulty
index 7),,. Figure 3 fixes p,, = 1000 and varies the training-noise standard deviation, thereby
varying 7,, directly while keeping oracle noncentrality nondegenerate. The figure displays the
signal-to-noise implication of Theorem 4.1 and Corollary 4.6: as 7,, increases, feasible rules
lose a larger fraction of the oracle frontier.
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FIGURE 2.—Sparse high-dimensional score learning. The left panel reports mean 5 percent AR local power. The
right panel reports normalized frontier attainment Q,, (8; g, I)/Q7, (g). As the dictionary dimension grows, the plug-in
rule accumulates high-dimensional noise, while structured thresholding rules avoid part of the noise accumulation.

7.3. Dense drift and shrinkage

The third experiment uses a dense ellipsoid drift. The drift coordinates are proportional to
j 1, scaled to have squared norm 25, and p,, = 600. The shrinkage rule uses the ellipsoid prior
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25

index

M = 028, log(epn/sn)/r2. The design fixes p, = 1000, s, = 8, and pinr = 0.25, and varies the train-
ing-noise standard deviation. Small 7),, corresponds to recoverable oracle power; large 7, corresponds to
finite-information power loss.

variances as coordinate-specific shrinkage weights. Figure 4 compares oracle, plug-in, ellipsoid
shrinkage, and thresholding rules as training noise varies. The dense experiment is included to
contrast the sparse minimax frontier in Section 4 with a smooth dense regime. It illustrates how
the geometry of the weak-drift class changes the appropriate feasible score rule: thresholding is
natural for sparse drift, whereas shrinkage is natural for dense ellipsoid drift.
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FIGURE 4.—Dense ellipsoid drift. Shrinkage dominates sparse thresholding in the dense ellipsoid design, while the
plug-in rule deteriorates rapidly as training noise grows. The experiment illustrates that the optimal feasible score rule
depends on the geometry of the weak-drift class.

7.4. Direction-free score design

The limiting-experiment check in this subsection illustrates direction-free score design with
two local directions. Each direction has its own drift and denominator matrix. For every score
direction in a fine grid, the experiment computes the power against direction 1 and direction 2.
Figure 5 plots the same grid frontier used to compute Table III; the four highlighted markers are
the pointwise, integrated, and maximin choices reported in the table.
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TABLE III
DIRECTION-FREE SCORE DESIGN
Rule Power direction 1 Power direction 2 Integrated power ~ Minimum power
Pointwise for direction 1 0.583 0.053 0.318 0.053
Pointwise for direction 2 0.197 0.582 0.390 0.197
Integrated 0.249 0.556 0.403 0.249
Maximin 0.357 0.357 0.357 0.357

Notes: Table entries and Figure 5 are computed from the same grid of score directions and the same four
selected rules.
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FIGURE 5.—Direction-free power tradeoff. Pointwise optimal scores maximize power against one direction but
can perform poorly against the other. Integrated and maximin criteria select interior tradeoffs on the attainable power
frontier.

7.5. Finite-sample PLIV transfer check

The preceding simulations are limiting Gaussian experiments. This final check simulates
the sample-split PLIV design underlying Section 5. The design sets B,, o = I, uses a sparse
first-stage drift, and varies the first-stage residual standard deviation. The horizontal axis is the
operational sparse difficulty index

s = pitoa sy log(ep, /sn)
n,a —1/2 .
1B, 29,13

Figure 6 reports a finite-sample PLIV transfer check. Panel A plots normalized frontier attain-
ment, ij‘g(é) / Q;’f’Aliv, for the reported score rules. Panel B plots the maximum and mean
absolute differences between the finite-sample PLIV quantities and their canonical predictions
over the same rules. The figure illustrates the denominator-normalized reduction used in The-
orem 5.2: as the operational sparse difficulty 1, o grows, feasible learned scores lose frontier
attainment, while the canonical approximation error remains small.
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FIGURE 6.—Finite-sample PLIV frontier attainment and canonical approximation. Panel A reports mean normalized

frontier attainment, Qfllz B)/ Q:L"P’Ah", for the reported score rules. Panel B reports the maximum and mean absolute

canonical prediction error over the same rules. The design has N = 1000, p = 120, s = 8, ptr = pinf = 1/2, and
oracle scalar-AR noncentrality normalized to four.

8. CONCLUSION

This paper characterizes one finite-information power frontier for learned scalar Anderson—
Rubin scores under weak identification. Sample splitting preserves transparent weak-ID size
control conditional on the selected score, but it does not make the selected score as powerful
as the infeasible oracle direction. In the canonical Gaussian weak-drift experiment, the exact
sparse minimax frontier is governed by

2
in {1’ o’sylog(ep,/sn) } .

T2

n

On compact oracle-noncentrality ranges, this projective direction-learning frontier is also a local
power-regret frontier. Hence nonvanishing training noise and growing sparse complexity rule
out uniform recovery of oracle scalar-AR power under nondegenerate weak-ID oracle power.
The Bayes and finite-grid results clarify the decision problem faced by a learned score rule:
posterior expected-power maximization need not coincide with posterior Rayleigh maximization,
and a common score across several local directions solves an integrated or maximin power
problem. The PLIV embedding gives the central econometric realization. In growing-dictionary
PLIV, feasible scalar-AR power is governed by the denominator-normalized first-stage drift

—1/2
Bn,A/ G

not by the raw first-stage coefficient vector. Thus, within learned scalar-AR designs, feasible
weak-ID power depends not only on the robust statistic evaluated at the end, but also on the
finite information available for constructing the score that enters it.
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APPENDIX A: PROOFS

This appendix contains the main conceptual and econometric bridge proofs. The full projective-
packing, Fano, perturbation-packing, thresholding, direction-free, and primitive PLIV verifica-
tion derivations are collected in the Online Appendix.

A.1. Proof of Theorem 2.3
PROOF: Let

Fni=0(Y,), B\nzdn(Yn).

Then Bn is JF,,-measurable. All conditional laws and conditional probabilities below are regular
conditional objects given F,,. Write

Ci=Ci_q, A={zeR:2*>c}.

For probability measures P, on R, use the bounded-Lipschitz metric

[ #ap-

First prove a conditional tail-transfer step. Let X, be a scalar statistic and let u,, be F,,-
measurable. Suppose

dor(P.Q) = | sup L

”fHBL<1

deL{L(X, | Fu), N(pn, 1)} = 0.

Let K,,(-) := N(ftn,1)(+). For € > 0, define

A ={r e A, :dist(z, AS) > €}, AS = {z:dist(x, A,) <e}.
Choose Lipschitz functions ¢_, ¢ : R — [0, 1] satisfying

Hee A <ol (r) Sz e A} <ol (x) <Hwe AT},
and
losllee <1+e™',  fefllpn<1+e7"

Then

Pr{X2>c|F.} </¢j dL(X, | Fn)

< /@ QK+ (14 e dp {L(X, | Fo), Ko}

K, (A%) 4+ (1 + e VYdp{L(X, | F,), K.},

and similarly

Pr{X?>c|F.}> /gos_ dL(X, | F.)

> /gos dK, — (1 4+ e Ydpr{L(X, | Fn), K.}

> Ko (A7%) = (14 e o {L(X,0 | o), Ko}
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Hence

|Pr{X2>c| F.} — Ko(Ao)| < (1 + e ") dp{L(X, | Fr), Kn} A

+ Ko (AN AC).
Now
DA, = {—v/6, V).
Moreover,
A\ A C[—Ve—e,—Ve+elUVe—e,Ve+el
For every 11 € R, the N (p, 1) density is bounded by (27)~1/2. Therefore
sup N (1, 1)(A2\ A75) < —= (A2)

nER V 277.
Combining (A.1) and (A.2), for every fixed € > 0,

4
Pr{X2 > | F.} = Pr{(Z +in)* > ¢| F}| < (L4 e Do, (1) + —=,
V2T

where Z ~ N (0, 1) is independent of F,,. Thus, for every n > 0, choose £ > 0 with 4e//27 <
n/2. Then

Pr(|Pr{X2 > c| F.} = Pr{(Z + p,)* > ¢| F,.}| > n) — 0.
Consequently,
[Pr{X2>c|F,} —Pr{(Z + p,)>>c| F,}| 0. (A.3)

No boundedness condition on i, is used; the bound (A.2) is uniform in p.
Under the null, the assumed conditional approximation is

der{Lo(T, 5. | Fn),N(0,1)} 5 0.
Taking X, =7, 5 and u,, =0 in (A.3) gives
_ 2
];:)I'{AR,”’E“ >Cl—q | .Fn} = P(’)I'{Tn’an >Cl_q ‘ J—'.n}

=Pr{Z°>c;_o}+0,(1)
=a+0,(1).

Let
Rn,O = POI'{ARn’B\n >Ci_q | ]:n} — Q.

Then |R, 0| <1land R, 2 0. Hence

]E0|Rn,0|§77+f;r(|Rn,0|>77)—>77 Vn >0,
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and therefore Eq|R,, o| — 0. Iterated expectations yield
Pr{AR, 5 >ci o} =Fo|[Pr{AR, 5 >c1 o | )]
=a+o(l).
Now fix a local drift g. Define the F,,-measurable random noncentrality

An(g) = Qn{én;g; Bn} = Qn{én(yn)ngBn}'

Let y,,(g) denote the signed conditional shift in the theorem statement, so that

1 (9)* = An(g).

The assumed conditional approximation is
dBL{Eg(Tn,En | fn),N{un(g), 1}} —p,g 0.
Taking X, =T, 5 and p,, = j1,(g) in (A.3) gives
l:;r{ARnﬁn >0 o | Fut= };F{Tj,ﬁn >c1o | Fut

=Pr{(Z +pa(9))* > c1a | Fu} + 0p4(1).

Since
(Z + 1a(9))? | Fu ~ xi{1a(9)7} = X1{An(9)},
Pr{(Z + p1n(9))* > c1-a | Fu} =1 = Fy2(, (g} (€1-0a)
= ha{An(9)}
= ha(Q@n{0n(Y2); 9, Bn}) -
Thus

Pr{AR, 5, > ¢1a | Fu} = ha(Qu{0,(Ya)ig. Ba}) + Ty (A.4)

where r,, , = 0, ,(1). Since both terms in (A.4) are probabilities, |, ,| < 1 after modifying r,, ,
on a null set. Hence, for every 1 > 0,

Eg|rm.ql <n+ 1:;r(|7dn,g| >n),

so E,|r, 4| — 0. Taking expectations in (A.4) yields
Pr{AR, 5 >c1 o} =E,|Pr{AR 5 >c1 o|Fn}
g g

=E, [ha(Qn{(sn(Yn)Q 9, Bn})] + 0(1>'

This proves the asserted local-power representation.
Finally, by Definition 2.2,

ha{Q;(9)}
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is the oracle local rejection probability and

E, [ha(Qn{5n(Yn); 9, Bn})]

is the local rejection probability generated by the learned-score scalar AR experiment. Their
difference is the power regret in (2.9). The theorem follows. Q.E.D.

A.2. Proof of Theorem 3.2

PROOF: Fix n. Let py,,, denote the marginal law of Y,,. By Assumption 3.1, there exists a
regular conditional distribution

(- [y) = L(Gn [ Yo = ).

