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Abstract

Weak-identification-robust procedures are usually studied for a fixed score or
nuisance pipeline. This paper studies adaptive selection of that pipeline. Under
weak identification, data reuse in tuning can change the null law of otherwise
robust statistics, and prediction-optimal tuning can attenuate residualized first-
stage signal. For adaptive selection over curated nuisance libraries, with strength-
selection theory developed in orthogonal PLIV/IV settings, the paper develops
two primitives: leakage-free nested cross-fitting, which separates selection,
estimation, and inference within each outer fold, and identification-aware cross-
validation, which selects among near-prediction-optimal candidates using a
feasible first-stage-strength proxy. The results show that leaky tuning can
be first-order; screening can preserve orthogonal-learning rate requirements;
prediction-only tuning can select pipelines with negligible residualized first-stage
strength, whereas identification-aware tuning satisfies a near-oracle bound for
the screened strength proxy and has no first-order effect within asymptotically
equivalent screened sets; and cross-fitted orthogonal Anderson—Rubin inference
remains uniformly valid, with ridge Anderson—Rubin and conditional QLR

extensions.
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1 Introduction

Weak identification remains a central source of fragility in instrumental-variables
and general moment-condition inference. Under weak instruments, Wald and ratio
procedures can exhibit severe size distortions, which is why the modern identification-
robust toolkit centers on Anderson—Rubin, pivotal LM, and conditional likelihood-ratio
methods (Anderson and Rubin, 1949; Kleibergen, 2002; Moreira, 2003; Andrews, Mor-
eira, and Stock, 2006). In classical low-dimensional settings these procedures deliver
validity that is uniform in instrument strength (Staiger and Stock, 1997; Stock and
Wright, 2000). The same literature includes K-type tests for GMM without assuming
identification (Kleibergen, 2005), procedures with correct size under arbitrarily weak
instruments (Moreira, 2009), and identification- and singularity-robust inference for
general moment-condition models (Andrews and Guggenberger, 2019). Weak instru-
ments remain empirically consequential even when conventional diagnostics appear
reassuring (Bound et al., 1995; Lee et al., 2022), and Anderson-Rubin-type procedures
have proved valuable well beyond textbook weak-IV environments (Keane and Neal,
2024).

Modern empirical work increasingly combines instruments with high-dimensional
controls, flexible reduced forms, and machine-learned nuisance components, while
orthogonal scores together with cross-fitting have become standard tools for preserving
first-order properties under regular identification (Chernozhukov et al., 2018). This
places the analysis within the broader orthogonal-score and locally robust literature
(Belloni et al., 2015; Chernozhukov et al., 2022). Under weak identification, however,
adaptive nuisance learning enters the inferential experiment itself. Hyperparameter
choice, model search, and sample splitting shape not only the estimated nuisance
functions but also the null law and identifying content of the score on which robust
inference is based.

Two mechanisms are first-order. The first is leakage: when tuning reuses inference-
fold observations, the selected nuisance pipeline need not be conditionally independent
of the inference-