Fix one version of I, (- | y), modified arbitrarily on a j1y,,-null set. All statements involving y
below hold on this version.
The normalized action set is

B,={B R :5'B,5=1}. (A.5)
Since B,, is symmetric positive definite,
0 < Amin(Bn) < Amax(By) < 0.
For every 3 € B,,,
1=B'BuB > Auin(BIBI?, 18] < Ain(Ba) 72

Thus B,, is bounded. Since g — 3’ B,, is continuous, B,, is closed. Hence B,, is compact. It is
nonempty because, for any v # 0,

(%

@B <P

fn(/87g) = ho&{Qn(ﬁ;g7Bn)}' (A.6)

Qn(ﬁangn> = pinf(ﬂ/g)Q‘

Hence (3, 9) — Q..(8; g, B,,) is continuous on B,, x RP".
The map h,, is continuous. Indeed, if Z ~ N(0, 1), then, for ¢ > 0,

ha(Q) =1- Fx%(q) (Cl—a) = PI‘{(Z + \/6)2 > Cl—a}'
If ¢,, — ¢, then

(Z+qm)* = (Z+/q)° a.s.

Moreover,

Pr{(Z + @) = c1oa} =0
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because Z has a continuous density. Therefore

H(Z+qm) >c1—a} = H{(Z4+/9)? >0} a.s.
Dominated convergence gives h (¢.,) — ha(q). Also
0<h.(q) <1 Yq > 0.

Consequently f,, is bounded, jointly Borel measurable on 3,, x RP", and continuous in 3 for
every fixed g.
For each y, define

PonlB0)i= [ £.(8.9) Lu(dg ). A7)
RPn
For every fixed (3, the kernel property of y — IL, (- | y) gives measurability of

Y= Pa,n(ﬁ;y)'

For every fixed y, if 3,, — (3 in B,,, then

fo(Brmsg) = fo(B:9) Vg, |fa(Bmsg)| < 1.
Thus

P (Bmiy) = / fo (B ) TL(dg | ) — / £2(8.9) T (dg | ) = Pa.n(B:9).

Hence 3+ P, .(B;y) is continuous on B,,. Since P, ,, is measurable in y for each /3, continu-
ous in 3 for each y, and B,, is a compact metric space, P, , is jointly Borel measurable.
Define the posterior value

Van(y) := sup Pan(B;y). (A.8)

BEBn

For each y, compactness of 3,, and continuity of P, ,,(-;y) imply

Va,n(y) = max Pa,n(/& y)

BEBR

Let D,, be a countable dense subset of 5,,. Since P,, ,,(-;y) is continuous,

Van(y) = sup Pan(B5y). (A.9)

BEDy

The right-hand side in (A.9) is a countable supremum of measurable functions. Hence y —
Va.n(y) is measurable.
Let

A, (y) :=argmax P, ,(8;y).

BEBR

For every y, A, (y) is nonempty and compact. Its graph is

Gr(An) ={(y,8) : B € B, Pan(B3y) = Van(y)}- (A.10)
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Since B,, is compact metric and (y, ) = Pa.n(B;y) is a CarathA@odory objective, the measur-
able maximum theorem implies that y — V, ,,(y) is measurable and that the argmax correspon-
dence

A, (y) =argmax P, ,(8;y)
BEBy

is nonempty compact-valued and weakly measurable. The Kuratowski—Ryll-Nardzewski mea-
surable selection theorem therefore gives a measurable selector

5: (y) €A, (y) Hy,n-a.8.

After arbitrary modification on the remaining null set,

6P (y) € argmax P, ,(B;y)  fyn-as. (A.11)
BEBR

Let §,, be any measurable feasible rule with values in R?~ \ {0}. Define

N — 5n (y)
) = G Bt

Since B, is positive definite, 6, (y) is well-defined and 8,, () € B,,. For every y and g,

Qu{0n(v); 9. Bo} = Qu{04(y); 9. B} (A.12)

Thus it suffices to consider rules taking values in B,,.
For any measurable 9, : Y,, — B,,

Elho {Qn (0 (Y); Gy Bo)}] = E[Elha {Qn (5, (Va): G B)} | Vo]
_E [ [ hedQu(6. 9 B (g 2)

= E[Pa,n{én(yn)Q Yn}] .

For every y,

Pond{0n(¥);y} < SUP Pan(B;y) = Van(y).

BEBR

Therefore

E[ha{Qn (00 (Yn); Gy Bu)}] S E[Van(Y2))- (A.13)
By (A.11),

Pan{0h )iy} =Van(y)  pye-as.

Hence

E[ha{Qn(dy (Y0); Gny Bu)}] = E[Pandd), (Ya); Ya}]
= E[Va,n(yn)]'

Combining this equality with (A.13) proves that 62" attains the ex ante Bayes feasible power
value and that no measurable feasible rule can exceed it. Q.E.D.
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A.3. Proof of Proposition 3.3

PROOF: Fix n and fix a realization Y,, = y for which the stated posterior distribution holds.
All posterior expectations below are conditional on Y,, = y. Thus

Pr(G=ae, | Y, =y)=p, Pr(G=bey |Y,=y)=1—p, (A.14)

where a,b>0and p € (0,1).
Since B,, = I, the normalized action set is

S'={B8=(B1,5) €R*: ||B]| =1}. (A.15)
For any 3 € S!, define

tgr=p7€(0,1],  BE=1-ts (A.16)
For g = aeq,

(5/6161)2
BB
a’p3? (A.17)
Bt + B3

2
= pinfa tﬁ.

Qn(/ﬁv a€q, I2) = Pint

= pinf

For g = be,,
(5/562)2
BB
v’ g3 (A.18)
i+ B3
= pintb® (1 — t5).

Qn(ﬁ; b€2a12) = Pinf

- pinf

For each ¢ € [0, 1], define

B(t) = (Vt,V1—t). (A.19)
Then ((t) € S*, and for every 8 € S*,
Qn(Bsaer, I) = Qu{B(ts); aer, I}, (A.20)
and
Qn(Bsbez, I2) = Qn{B(ts); bez, I} (A.21)
Therefore

E[ha{Qn(ﬂ§ G>IQ)} ‘ Y, = y]
:pha{Qn(B;aelaI2>} + (1 _p)ha{Qn(&be%b)} (A.22)
= pha(pins®ts) + (1= ol pineb®(1 — 5)}.
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It follows that
sup E[ha{Qn(ﬂ§ G, 12)} | Y, = y]

Best
c . . (A23)
= sup [pha(pinfa t)+ (1 —p)ha{pmsd® (1 — t)}} .
te[0,1]
Define

(I)a(t) = ph'a (pinfa2t) + (1 - p)ha{pinfb2(1 - t)} (A24)

Equations (A.23) and (A.24) prove (3.7). Since h,, is continuous and [0, 1] is compact,
argmax @, (t) # (). (A.25)

te[0,1]
The posterior-Rayleigh objective is posterior expected noncentrality. By (A.17)-(A.18),
= P pine@’t + (1 — p)pineb*(1 — t) (A.26)
= pint [pa’t + (1 = p)b* (1 — )] .

Since py,s > 0,

argmaxE[Q,(8(t); G, L) |Y, =y] = argmax ¥(t), (A.27)
t€[0,1] t€[0,1]
where
U(t):=pa’t+ (1 —p)b*(1 —t). (A.28)
For t,u € [0,1],
U(t) = ¥(u) ={pa’t + (1 - p)b*(1 = 1)} — {pa’u + (1 - p)b*(1 — u)} (A.29)
= {pa® — (L= p)*}(t ~ ). '
Hence, if pa® > (1 — p)b?, then for all ¢ € [0, 1),
U(t) = ¥(1) = {pa® — (1 - p)b?}(t — 1) <0, (A.30)
sO
argmax U (t) = {1}. (A.31)
t€[0,1]
If pa® < (1 — p)b?, then for all ¢ € (0, 1],
U(t) —¥(0) = {pa® — (1 — p)b*}t <0, (A.32)
SO
argmax U(t) = {0}. (A.33)

te[0,1]

Finally, if pa® = (1 — p)b?, then
U(t)=(1-p)b* vt e [0,1], (A.34)
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SO

argmax ¥ (t) = [0, 1].

te[0,1]

It remains to derive the posterior expected-power first-order condition. Let

Ci=Ci_q, x:=/c, Z ~N(0,1),
and write Fy and ¢ for the standard normal cdf and density. For ¢ > 0,

ha(q) =Pr{(Z + 4)* > c}
=Pr{Z+/g>z}+Pr{Z+ /g< -z}
=Pr{Z>2— g} +Pr{Z < -2 —/q}
=1—Fn(x—+/q) + Fy(—2z —/q).

For ¢ > 0, set s = ,/q. Then
ho(s*)=1— Fy(z — s) + Fy(—z — ).

Differentiating with respect to s,

Since

we obtain

he(q) =
The right derivative at zero is

1, (0) :=lim 1, (g) = lim id G 3)2—s</b(:c +5)

Using

¢(x —s) = ¢(x) —s¢'(x) +o(s),  ¢(x+s)=d(x)+s¢ () +0o(s),

we get

ho (0)

i 19(@) = 5¢(2) + o)} — {¢(x) + 5¢(2) + o(s)}

sl0 2s
— lim —2s¢'(x) + o(s)
510 2s

= —¢/(2).
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(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

(A.43)

(A.44)
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Since
¢'(x) = —zo(x), (A.45)
we have
ho(0) = 2¢(z) = Ver—a d(Ver—a)- (A.46)
For ¢ > 0,
T+ /7> |z — /g (A.47)
Since
P(u) = (27) "2 exp(—u?/2) (A.48)

is strictly decreasing in |ul, (A.41) implies
Wg)>0 Vg>O0. (A.49)

For ¢ € (0, 1), the chain rule gives

%ha (pinfa2t) = pinfa2 h:x (pinfCLQt)a (ASO)
and
d 2 217 2
%ha{pinfb (1 — t)} = _pinfb ha{pinfb (1 — t)} (ASI)
Combining (A.24), (A.50), and (A.51),
P (t) = p pinea® Il (Pinsa®t) — (1 — ) pineb® hl, { pinsb® (1 — 1) }. (A.52)

If ¢ € (0,1) maximizes @, then

@’ (t) =0. (A.53)
Equations (A.52) and (A.53), together with p;,,¢ > 0, imply
pa’h, (pnsa®t) = (1 — p)b* R { pineb®(1 = 1)}, (A.54)

which is (3.8).
The dependence on the nominal size is explicit from (A.41) and (A.46), because z = ,/¢1_,.
Equivalently, for ¢ > 0,

o) sinh{z/q} B
RO exp(—q/2)x7\/a, T=./Cl_a, (A.55)

which is not constant in x. Therefore the first-order equation (A.54) is not generally invariant to
Q.
Finally impose (3.9). From

pa® > (1 —p)b? (A.56)
and (A.31),
argmax U(t) = {1}. (A.57)

te[0,1]
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The left derivative of &, att =1 is

P, (1-) = ltlgl [ppinfGQh;(PinfGQt) — (1= p)pintb® W { pineb® (1 — t)}}

(A.58)
= pint [Pa* N, (pinsa®) — (1 — p)b?h,,(0)] .
By (3.9),
pa’hl, (pmea®) — (1 — p)b*h.,(0) < 0. (A.59)
Hence
3 (1-) <0. (A.60)
By continuity of i/, at zero and on (0, 00), there exists €, € (0, 1) such that
P (u) <0  Yue(l—-el). (A.61)
For every ¢ € (0, &),
1
D,(1)—D, (1 —¢ :/ ! (u)du
(1) (1—¢) o (u) (A62)
<0.
Therefore
O, (1—¢)>,(1), 1 ¢ argmax O, (t). (A.63)
te[0,1]
Combining (A.57) and (A.63),
argmax U(t) = {1}, 1 ¢ argmax ®,,(t). (A.64)
te[0,1] te[0,1]
This proves the stated noncoincidence. Q.E.D.

A.4. Proof of Theorem 4.1

The projective lower bound follows from the sparse projective packing, KL./Fano, and local
perturbation arguments developed in Online Appendix Section 2. The hard-thresholding upper
bound follows from the hard-thresholding oracle inequality in Online Appendix Lemma 2.5.
The Online Appendix gives the full constant-level derivations of these auxiliary ingredients.

LEMMA A.1—Projective sparse lower bound: In the Gaussian experiment
Y =g+0.8, gNN(Ov-[pn))

over

Gn(sn,mn) ={g €R™ t[gllo < 8y [lgllz=70n},  2< 8, <pu/4,

there exists a universal constant ¢ > 0 such that

7"2

n

inf  sup E,L,(d,,9) > cmin {1,

5n g€Gn(sn,rn)

o2s, log(ep,/sn) }
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The full proof is given by the projective packing, KL/Fano, and local perturbation arguments
in Online Appendix Section 2.

LEMMA A.2—Hard-thresholding upper bound: Let H,  (Y') retain the s,, largest coordinates
of Y in absolute value and set all others to zero. There exists a universal constant C' < oo such
that

25,1
sup  EyL,.(H,,,9) <Cmin{1, Inn Og(epn/Sn)}_

2
9EGn (sn,Tn) r

n

The full proof is given in Online Appendix Lemma 2.5.

PROOF: The lower bound in (4.4) is Lemma A.1. For the upper bound, use the hard-
thresholding rule H;, in Lemma A.2. Since the minimax infimum is over all measurable
score rules,

inf  sup E,L,(d,,9) < sup E,L,(Hs,.9).

on 9E€Gn(sn,rn) 9EGn (sn,rn)

Combining the lower and upper bounds gives (4.4). Q.E.D.

A.5. Proof of Lemma 4.3
PROOF: Let
Ci=C1_q, x:=/c, Z ~N(0,1).
For ¢ > 0,
ha(q) =Pr{(Z +/q)* > c}

=Pr{Z+/qg>z}+Pr{Z+ /g< -z} (A.65)

=1-®(z—/q)+ P(—z— /q).
For ¢ > 0, set s = \/6 Then

ho(s*)=1—®(x —s) + &(—z — ).

Hence

—ha(s?) = —¢(z — s)(=1) + d(—z — 5)(-1)
= ¢la—s) = 9(—z—s) (A.60)
— g —5) — Bz +9).
Since g = s?,
ds 1 _ 1
dqg 25 2\/q
Combining this with (A.66),

o(x — /@) — $la + a)
NG

h.(q) = . q>0. (A.67)
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For ¢ > 0,
6w = Vi) = (x -+ /) = (2m) V2 e (VD2 oV 2]
= (2m) "M 2e~(@HvD?/2 {e{uwa)?f(zfﬁ)z}/z _ 1] (A.68)
= (277)71/267(””‘/6)2/2 [e%ﬁ - 1} .
Since x = /c1 o > 0, (A.68) gives
(=@ —dz+vq) >0 (¢>0).
Therefore

hl,(q)>0 (g>0). (A.69)

It remains to compute the right derivative at zero. Using (A.68) with s = /g,

¢(x —s) — Pz +5)

lim A, (¢) = lim

qd.0 sl0 2s
(27r)—1/26—(x+s)2/2(62xs . 1) (A.70)
=lim .
s10 2s
Since
2xs

lime(#+)*/2 = ¢=#/2, lim -1 x,

s10 510 2s
(A.70) gives

h.(0) :=lim i, (q) = 2(27) /% %" /2 = 2(2) = \/e1-a d(\/C1—a) > 0. (A.71)

ql0
Equations (A.67)—(A.71) imply that i/, extends continuously to ¢ = 0 and is strictly positive on

[0, 00).
Fix ¢ < oco. Define

Me,g:= inf Rl (u), M, ;= sup hl(u). (A.72)

w€[0,q] we0,q)
Continuity of h/, on the compact interval [0, ], together with strict positivity, gives
0<Mp,qg < M,yq<o0. (A.73)
For ¢ € [0,q] and ¢ € [0,1],
q(1 =) €[0,¢] € [0,q].

By the fundamental theorem of calculus,

ho(q) —ho{q(1—10)} = ' h,(u) du. (A.74)

q(1-¢)
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Using (A.73) in (A.74),

Ma,g1q — (1 = 0)} < ha(q) —ha{g(1 = )} < My q{g—q(1 - 0)}.
Since
q—q(1—10)=qt,

the preceding display becomes
Ma,qql < ha(q) = ha{q(1 = £)} < Mo 44,

which is (4.5). Q.E.D.

A.6. Proof of Corollary 4.4

PROOF: Write p=p,,s=Ss,,r=r,, and

@ = Pint?”
For every g € G,.(s,71),
lgll2 =
Therefore
(8'g)?
@7.(9) =SUp ping ==
a0 113 (A75)
= puntllgll2 = @5-
The supremum is attained by any nonzero scalar multiple of g.
Let § = 6(Y") be any measurable score rule. If §(Y") # 0, then
{o(vV)'g}?
Qn{é(y)mgv I } = Pinf o2 0
! 16(Y)I12
and
{o(Y)'g}*
Ln(6,9) =1 — =iz 2
()12 llg112
Hence, on {§(Y) # 0},
{0(Y)'g}’
Qui{d(Y); 9.1} = pinell 9|2 s i iz
’ A ECSTHII (A.76)

=Qn(9){1— Ln(5,9)}

On {6(Y') = 0}, the convention is L,,(0,¢9) =1 and Q,.{0(Y);g,I,} =0, so (A.76) remains
valid. Thus, for all realizations,

Qn{d(Y);9, I} = ¢ {1 - Ln(0,9)}- (A7)

By assumption,
q5 € lg,q)- (A.78)
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Applying Lemma 4.3 with §, ¢ = ¢}, and £ = L, (d, g), and using 0 < L, (9, g) < 1, gives

Mag @nLn(d,9) < ha(qy) — ha{an (1 — Ln(0,9))}
S Ma@qun(év g)

Using (A.78), this implies
MagqLn(0,9) <hal(a,) = ha{g, (1 — Ln(6,9))}
< MagqLu(9,9)
By (A.77),
hafan (1= Lin(6,9))} = ha(Qu{d(Y); 9, I }) -
Thus (A.80) is equivalent to
MagqLn(0,9) < ha{@)(9)} = ha(@n{d(Y); 9, 1,})
< MoqqLu(9,9).
Taking P, -expectations,
Magq By Ln(6,9) <ha{Q}(9)} — Egha(Qu{d6(Y); 9, 1,})
< MagqEsLn(6,9).
The middle term is exactly R, (6, g). Therefore
a0y Ln(0,9) < Ran(6,9) < AaEgLn(6,9),
where
Ao = Magq >0, Ay =M, 47 < o0.

Taking suprema over g € G, (s, ) gives, for every rule 4,

a, sup E,L,(6,9)< sup Ran(d,9) <A, sup E,L,(J,9).

9EGn(s,r) 9EGn(s,r) 9EGn (s,7)
Taking infima over all measurable rules 9§, the left inequality gives

inf sup Ran(d,9)>a,inf sup E,L,(J,9).
¥ g€Gn(sr) % g€Gn(sr)

Similarly, the right inequality gives

inf sup Ran(dg) <A,inf sup E,L,(d,9).
8 g€Gn(sm) 8 9€Gn(s,m)

Applying Theorem 4.1 to the two displays yields

cemin{l,n,} < irgf sup  Ran(d,9) <C,min{l,n,},

9€Gn(sn,mn)

for constants 0 < ¢, < C,, < oo depending only on «, ¢, q. This proves (4.6).

(A.79)

(A.80)

(A.81)

(A.82)

(A.83)

(A.84)

(A.85)

(A.86)

O.E.D.
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A.7. Proof of Corollary 4.5

PROOF: For fixed p, the training experiment is the same canonical sparse Gaussian experi-
ment as in Theorem 4.1, with noise variance p~'o? replacing o2. Hence Theorem 4.1 gives

inf  sup EgLn(én’p,g)xmin{l,p Tn® OQg(ep /s )}:min{l,nn(p)}.

Onp 9EGn (sn,Tn) TTL

The constants are uniform over p € [p,1 — p|. On R,,, the oracle noncentrality

a,(p) = (1= p)ry,

lies in [¢,q|. Lemma 4.3 therefore transfers normalized noncentrality regret to power regret

uniformly over p € R,,. This gives

inf  sup  RL . (0n,,,9) <min{l,n,(p)}.

5”’” 9E€EGn(sn,mn)

Finally, since ¢ (p) is fixed over the shell G, (s,,,7,),

Vg,n = Sup inf )Egha{Qn,p((sn,p(Yp);ga[pn)}

671,/7 gegn(sn sTn

= ha{q;(p)} - gnf sup Rg,n((sn,mg)'

P gEGN (Sn,Tn)

Combining this identity with the preceding envelope gives the displayed value bounds. Q.E.D.

A.8. Proof of Corollary 4.6
PROOF: Let

o025, log(epn/sn
Np = — ig / ) (A.87)

n

Let ¢z, > 0 and C';, < oo denote universal constants such that Theorem 4.1 gives

cymin{l,n,} <inf sup E,L,(d,,9) <Crmin{l,n,}. (A.88)

on 9EGn (sn,rn)

Moreover, by the hard-thresholding upper-bound ingredient used in the proof of Theorem 4.1,
there exists a universal constant C'y; < oo such that

sup E,L,(H,,,q) <Cgmin{l,n,}. (A.89)

9EGn (sn,rn)

First suppose

N> 1 (A.90)
eventually. Then
min{l,7,} =1 (A91)
eventually. Combining (A.88) and (A.91),
inf  sup E,L,(d,,9) >cL (A.92)

9n g€Gn(sn,mn)
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eventually. Thus part (i) holds with

Co:=Cr- (A.93)
Next suppose
Mn — 0. (A.94)
Then, for all sufficiently large n,
min{1,7,} = 9. (A.95)
Combining (A.89) and (A.95),
sup  EyL,(H,,,9) < Cunn (A.96)
9€Gn (sn.rn)
eventually. Hence
sup By L, (Hs,.9) =O0(n.), (A.97)

9EGn (sn,Tn)

which proves part (ii).
It remains to prove the power-regret transfer in part (iii). Suppose

PintT2 € [g,9) C (0,00). (A.98)
For g € G,,(8n,7n),
Q1(9) = punellgll* = pingry- (A.99)
Set
G = PintTs - (A.100)
By (A.98),
a, € lg,q]- (A.101)

For any measurable score rule §,,, the definition of normalized noncentrality regret gives, with
the convention L,, = 1 when 6,,(Y) =0,

Q{00 (Y); 9,1, } = i {1l — L (00, 9)}- (A.102)
Indeed, if 6,,(Y") # 0, then
{3.(Y)'g}*
16,,(Y)]|?
R U097 (A.103)
Pl P TP

If 0,,(Y) =0, then Q,{6,(Y);9,1,,} =0and L,(5,,9) =1, so (A.102) also holds.
By Lemma 4.3, there exist constants 0 < m, 3 < M, 3 < oo such that, for all ¢ € [0,g] and
all £ € [0,1],

Qn{(sn(y)a g, Ipn} = pinf

Maqql < ha(q) = ha{q(l =€)} < Maqql. (A.104)
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Apply (A.104) with
Using (A.101), we obtain

Magq Ln(0n,9) < ha(aq)) — hal{gy[l — Ln(dn, 9)]}

- 7 (A.105)
S Ma,ﬁan(én’g)'
By (A.102),
Mg qLn(0n,9) <ha{Q(9)} — ha(Qu{dn(Y); 9,1, })
(A.106)
S Ma,EgLn((sn;g)-
Taking expectation under P,
maigEgLn(émg> < hQ{Q:z(g)} - Egha(Qn{‘Sn(Y);g:Ipn})
B (A.107)
S Ma,EquLn(énvg)'
The middle term is exactly
Ran(0n;9) =halQ(9)} — Egho(Qnidn(Y); 9,15, }) - (A.108)
Therefore
U, EgLn((Sn; g) S Ra,n(5n7 g) S Aa EgLn((Snv g)7 (A109)
where
Ao 7= Magq >0, Ay =M, 457 < oc. (A.110)

Taking suprema over g € G, (8., 7,), for any fixed rule §,,,

Qg sup EgLn(émg) < sup Ra,n((smg) <A, sup EgLn((smg)'

9€EGn (sn,mn) 9€Gn (sn,mn) 9EGn (sn,mn)
(A.111)
The lower-bound side of (A.111) and (A.88) imply

inf  sup  Ran(dn,9) >asinf  sup E,L,(d,,9)

5n g€Gn (sn,rn) on g€Gn (sn,rn) (A.112)
> agcp min{l,n, }.
If n,, > 1 eventually, (A.112) gives

inf  sup  Ran(0n,9) >aacr (A.113)

on 9EGn(sn,rn)

eventually.
For the high-signal side, apply the right-hand side of (A.111) to the hard-thresholding rule
H . Combining with (A.89),
sup  Ran(Hs,,9) <A, sup E,L,(H,,9)

9€Gn(ms7n) 9€Gn (o) (A.114)

< A,Cymin{l,n,}.
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If n,, — 0, then (A.114) gives

sup  Ran(Hs,,9) =0(n,). (A.115)

9EGn (sn,rn)

Equations (A.113) and (A.115) prove the power-regret transfer in part (iii). Q.E.D.

A.9. Proof of Corollary 4.7

PROOF: Let ¢} := piusr2. By assumption, 0 < q < q;, <q < 0o. By the maintained nonde-
generate split condition, there exists p > 0 such that p;,; > p eventually. Hence

Ti — n < q
pinf B
eventually. Therefore, using o2 > g2 > 0,

o2 s, log(ep,/sn)

n

a’p

> —
q

Sp log(ep, /s,) — 0.

Thus n,, > 1 eventually. Corollary 4.4 gives

inf  sup  Ran(0n,9) > comin{l,n,}=c,

on g€Gn(sn,rn)

eventually. This proves the claim. Q.E.D.

A.10. Proof of Proposition 4.8
PROOF: Let Z,, (¢,) ~ X2, (qn). Write

Pn Pn

an(qn) - Z(X”J +anj)27 an %N(Ov 1)7 Zaij = {n,

=1 j=1

with ¢, — ¢ € (0,00). Define W,,; = (X,,; +an;)*> — (1 +a2;). Then EW,,; =0, Var(W,,;) =
2 +4a2;, and v} = 37" Var(W,;) = 2p, + 4¢,. Moreover, for a universal C' < oo,
EIW,; > < C(1 +[an,]%), so

Pn Pn
> EW,,P<C (pn +y |anj|6> < C(pn +q,) = Olp)-

=1 =1
3/2
n b

: 3 <
Since v, < p

Pn
D_EIW, [
j=1

73%0.

,Un
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Lyapunov’s theorem gives

an (Qn) —Pn —Qn _ j=1
{2(pn +2¢0)}'? Un

Let ¢,,, 1—q be the (1 — a)-quantile of x2 . For the central chi-square,

2 _
Xow —Pn 4, N(0, 1),
2pn,
and hence
cpn,l—a pn — Zlfa.
2p,,
Since ¢,, = O(1),
Cpn,l—a —Pn —Qn _ C;un,l—a — Pn 2pn _ dn N 2
{2(pn +24.)}'? 20, {200 +20,)}° {2(pn +2¢0)}? -

Therefore

_ an (Qn) —Pn —QGn cpn,lfoc —Pn —{4n
PI‘{an(qn) >Cpn,1—oz}—PI'{ {Q(pn—i-Qqn)}l/Q > {z(pn+2qn)}1/2
—Pr{N(0,1) > 2 _,} =a.

For the scalar statistic, put x, = ,/¢;_,. For ¢ > 0,

ha(g) =Pr{(Z + @)’ > c1a} =1 = ®(x0 — /@) + B(—20 — /1)

For ¢ > 0,

2Vq
and A/ (04) = x4¢(z,) > 0. Thus h,, is strictly increasing on [0, 00). Since g > 0, h,(q) >
h«(0) = . This proves the proposition. Q.E.D.

A.11. Proof of Theorem 5.2

PROOF: Let &, = {3, € H,.a(c,C)}. By assumption, Pr(£¢) — 0. All uniform approxima-
tions below are applied on &,,. Since rejection probabilities and bounded-Lipschitz test functions
are bounded by constants, the contribution of £¢ is o(1). Let

]:tr = J{(Kv-DzaZzaXz) :iEItr}v bz = bpn(Zi?Xi)y T = ﬂ—n(Zan)
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From (5.2), D; — my(X;) = N2, + V;. Hence

‘g D bA(X:) — ma(X0)}.

1€ty 1€ Ity

(A.116)

+m2bivi—

Ty

Premultiplying by C'-1/2 gives
0;1/2(@\” - gn) = An,tr + Zn,tr - Mn,trv

where

1
(L2 E T —
An,tr L Cn { Nir bzﬂ-z gn} 9

i€ 1ty

N
Zn,tr = CJI/QQ Z bl‘/u

n
tr i€liy

My = c;l/?ifv S b (X:) — ma (X))

r

i€l

By Assumption 5.1,

[An il = 0p(1),  [[Mnsll2 = 0p(1),
and

dit. (L£{Zp x| D}, N(0, pi, I, )) 2 0.
Set

Gy = Apor — My i1

Then

Cgl/z(gn _gn) :Zn,tr+an,tr7 ”an,trHQZOp(l)v

and the bounded-Lipschitz approximation for Z,, ., is the display above. This proves part (i).
Now condition on F,. Then

-~

B = 6n(§n)
is fixed. Let
Ri»A = UI—FAV;, B .= Bn,Au GZ: Gn,A:Agn'
The oracle inference residual satisfies
Yi — pin,a(Xi) = 0o{D; —my (X))} =U; + A{D; — mp(X;)}
= Ri,A + AN71/27TZ‘.
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For any 5 € H,, a(c,C), define

1
Sp(B) = —— B'bi{Yi — pn,a(Xy) — 0o[Ds — my (X5)]}-
ninf ie[inf
Then
Sp(B8) = An,a(B) + Dna(B), (A.117)
where
A, = biR; A,
a(B) Tmf Z;ﬂfﬁ A
and
Min /~in —in 1
Dpa(B)=\|Jr ARG, Git=—— ) b
inf i€l
By (5.10),
AB' (G — g,
Bern ale0)|  (B'BB)

Therefore, uniformly on H,, A(c,C),

Dn,A(B) _ Ninf ﬂG
@eey” VN @eaye

By the bounded-frontier condition,

G ' =
swp| | = (BTG =0,
Since Nt /N = Pints
Dy, a(B. B.G
/\IA7A<1)/2: pinfﬁ“I“Op(l)- (AIIS)
Let
B= By,
Variance consistency gives
~ EA,L
o~ é =1+0,(1)
B, BBy

The score-weighted nuisance condition gives

§n<§n) :SZ(B;L)
(8, BBn)"?

= OP(1)7
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where S,,(3,,) denotes the feasible inference numerator using (fia, 7. ). Hence

T ) 9 —_ =< =<=< .-
5. (%) (B, BBn)"? (A.119)
Gpy VP Gpgye T

By the conditional scalar CLT in (5.13), applied at the training-measurable realized score Bn,

BL (ﬁ{ iln,A/EBn)
(8, BBn)"*

Taking conditional expectations over D, transfers this approximation to conditioning only on
Fir- Indeed, for any f with || f||zr, < 1, the absolute difference between the F+,-conditional ex-
pectation of f and its standard-normal expectation is bounded by the F;,-conditional expectation
of the preceding dg;, distance, which is 0, (1) because the distance is bounded. Hence

" ~
sL| £ A”Aifﬁn) Fu v, N0,1) ] 50.
(B, BB.)"?
Combining this display with (A.119) yields
B\;Gn,A

den | £{T,, 5, (00) | Fuk N | Vous === 1| | 20,
BL< {T,.5,(00) [ Fur} lm(ﬁan,ABnW? D

For V Dmf} ,N(0, 1)) 20.

which is (5.15).
The signed shift in the preceding display has square

(B,Gn.n)?
Pint ="———""=""
Ban,ABn

The conditional version of Theorem 2.3 gives

Ban,ABn

Let €,, A denote the conditional approximation remainder. Since it is the difference of two condi-

AD B;Gn, ?
Eg{ARn,En >C1a | Fu} =ha (pinf(A/AA) +o0,(1).

tional probabilities, |, | < 1, and the preceding display gives ,, o - 0. Hence Ele,, o| — 0.
Taking expectations and using 3,, = 6,,(g,,) gives

— {677, (gn)/Gn A}Q
Pr{AR,; >cia}=Ena|ha(p ; Y-
PL(AR, 5, > 1o =Exs o (g IR | o)

Under the null, G,, o = 0, so the same argument gives
Jg%{ﬁznﬁn > 10} =ha(0) +o(1) = a+ o(1).

Q.E.D.
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A.12. Proof of Theorem 5.12

PROOF: Write B := B, n, §:= gn, G =G an =Ag,, ¥:=B~2g, r, := |72 For any
nonzero original coefficient 3, set # = B/23. Then 8'BS3 = ||0||2, B'g=0'5. Thus

(B'9)* _ (69)

= . A.120
786~ 02 (120
Since G = Ag,
*,pliv __ . (ﬂ/G)Q — . A2 2 — . AQ 2
O8N = SUD Pint~grp g = Pint 17115 = ping A7,
Moreover,
. 0/;:}7)2
Lflhv (/B) — _ (7~
4 10115117112

Thus PLIV normalized noncentrality regret is exactly canonical projective angular loss in
coordinates (6, 7).

For the upper bound, use the normalized signal representation Zm A=7+0nnaén +
Cnay Op p = p{rlaA, where &, ~ N(0,1, ). Let 8, := H,, (Z,.A), S :=supp(y), S :=
supp(@ ), A:=S U S. Then |A| < 2s,. Since H,, is a best s,,-sparse Euclidean approx-
imation, HZnA 0,12 < | Zn.a — A2 Put hy =0, — 7, wy := 0p.nn + €n.a. Then
|w, — hall3 < ||wa|l3, and therefore a3 < 2w, h =2w], yhn.a < 2||wp, all2]|hy]|2. Thus
1|3 < 4w 413 Also

[wn,all3 < 207 All€n.all3 +2]len.a.all3 <207 4 max Zéi,j+2llen,alli-
cJ

|J1<25n

Consequently,

16, A3 <802 max 32, +Slen.al
JjeJ
By the maximal chi-square bound in Online Appendix Lemma 2.5,

E max Z&Z,j < Cs, log(ep,/sn)-

J|<2s
[7]< ey

Hence, uniformly over ¥ € G,,($p,71),
Ell6, — 715 < Cpiloasnlog(epn/s,) + 8E[en all5-
For every nonzero u,

1\ 2 _ X2
_ (uzv)N Smin{l, [u QVIQ}.
l[ull2 17112 T

iv oA nl n n €n
sup ELzl,lg(an)<len{17ptr oaS OQg(ep /S >}+8sup || AHZ

FE€Gn (sn,mn) Tn

1

Therefore

n

= Cmin{l, nn,A} + O{min(la nn,A)}>
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where the last equality uses (5.32). Implementing this canonical rule in original PLIV coordinates
by (5.29) gives the stated upper bound. The zero case uses the fixed default direction and has
loss bounded by one, so it is absorbed by the displayed bound.

Now consider the lower bound. In the balanced canonical PLIV subclass of Definition 5.11,
forevery ¥ € G, (Sn,"n)s Gn =7, Bn.a=1,,, C,, = 0il,, . The training statistic satisfies

Z bi{N"V20F +V;}

1€ty

(”tuezzt,bb)% RAY

tr i€y

tr

Pn>

ZbV~N< NUAII,n).

i€y

Because V; %' N (0,02) and n; Y e, bibi =1,

tr

Since N/ng, — p;,", this is the canonical Gaussian sequence experiment with noise variance
02 o = (N/ny)ok = pi.'oA{1 + o(1)}. The inference residual in this subclass is R; o =¢;,
so the scalar AR reduction is exact and the denominator is the identity. Apply the projective
sparse lower-bound construction from Theorem 4.1 to the Gaussian experiment

§n2§+ O'Agna :yiegn(snarn)‘
tr
Equivalently, the proof uses the same packing 7,, = r,v,,, m=1,..., M, with

log M > ¢85, 10g(epn/sn), 1— (v, vp)* > comin{l,m, n}, m#k,

and the KL bound changes only by the factor N/n, = p;;'{1 + o(1)}. Fano’s inequality
therefore gives, for every normalized-coordinate rule d,,,

sup  E5L(d,,7) > cmin{l,n, A} —o(1).

YEGn(sn,Tn)
li
Since the balanced canonical subclass is contained in B} 'X (5,1, 77,),

inf sup EpoLI,X(dn) > cmin{1,n, o} —o(1).

" PemplA(Sn;”‘n)

The total-variation alternative follows directly. Let P denote the canonical Gaussian law and
PP the normalized PLIV law. If

€ni=  sup ||P$1iV - PSHTV — 0,
YEGn(Sn,Tn)
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then, for every rule d,, and every bounded loss 0 < L < 1,
EP}Y’“"L(dTH ’7) - EP,QL(dna ’Y) <én.

Taking suprema over -, then infima over d,,, transfers the canonical lower bound with an o(1)
error. Finally suppose Q%" = pi,sA%r2 € [¢,g] C (0, 00). For any rule, Q%X = Q1R {1 —
Lﬁlfg}. Lemma 4.3 gives constants 0 < a,, < A, < oo such that

aaLphv < h (Q ,phv) _ (Qphv) < AQLZI’X

Taking expectations, suprema, and infima converts the normalized noncentrality-regret frontier
into the stated PLIV power-regret frontier. Q.ED.

A.13. Proof of Corollary 5.13

*,pliv

PROOF: Let ¢} 5 := QA" = pineAr7. By assumption, 0 < ¢ < ¢ , <7 < oo. Since
A # 0 is fixed and the inference split is nondegenerate, there exists p > 0 such that pi,s > p
eventually. Hence

2 _ q:z,A < g
pintA* T pA?

eventually. Also the training split is nondegenerate, so p;,* > ¢, > 0 eventually. If 03 > 02 >0,
then

_ P OASnlog(epn/sn)
nn,A — 7’2

525n log(epn/sn)
Z 60 2

n

> csy, log(ep,/s,) — o0

for some ¢ > 0. Hence 7,, o > 1 eventually. The lower bound in Theorem 5.12, together with
the compact-range power-regret transfer, implies

liminf inf sup R (dn) > ca > 0.

n—oo dp liv o, A
" P€q3p A(S'n Tn)

This is the stated first-order oracle-power nonrecoverability. Q.E.D.
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SUPPLEMENT TO “FEASIBLE POWER FRONTIERS FOR LEARNED SCALAR
ANDERSON-RUBIN SCORES UNDER HIGH-DIMENSIONAL WEAK IDENTIFICATION”

TAMER CETIN

1. PURPOSE OF THIS APPENDIX

This Online Appendix gives the full technical derivations and auxiliary results for “Feasible
Power Frontiers for Learned Scalar Anderson—Rubin Scores under High-Dimensional Weak
Identification.” The main text is organized around one finite-information frontier for learned
scalar AR power: the sparse difficulty index o2s,, log(ep,/s,)/r2 governs normalized non-
centrality regret and, on compact oracle-noncentrality ranges, power regret. The first technical
section gives the canonical sparse projective minimax proof and the corresponding power-regret
transfer. The next section gives the finite-grid direction-free and restricted-inversion proofs.
The following section gives the primitive PLIV verification details used by the operational
PLIV reduction and the PLIV learned-score frontier in the main text. The final section records
supplementary numerical details.

For a nonzero score direction § and nonzero drift g, define normalized noncentrality attainment
and regret by

7 \2
AB. =T L =1-AB.)
18I llgl
If 5=0,set L(8,g) = 1. Thus L is squared projective angular loss between the selected score
direction and the drift direction, with 5 and —f equivalent.
Let

Gp(s,r) ={g €R”:lgllo <ss, [lgll =7}, 2<s<p/4.

The organization is as follows. Theorem 2.1 is the canonical proof companion to Theorem 4.1.
Lemmas 2.2-2.5 provide the packing, information, and thresholding ingredients. Corollary 2.7 is
the canonical proof companion to Corollary 4.4. The remaining sections prove the direction-free
and PLIV primitive verification results stated in the main text.

2. SPARSE MINIMAX FRONTIER

This section gives the full canonical-coordinate derivation underlying Theorem 4.1 in the
main text. Subsections 2.1-2.4 prove the sparse minimax envelope. Subsection 2.5 gives the
corresponding canonical power-regret transfer underlying Corollary 4.4. The argument is written
in the Gaussian sequence coordinates used in Section 4 of the main paper.

THEOREM 2.1—Canonical sparse minimax envelope: Theorem 2.1 is the canonical-
coordinate version of Theorem 4.1; the notation in this appendix suppresses the sequence
index n.

Consider the Gaussian sequence experiment

Y=g+0§  £~N(0,1,),
with g € G,(s,r), 2<s<p/4. Let

2
o“slog(ep/s
Wp,s,7,0) = TP,
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There exist universal constants 0 < ¢ < C' < oo such that

cmin{1,7n(p,s,r,0)} < irgf sup E,L{6(Y),g} < Cmin{l,n(p,s,r,0)},

9ge€Gp(s,r)

where the infimum is over all measurable rules § : R? — RP,

2.1. Auxiliary combinatorial and information inequalities

LEMMA 2.2—Constant-weight Varshamov—Gilbert packing: There exist universal constants
o, 1 > 0 such that, for integers 1 < m < q/4, there are subsets Si,...,Sy C{1,...,q}, each
of cardinality m, satisfying

|S; ASk| > com  forall j #k, 2.1
and
log M > ¢;mlog(eq/m). (2.2)
PROOF: Let
re:=lq/m]. (2.3)
Since ¢/m > 4,
rqzq/mflzz(q/m), re > 4. (2.4)
Partition the first mr, elements of {1,..., ¢} into m disjoint blocks
Bi,...,B,,, |B,| =T14-
For each codeword u = (uy,...,u,,) € {1,...,7,}™, define
S(u) := {the u,-th element of block B, :a=1,...,m}. (2.5)
Then
|S(u)| =m. (2.6)

Foru,v e {1,...,r,}", let
dp(u,v):=#{a:u, #v,}.

Then
|S(u)AS(v)| = 2dg (u,v). 2.7
Let
hi=|m/16]. 2.8)
Choose a maximal subset C C {1,...,r,}™ satisfying
dy(u,v)>h for all distinct u,v € C. 2.9)

Maximality gives the covering inequality

ICI Vi g (R) =17, (2.10)
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where

Since h <m/16,

Vinrg (h) < (Z <TZ>> Tf; < 2m7~;”/16.
a=0

Equations (2.10)—(2.12) imply
‘C| 2 2—m7,;5m/16'

Taking logarithms and using (2.4),
15
log|C| > —mlogrq —mlog2
16
15
= m | e {logla/m) —log(4/3)} —log2| .
Set x = g/m. Since = > 4, define

15
1—6{log:c —log(4/3)} —log2

x>4 log(ex)

The numerator in (2.15) is positive at x = 4, because

15 15
1—6{log4 —log(4/3)} —log2 = 16 log3 —log2 > 0,

and the ratio has positive limit 15/16 as = — co. Hence ¢; > 0, and (2.14) gives

log|C| > exmlog(eq/m).

Enumerate C = {u',...,u}, and set S; = S(u?). For distinct j, k, (2.9) gives

dg(u,u*) >h+1.
If m > 16, then h + 1 > m/16, so (2.7) gives
|S; ASk| >m/8.
If 1 <m < 16, then h =0, so dg(u/,u*) > 1 and
|S; ASk]| >2>m/8.
Thus (2.1) holds with ¢, = 1/8. Together with (2.16), this proves the lemma.

@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Q.E.D.

LEMMA 2.3—Fano inequality in the form used below: Let {P,,..., Py} be probability

measures and let J be uniform on {1,..., M}. Conditional on J =m, letY ~ P,,. If

1 M
e > KL(P;, P,) < alog M

J,k=1

(2.17)
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for some a < 1, then, for every estimator J(Y'),

~ 1
sup Po.(J#+#Fm)>1—a— .
lngS)M (J#m) 2 log M

In particular, if a < 1/4 and M > €*, the right-hand side is at least 1/2.

PROOF: Let

_ 1 XM
:szk
k=1

The mutual information satisfies
1M
=37 > KL(P;, P
j=1

By convexity of Q — KL(P;,Q),

M

M
_ 1 Z 1 Z
k=1 k=1

Equations (2.19) and (2.20) give

1 M
I(JY) <50 > KL(P;, P,) < alog M.

jk=1
For any estimator .J, let P, = Pr(.J # J). Then
logM — I(J;Y)=H(J|Y)

<H(J|J)

<log2+ P.log(M —1)

<1+ P.logM.
Combining (2.21) and (2.22),

log M —alogM <1+ P.logM,

SO
1
P.>1—a— .
c= 1T g M
Finally,
sup P, J;ém >—ZP =P..

Equations (2.23)—(2.24) prove (2.18). If a < 1/4 and M > €*, then
l—a—1/logM>1—-1/4—1/4=1/2.

(2.18)

(2.19)

(2.20)

2.21)

(2.22)

(2.23)

(2.24)
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Q.E.D.

2.2. Projective sparse packing
LEMMA 2.4—Projective sparse perturbation packing: There exist universal constants
Co, C1,Co > 0 such that the following holds. Let 2 < s < p/4, r >0, 0 > 0, and set

2
p= TR g o ming,),

2
r
where cq is chosen sufficiently small. Then there are vectors v',. .. v™ € R? satisfying
[0"lo <5, fo™l2=1,  logM > cislog(ep/s),
1— (™v*)? > c,min{l,n}  forallm#k, (2.25)
and, with P,, = N (rv™,o?1,),
1 = 1
e > KL(P,,,P) < 1 log M. (2.26)
m,k=1
PROOF: Apply Lemma 2.2 with
q=p—1, m=s—1.

Because 2 < s <p/4, 1 <m < ¢/4 after changing only universal constants. There exist sets
Si,...,Su C{2,...,p}, each of cardinality m = s — 1, such that

|S;ASy | > esm (§#k), (2.27)
and
log M > cprslog(ep/s) (2.28)
for universal constants cg, cyr > 0. Take ¢y < 1/16, so
0<6®<1/16. (2.29)
Define
J.—(1_p2\1/2 i
v = (1—602)%e, + \/Eeezsjee' (2.30)
Then
[v7]]o = s, o] = (1 —6%) +6°>=1. (2.31)

For j # k, let d;;, := |S; ASk|. Since |S; N S| =m — dji /2,
. 0?
1)]/ k = (1 —92) + E|S] ﬁSk\
2 2 djk
=1-6°+0"(1-—"L (2.32)
2m
di

=1-0-=.
2m



Set
i

=0 .
Lik 2m

J
By (2.29), 0 < z;;, < 6? <1/16. Hence
1— ("2 =1~ (1—x;)°

_ 2
= 2T — Tjy

d.
> Tk 2922ﬁ > c—36‘2.

m - 2
Since 02 = ¢y min{1,7n}, (2.33) gives (2.25) with ¢, = c5co /2.
For the KL bound,
92
i k)2 2
[[v) —o"||5 = E|SjASk| < 20°.
Therefore, for P; = N (rv’,0%1,),
v’ — "3
202
r20?
<

= 02

KL(P;, P,) =

7"2
=co— min{1,n}.
002 { 77}

If n <1, then
,,,,2
?n = slog(ep/s).

If n > 1, then
,,,_2
— < slog(ep/s).
o

Thus (2.35)—(2.37) imply
KL(P;, Pr,) < coslog(ep/s).
Choosing ¢y < ¢pr/4 and using (2.28),
1

Averaging over (j, k) gives (2.26).

2.3. Hard-thresholding upper bound

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

Q.E.D.

LEMMA 2.5—Hard-thresholding oracle inequality: Let H,(Y) retain the s largest coor-
dinates of Y in absolute value and set all others to zero. If Y = g + 0§, { ~ N(0,1,), and

lgllo < 5, then

E, || Hy(Y) = gl|* < Co?slog(ep/s)

(2.39)
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for a universal constant C' < oo.

PROOF: Let g:= H,(Y), S :=supp(g), and S = supp(g). Since g is a best s-sparse Eu-
clidean approximation to Y,

1Y —gl* <Y —gl* (2.40)
Let h:=g —g. Since Y = g + 0¢&, (2.40) gives
log = hl|* < [|o€]|. (2.41)
Expanding (2.41),
|h||* < 20€h. (2.42)

The support of & is contained in S U S, and

|SUS| < 2s.
Hence
&h =& shsus < I€suslllipl- (2.43)
Equations (2.42)—(2.43) imply
IH.(Y) = glI* = [[PI]” < 407 [1€sus1*. (2.44)
Therefore
|H(Y) = g|* < 40" W, W= max » &7 (2.45)

|A|<2s £~ 77
JEA

For0 <A <1/2,

EerWrs < Z > Eexp (AZ{?)

m=0|A|=m JEA

(2.46)
2s
_ p _ —m/2
=> <m> (1—2\)"™/2,
m=0
With \ = 1/4,
2s
E Wp,s/4 < p 2m/2
)
D \gs (2.47)
< 1
<(2s+ )<28>2

2s
<(25+1) (%’) 2

Jensen’s inequality gives

EWris/t < eWris/t EW, . < 4logEe"r=/4,
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Thus, using s < p/4,

EW, . <4log(2s+1) + 8slog (@> + 4slog2
2s (2.48)

< Cslog(ep/s).

Taking expectations in (2.45) and using (2.48) proves (2.39). Q.E.D.

2.4. Proof of Theorem 2.1
PROOF: Set

o*slog(ep/s)
n=pa

Upper bound. For any nonzero w and nonzero g,

(w'g)®

L(w,g) =1— s
lwl*llgll?

2

= min (2.49)
acR

9
= QW
g1l

<H9_uwrszﬂw
ol "ol = Tl

If w =0, then L(0,g) =1 = [0 — g[[>/||g]|2. Thus (2.49) holds for all w. For g € G,(s,r),
lgll =r.s0

L{H,(Y),g} < min {1, ”HO;)Q_QW} . (2.50)

Using Lemma 2.5,

1
sup EQL{HS(Y)>9}Smin{1’2 sup Eg|Hs(Y)_g|2}

9€Gp(s,r) T gegp(s,r)
2 (2.51)
SCmm{LUﬂ%yNﬁ}
r
= Cmin{1,n}.
This gives the upper bound.
Lower bound. Use Lemma 2.4. Let v, ..., v™ be the packing, set
gri=ro™, P, :=N(g™ o°L,), (2.52)

and write

A, :=comin{l,n}. (2.53)
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Then
1—(v™*)2>A, (m#k), (2.54)
and
1 i KL(P,,, P,) < 1log]\J. (2.55)
M? it " 4

Let J be uniform on {1,...,M}, and let Y | J =m ~ P,,. By Lemma 2.3, after reducing
constants if necessary,

inf sup Pm(j;é m) > cp (2.56)

J 1<m<M
for a universal constant c > 0. If the constructed packing has M < e?, then slog(ep/s) is
bounded by a universal constant in the present construction. In that finite-entropy case, the same
lower rate follows, after reducing the universal constant, from a two-point Le Cam argument
applied to two separated sparse directions with KL divergence bounded by a sufficiently small

constant. Thus the lower bound holds uniformly over the stated range 2 < s < p/4. For u,v # 0,
define

a(u,v) ;= arccos <|||17|||1|)7J|||> €0,m/2]. (2.57)
Let
a, = arcsin(y/A,). (2.58)
By (2.54),
sin®a(v™,0") > A, a(v™,v*) > a, (m#Ek). (2.59)
For0<x <1,
sin? {;arcsin(ﬁ)} _ 1= cos{ar;sin(\/i)}
(2.60)
_ 1-— m _ x N T
2 21+V1i—z) 4
Taking z = A,
sin®(a,/2) > A, /4. (2.61)
For an arbitrary score rule §(Y"), define m;(Y") as follows. On the event {§(Y") # 0}, set
ms(Y) € argmina{§(Y),v*}, (2.62)
1<k<M

with arbitrary tie-breaking. On the event {§(Y") = 0}, assign m;(Y") an arbitrary value in
{1,...,M}.
Fix m. If

L{5(Y), g™} < sin’(a,/2), (2.63)
then §(Y') # 0, because L{0,¢™} =1 and sin®(a,/2) < 1. Therefore, on the event in (2.63),
L{5(Y),g™} =sin*a{6(Y),v™}. (2.64)
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Thus
a{6(Y),v"} <a,/2. (2.65)
For any k # m, the projective triangle inequality gives
a{6(Y),v*} >a(v™,v*) —a{6(Y),v™}

(2.66)
>a, —a,/2=a,/2.

Hence ms(Y) = m. Consequently
{ms(Y) #m} C {L{6(Y), g™} >sin®(a,/2)} . (2.67)
Therefore

E, L{5(Y). g™} > sin®(a, /2) P {1s(¥) # m}

A (2.68)
> Puds (V) # m},

where the second inequality uses (2.61). Taking suprema over m, then infima over 9, and using
(2.56),

inf sup EgL{é(Y),g}Zirgf sup E,,L{o(Y),¢g™}

0 geGp(s,r) 1<m<M
A, ~
>—Linf sup P, (J#m) (2.69)
4 7 1<m<m
A
> T2 cmin{1,n}.
The lower and upper bounds (2.51) and (2.69) prove Theorem 2.1. Q.E.D.

2.5. Power-regret transfer for Corollary 4.4

LEMMA 2.6—Canonical power-map comparability: Let

h'a(Q) =1- Fx%(q)(cl—a)'

For every 0 < q < q < oo, there exist constants 0 < ¢ < C' < 0o, depending only on «, q,q, such
that, for every q € [q,q] and every { € [0,1],

cl < ha(q) - ha{Q(]' - 6)} < Cv. (270)
PROOF: Let ¢, =c¢1_o, T =/Ca,and Z ~ N(0,1). For ¢ >0,
ha(q) =Pr{(Z + /) > ca} =1 - ®(z — /q) + P(—z — /q). 2.71)

For ¢ > 0,

i = 20D qum D) 0
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For the right derivative at zero, put s = ,/q. Then

¢z —s) —p(x+3)

lim A, (q) = lim

ql0 sJ0 2s
— lim {p(z) — 5¢'(x) + 0(s)} — {p(x) + s¢'(x) + o(s)} 2.73)
10 25

=—¢'(x) = z¢(x) > 0.
Set
h.,(0) ;= z¢(x). (2.74)

«

For ¢ >0, x4 /g > |v — \/q|, so
o(z = V) > oz + V1),

and hence h/ (q) > 0. Thus h/, extends continuously to zero and is strictly positive on [0, .
Therefore there exist 0 < m < M < oo, depending only on « and g, such that

m<hl(u) <M Yu € [0,q. (2.75)

For g € [¢,q] and ¢ € [0, 1],

q
ha(q) = hafq(1 =€)} = hy, (u) du. (2.76)
q(1-2)
Using (2.75) in (2.76),

mal < hy(q) — ho{q(1 —0)} < Mqgt. (2.77)
Since ¢ € [q, ¢, (2.77) implies (2.70) with constants ¢ = mg and C' = Mq. Q.E.D.

COROLLARY 2.7—Canonical power-regret envelope; supplement to Corollary 4.4: Let
q" = piner”.
Suppose
q" €[g,9) € (0,00).

Then there exist constants 0 < c, < Cy < 00, depending only on «, q,q, such that

comin{1,n(p,s,r,0)} < ilgf sup  [ha(q”) —Egha{q"A(6(Y), 9)}]
9€Gp(s,7) (2.78)
< C,min{l,n(p,s,r,0)}.
PROOF: For g € G,(s,r),
- (2.79)
For any rule 4,

A{6(Y), gy =1—L{6(Y),g}. (2.80)
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Thus
hoc(q*) - hoc{q*A(a(Y)vg)} = hl)é<q*) - ha (q*[l - L{é(Y),g}]) : (281)
By assumption, ¢* € [g,q]. Applying Lemma 2.6 with ¢ = ¢* and £ = L{6(Y"), g} gives

cL{o(Y), 9} <ha(q") —ha{q"A(6(Y), 9)} < CL{6(Y), g} (2.82)
Taking expectations,
By L{6(Y), 9} <ha(q") —=Egha{q"A(6(Y),9)} < CE,L{(Y),g}.  (283)
Taking suprema over g € G, (s, ), then infima over ¢, gives

cinf sup EgL{5(Y);!]}§ilgf sup  [ha(q”) —Egha{q"A(6(Y), 9)}]

% gedp(s,m) 9€9p(s,7)
(2.84)
<Cinf sup E,L{§(Y), g}
g€Gp(s,r)
Theorem 2.1 and (2.84) imply (2.78). Q.E.D.

3. DIRECTION-FREE AND INVERSION PROOFS

This section supplies the auxiliary proofs for the finite-grid direction-free results in Section 6
of the main text. Subsection 3.1 proves Theorem 6.1; Subsection 3.2 proves Corollary 6.2.

3.1. Proof of Theorem 6.1

PROOF: Let K,, C R~ be the common compact action set. For  =1,..., L, write

APos(y) = foc@) dva(y),  fue 20, / Fue () dva(y) = 1.

The densities are taken as fixed measurable versions.
For 8 € K,,, define

@ne(B) = Qne(B; Gre, Bre) = Pinf(g/g:;g-

Since B, is positive definite and K, is contained in the nonzero score directions,

B'B,¢5>0 Ve K,.

Therefore
Since h,, is continuous,

Bm — 6 S Kn - hoz{QnZ(/Bm)} — hoz{in(ﬂ)} (32)
Also

0<ha{gu(B)} <1, VBeK, (=1..,L (3.3)
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For any measurable rule §,, : Y,, — K,,,

eEne h {Qne( ( ))}]

\\Mh

=Yw / e (6 (5))} 1o () 0 (9)

- / S s (a0s 5o )} i)

Define the pointwise integrated objective

Zwefnz M {qne( >}
Then (3.4) becomes

Pon(6,) = / T, {6, 1)y} dva ().

13

(3.4)

(3.5)

(3.6)

For fixed y, 8 — ¥, (8,y) is continuous on K, by (3.2). For fixed g, y — U,(53,y) is
measurable because each f,,, is measurable. Hence W, is a Carathéodory function, and therefore

jointly Borel measurable.
Define

Vi (y) := sup ¥, (8,y).

BEKn

Since K, is compact and ¥, (-,y) is continuous,
Vw n = ql’ﬂ b .
n(y) = max ¥, (5,y)
Let D,, be a countable dense subset of K,,. By continuity,

Vn(y) = sup ¥, (8,y).
BEDn,

The right-hand side is a countable supremum of measurable functions. Thus
y+> Vipn(y) is measurable.
Let
Ay n(y) = argmax V¥, (8,y).

BEKR

For every y, A, »(y) is nonempty and compact. Its graph is

Gr(Aw,n) = {(yaﬁ) 1B € K, \Ijn(67y) = Vw,n(y)}~

3.7

(3.8)

3.9)

(3.10)

(3.11)

(3.12)

Since K, is compact metric and ¥, is a Carathéodory objective, the measurable maximum

theorem implies that V,, ,, is measurable and that the argmax correspondence

Aypon(y) =argmax V¥, (8,y)
BEK

n
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is nonempty compact-valued and weakly measurable. The Kuratowski—Ryll-Nardzewski mea-
surable selection theorem therefore gives a measurable selector

0, (y) € Aunly)  vn-ae (3.13)
Consequently, for every measurable rule §,, : Y,, — K,,,

Unf0n(y),y} < U {67(y) g} va-ae (3.14)

Integrating (3.14) and using (3.6),
Pun(6n) < Pun(d)). (3.15)

This proves existence of an integrated-power optimal rule and the pointwise characterization.
Now impose the collapse condition

Bn@ = CZBnm Gne = aZGnO) C¢ > 07 Gy 7é 0. (316)

For every 8 € K,

_ (B/GM)Q
Tne(B) = pinfm

— (5/aZGnO)2

Pt 5/Can0ﬁ

. CL? (ﬁ/Gn0>2

B apinf /BanOB

(3.17)

= f‘ieqno(ﬁ)a ke =—>0.

Let
B° € argmax q,,o(3). (3.18)

BEKnR

Compactness of K,, and continuity of ¢, imply that the argmax in (3.18) is nonempty. For
every 5 € K,

00 (8) < gno(5°)- (3.19)
Multiplying (3.19) by s, > 0 and using (3.17),
Tne(B) < qne(B8°), VL, VBEK,. (3.20)

The scalar AR power map is increasing. For ¢ > 0,

O(Vera — /) — (Ve + V)
27

h,(q) = >0,

and

h;(O) = \/01,a¢(\/C1,a) > 0.
Thus (3.20) implies

ha{in(/B)} Sha{Qné(ﬂO)}v VE; VBEKn (321)
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For integrated power, multiply (3.21) by w; f,..(y) > 0 and sum over /:

V. (B,y) =

Mh

We fre(Y)ha{dne(B)}

4

wzfné(y)ha{QnZ(ﬁ())}

Mb

<
¢

=0,(8°y), Ve K,, v,-ae.y.

1

Therefore the constant rule
O (y) =B
satisfies
Pon(6n) < Pupn(8) for all measurable §,,.

Hence §? is integrated-power optimal under (3.16).
For the maximin criterion,

Prnin,n (0n) = min B [ha{gne (5. (Ya))}]-

1<e<L
For any measurable §,, and every ¢, (3.21) gives
ha{@ne(0,(Ya))} < ha{dne(B)}  Pueas.
Taking expectations under P,,,,
Encha{@ne(0n(Ya))} < haf@ne(B%)},  £=1,... L.
Taking minima over ¢,
Pt (0) = M0 B e (6 (V) }
< min ha{dne(8°)}

= Pmin,n(52)~

Thus ¢° is maximin optimal under the collapse condition. This completes the proof.

3.2. Proof of Corollary 6.2
PROOF: Let

®L = {917~"70L}

be the finite inversion grid, and define the grid confidence set

Cy={6; €O.: ARN(0) < c1a}.

15

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Q.E.D.

(3.28)

Let F;, denote the training sigma-field. The direction-free score rule is J;,-measurable. Hence,

conditional on F,, the score used in each statistic ARy (6;) is fixed.
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The assumed uniform conditional null approximation gives, for every continuity point ¢ of

F,
An(t):= S, gjr{ARN(ej) <t|Fu}—Fe(t)| > 0.
Since Fx% is continuous at ¢; _,
Fea(cima)=1-a
Set
An:=An(c1_a)-
Then (3.29) implies
121]_1£)L I;’jr{ARN(Hj) <ol Ful—(1—-a)|=Ax20.
Moreover,
0<AN <1,
o)
Eg;, Ay =0 uniformly over j =1,..., L.

Indeed, for every n > 0,

]Eg].AN :Egj {ANl(AN S 77)} ‘I‘Egj {ANl(AN > 7])} S n +]-:9)I'(AN > 77),

and the right side has lim sup 5, bounded by #; then let i | 0.
Fix j € {1,..., L} and suppose that the true value is 6;. By (3.28),

1{9J S CN} = 1{ARN(97> S Cl—a}~
Taking conditional expectations in (3.32),
FG)I'{QJ € CN | ftr} = I;)I'{ARN(QJ) S Cl_q | Ftr}~
J J

Combining (3.30) and (3.33),

I;’_r{Hj €Cn|Fuu}—(1—a)

< Ay.

Taking expectations,

Pr{d; €Cx}— (1-a)

< Eg,

l;’_r{ej €Cn|Fu}—(1—a)

S EngN = 0(1)

Pr{ARy(0;) S c1oa| Fu} = (1 - @)

B, [Pr(6, €0 |7}~ (1= )|

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Thus, for each fixed grid point,

Pr{f; € Cx}=1-a+o(l). (3.36)

The same calculation gives uniformity over the finite grid. Taking the supremum over j =
1,...,Lin (3.35),

sup |Pr{f; €Cn}—(1—-a)| < sup Ey, Ay =0(1). (3.37)
1<5<L | 95 1<5<L
Equations (3.36) and (3.37) prove the corollary. Q.E.D.

4. PRIMITIVE PLIV VERIFICATION PROOFS

This section proves the primitive verification results used in Section 5. The main distinction
relative to an operator-norm-only Gaussian approximation is that exact canonical training
in high dimension requires trace-scale covariance control, or an explicit Euclidean coupling.
Operator-norm convergence controls worst-direction variance but does not by itself make the
full p,,-dimensional Gaussian law close to the canonical law.

4.1. Proof of Proposition 5.4

PROOF: Write n; = ng,, Iy = Iy, b; = b, (Z;, X;), and m; = 7, (Z;, X;). From the centered
first stage,

D; —my(X;) = N""2m + V.
Therefore
. 1 VN VN R
™ ier M len ™l
Premultiplying by C-1/2 gives
0_1/2</g\n - gn) = An,t + Zn,t - Mn,ta

n

where

1
—C-v2) = E P
A, =C, { o b, gn} ,

i€l

Zp = YN > bV,

" ny
1€l

M, = 051/2\?/1]7 Zbi{m(Xi) —my(Xi)}.

i€l

The first two remainder assumptions give || A, ¢||2 = 0,(1) and | M,, +||2 = 0,(1).
Conditional on D,, Z,, ; is Gaussian with mean zero and covariance

N ~
Var(Z, ¢ | D) = —C, V20 C Y2
Uz
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With the notation of Proposition 5.4,
C;l/QC:er,;l/Q — Ipn + RC,ru

and hence
—1 = g N
Var(Zn,t | Dtr) = Pir (Ipn + RC,n)v RC,n = ptrn ( + RC n) T dpy-

Since 1y /N — py, and || Rc . |lop = 0,(1), \|]§cm\|op = 0,(1). This proves (5.17).
If tr(RZ ,,) = 0,(1), then the conditional Gaussian law is close to the canonical law. On the
event | Re.plop < 1/2,

1 ~ ~
KL{N(0, 1, + Ren), N(0,1,,)} = 5 [tr(Ren) — logdet(T,, + Re.n)]
< Ctr(R2,).

Pinsker’s inequality gives total-variation convergence, and bounded-Lipschitz convergence

follows because diy, < 2| - || v Since || Ro.nlop = 0,(1), the complement of {||Re., |lop <
1/2} has probability o(1). Hence the preceding total-variation bound holds in probability.
Adding the two 0, (1) Euclidean remainders preserves bounded-Lipschitz convergence by the
Lipschitz property. Thus (5.9) holds. Q.E.D.

4.2. Proof of Proposition 5.5
PROOF: Let

12 VN

TNy

Sni=Cy > b, (2, XV
i€y
The direct vector approximation (5.18) gives conditional bounded-Lipschitz convergence from

Sn.+ to a centered Gaussian vector with conditional covariance

N ~
WO PCC = M T, + Ro):

If tr(ﬁ%n) = 0,(1), the same Gaussian covariance comparison used in the proof of Proposi-
tion 5.4 gives

i {N(0, p;' (I, + Re,n)), N(0, pi 1, )} 2 0.

The triangle inequality proves (5.9).
Next consider the strong-coupling statement. In the denominator-normalized coordinates put

ST?,A = 1/2 Z bpn ZZ7X FE,A pt_rlo-QA (Ipn + :;,A)'

tr 1€ gy

Here W(P,Q) = inf en(po) | ||1: —y||5 dm(z,y), with II( P, Q) denoting the couplings of P
and Q. In the conditional expression used in the main text, the design sigma-field is held fixed
before taking the infimum. By the definition of quadratic Wasserstein distance, after enlarging the
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probability space if necessary, condition (5.19) gives a Gaussian vector G2 5 | Dy ~ N (0,T'2 1)
and a remainder u,, o such that

B _ B EHUnAHg _ .
Sn,A - Gn,A + Un, A, 7,,2 - O{mln(17nn7A)}'

n

Because [, + O , is the normalized conditional covariance matrix of GZ ., it is positive
semidefinite. Hence

GE,A = p‘;l/QUA (Ipn + @:LY,A)I/ana fn ~ N(Oa Ipn>,
on an enlarged probability space. Every eigenvalue = of ©;; , satisfies x > —1, and

2

e
<z, x> —1.
{(1+2)2+13°

(L) =1 =
By spectral calculus,

E|[{(Fy, +©5.2)" = )l

Du| = tr[{(Ly, +©2)"* ~ 1, }]

< tr{<@:;,A)2}'
Therefore, using (5.27),

2
E|owos{(L,, + 050 L 36|
. = ofmin(1,7,.)}-

n

Combining the last two displays gives the Euclidean coupling required by the sparse upper-bound
argument.
It remains only to justify the displayed order of the vector third-moment input. If

Kocn =supoy (z,2)[|C12b,, (2,2)]5

and the conditional standardized third moments of V' are uniformly bounded, then

E(| X0l | Dus] = 1C5/%by,, (20, X) IE Vi | Zi, X,

<CKZe,.
Hence
3/2
bree <C 3 ntrKgC,n = Op(Kgc,n/v Nir)s
tr
because N/n;, is bounded. If K¢ ,, = O(y/Pn), this becomes p3/2/,/n;, — 0. Q.E.D.

4.3. Proof of Proposition 5.6

PROOF: Fix A and condition on the inference-side design. Write B = B,, A, and

Kopn=supwa(z,2)?| B, {*b,, (2,2)|s-

z,T
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Write Ww; = CUA(Zi,Xi), b, = bpn(ZiaXi)v and

= Z biblw;.

i€t

For 5 € H,, a(c,C), define

71/25 bR
Xi(B) = mf,—l/gA
(B'BB)
The conditional variance is
/B\o
= Var{X;(8) | Diur} = %éf .

i€t

The oracle covariance concentration assumption gives

sup |s7.(8) — 1| =0,(1).
BEH,, A(c,C)

Let
—-1/2 byw 1/2
a;(B) = mflﬂ—l/z
(B'Bp)
Then
Kan
max |a; < =
la:(8)] N
and

3 al(B)=s2(8)=1+0,(1)

i€ling

uniformly over 3 € H,, a(c, C). By the conditional Berry—Esseen inequality for scalar triangular

arrays,
> Xi(B)

sup |Pr{ ————— <t|Dy; p —®(t)| < C
L s(B) T Z

The standardized third-moment bound gives, uniformly over 3,
ZE |X:(B)|? | Dine] < CZ|a )I° < Cmax|a,(8 Eaz (KB /v/Mint) = 0,(1).

Therefore the standardized sum is conditionally standard normal uniformly over 3 € H,, A(c,C).
Since s,,(3) =1+ 0,(1) uniformly, replacing the conditional standard deviation by one changes
the bounded-Lipschitz distance by 0, (1). This proves (5.13). If the feasible variance estimator is
operator-norm consistent in the same geometry, then the Rayleigh quotient bound immediately
gives (5.11). Q.E.D.
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4.4. Proof of Proposition 5.7

PROOF: Writeb=0b, (Z,X),B=DB, r,w=wa(Z,X),ander(Z,X)=0%(Z,X)/wa(Z,X)—
ka. Then

C,, — kaB=Elea(Z, X )wbl'].
Premultiplying and postmultiplying by B~'/2 gives
M,.a =B "*(C, — kaB)B™"? =Elea(Z,X)a(Z,X)a(Z, X)'],
where a(Z, X) = B~Y?wa(Z,X)"?b,, (Z,X). Since E[a(Z, X)a(Z,X)'] = I, , for every
unit vector u,
[0 My < leallooE[(w@)?] = flea o
Thus
||Mn,A||op S €n,A

which proves (5.20). Because M,, A is symmetric, its eigenvalues are bounded in absolute value
by €, a. Therefore

tr(M’rZL,A) < pnfi,m
which is (5.21). Q.E.D.

4.5. Proof of Theorem 5.9

PROOF: The operational drift and nuisance conditions in Assumption 5.1 are included directly
in Assumption 5.8. The inference scalar CLT follows from the conditionally Gaussian inference
branch or from Proposition 5.6, and feasible variance consistency is imposed in the primitive
aligned design. The bounded frontier and eigenvalue conditions are also part of the primitive
aligned design.

It remains to verify the training Gaussian approximation and the stronger sparse-frontier
coupling. Work in the denominator-normalized coordinates

Zn,A = B;,IA/Q?J\M :?n,A = B;,IA/Zgn'

Using the first-stage decomposition,

=~ B B
Z”I’A = Yn,A = Tn,A + Sn,A’

where

B _ p-1/2
rn,A_Bn,A

n n
eIy el

and

VN
SE,=B%? - > bV
tr

i€y

For the operational training approximation in Assumption 5.1, use the C',,-normalized covari-
ance condition (5.25). This condition is exactly the trace/Frobenius canonical-equivalence con-
dition in (5.25), with R¢ ,, = thrm. Since n¢, /N — py., its operator-norm part also implies the
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operator covariance condition required in Proposition 5.4. Hence, in the conditionally Gaussian
branch, Proposition 5.4 gives (5.9). In the non-Gaussian branch, the direct bounded-Lipschitz
vector approximation in Proposition 5.5, together with (5.25), gives the same operational ap-
proximation. Thus (5.9) holds, and hence Assumption 5.1 holds.

The denominator-normalized covariance condition (5.26) and the stronger rate (5.27) are used
only in the sparse upper-bound coupling below.

It remains to prove the Euclidean coupling used by the sparse upper bound. In the Gaussian
branch, conditional on the design,

Sma=puPoaly +075) P60, &~ N0, L,,),
on an enlarged probability space. In the non-Gaussian branch, condition (5.19) gives a coupling

_ Ellw, All? .
ST]iA = ptrl/QUA(Ipn + :zr,A)l/an + Un, Ay w = O{mln(lv nn,A>}'

n

In the Gaussian branch set u,, o = 0. Therefore, in both strong-coupling branches,

Zn,A = ?n,A + P;1/20A€n + en,Aa
Cn,A = TS,A + Up,a + Pt_rl/QUA{(Ipn + @:,A)l/Q — 1, Y.

The preceding covariance-square-root term can be bounded without restricting to the event
105 Allop < 1/2. Conditional on the design, I, + ©; 5 is positive semidefinite, so every
eigenvalue z of O} 5 satisfies z > —1, and

2
T 2

<z x> —1.
{14+2)Y2 41}~

(L4 a)!2 =1 =

By spectral calculus,

E[[{(Ty, +©5.2)" - )l

Du| = tr[{(Ly, +©2)"* ~ 1, 1]
< tr{(@;r,A)Q}
Combining this bound with (5.23), (5.27), and, in the non-Gaussian case, (5.19), yields

Ellen.allz

= = o{min(1,7, )}

This is (5.28), and Theorem 5.12 therefore gives the stated sparse PLIV upper bound. The
argument uses the non-Gaussian bounded-Lipschitz approximation only for the operational AR
reduction; the sparse upper-bound step uses the displayed Euclidean coupling. Q.E.D.

5. SUPPLEMENTARY NUMERICAL BENCHMARK FOR THEOREM 2.1 AND COROLLARY 2.7

The following numerical experiment illustrates the canonical minimax envelope in Theo-
rem 2.1 and the power-regret transfer in Corollary 2.7. The simulation is in the limiting Gaussian
sequence experiment rather than a finite-sample PLIV design. It reports how normalized regret
and power regret move with the difficulty index n = o?slog(ep/s) /r?.
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Canonical sparse envelope benchmark

Mean normalized noncentrality regret

E( =+ Plug-in
,/’ =+ Top-s threshold
e ~A- Soft threshold
102 EI'/ —— rate benchmark min{1, n}
10-1 100 10!

Difficulty index n = a2slog(ep/s)/r?

FIGURE 1.—Canonical sparse envelope benchmark: normalized regret. The dashed line is the rate benchmark
min{1,n}.

Power-regret transfer at oracle noncentrality g~ =4

=+ Plug-in — Y
~F+ Top-s threshold /8,’-:::;5—" Al
=/\+ Soft threshold _/ " R
0.4 o
R m]
- / ,,/
© / ’
o 0.3 Y / /,’
. / /
5 E
/ ’
3 & / j
2 0.2 1 . %
© / /
9] / J/
= & /A ,
. ,/
0.1 .
7 //
—x __-H
0.0 &F==---0°7
1071 10° 10!

Difficulty index n

FIGURE 2.—Power-regret transfer at oracle noncentrality ¢g* = 4.

5.1. Finite-sample PLIV transfer check
This subsection gives supplementary details for Figure 6 in the main text. The simulation uses
Dz:N_1/2b;g+‘/za sz:ADz"i_Uza szN(07[p>7

with N = 1000, p = 120, s =8, A =1, and pi, = piar = 1/2. The sparse drift has s equal
nonzero coordinates and is scaled so that the oracle scalar-AR noncentrality is four. The variance
of U, is chosen so that Var(U; + AV;) = 1, hence B,, a = I,, in the population design. The
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TABLE I
CANONICAL SPARSE ENVELOPE BENCHMARK
n Rule Mean normalized regret ~ Mean power regret ~ Mean frontier attainment
0.10  Plug-in 0.504 (0.000) 0.225 (0.000) 0.496 (0.000)
Top-s threshold 0.020 (0.000) 0.008 (0.000) 0.980 (0.000)
Soft threshold 0.081 (0.000) 0.033 (0.000) 0.919 (0.000)
1.00  Plug-in 0.910 (0.000) 0.424 (0.000) 0.090 (0.000)
Top-s threshold 0.821 (0.001) 0.380 (0.000) 0.179 (0.001)
Soft threshold 0.941 (0.000) 0.438 (0.000) 0.059 (0.000)
4.00  Plug-in 0.975 (0.000) 0.455 (0.000) 0.025 (0.000)
Top-s threshold 0.984 (0.000) 0.458 (0.000) 0.016 (0.000)
Soft threshold 0.989 (0.000) 0.461 (0.000) 0.011 (0.000)

Notes: The benchmark is computed from the canonical Gaussian sequence experiment with p = 1000, s = 20,
and oracle noncentrality normalized to ¢* = 4; the training-noise standard deviation is chosen to attain the
displayed difficulty index. The soft-thresholding rule uses 7 = ov/2logp and the top-coordinate fallback.
Monte Carlo standard errors are in parentheses; each row uses 8,000 draws.

Finite-sample PLIV score-direction learning

1.09 @ A4 & \ ®
.
g o
~
© ~
+J ~
] A, Sso
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- N ~
JE 0.6 1 .\ \\\
o N N
= <>'-. \\
o | T, N, o,
I N ~
=044 0 el . AN
g N, \\\
5 \g- ...... \\\
c el Ttel, ~
c ~ e D\\\
8 0.2 1 -~ oracle \~\. Ao TP
= = Top-s threshold \'ﬁ..\ .
~A- Soft threshold —— ‘9—-
=+ Plug-in r—
0.0 T
10°

Operational sparse difficulty ns, a

FIGURE 3.—Finite-sample PLIV score-direction learning. The plot reports mean normalized frontier attainment as
the operational PLIV sparse difficulty index varies.

reported canonical power is h,(q* A,,), where A,, is the realized normalized frontier attainment
of the learned score.
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TABLE II
FINITE-SAMPLE PLIV TRANSFER CHECK
Nn,A Rule Null rejection  Empirical power ~ Canonical power ~ Mean frontier attainment
0.46 Oracle 0.056 (0.008) 0.506 (0.018) 0.516 (0.000) 1.000 (0.000)
Top-s threshold ~ 0.046 (0.007) 0.263 (0.016) 0.287 (0.003) 0.490 (0.006)
Soft threshold 0.054 (0.008) 0.182 (0.014) 0.191 (0.002) 0.293 (0.005)
Plug-in 0.045 (0.007) 0.209 (0.014) 0.207 (0.001) 0.325 (0.002)
1.85 Oracle 0.050 (0.008) 0.495 (0.018) 0.516 (0.000) 1.000 (0.000)
Top-s threshold ~ 0.041 (0.007) 0.084 (0.010) 0.101 (0.002) 0.108 (0.003)
Soft threshold 0.041 (0.007) 0.072 (0.009) 0.080 (0.001) 0.064 (0.002)
Plug-in 0.052 (0.008) 0.094 (0.010) 0.106 (0.001) 0.119 (0.002)

Notes: The table reports finite-sample rejection probabilities, canonical predictions, and mean normalized frontier attainment for the
sample-split PLIV design described in Section 5.1.
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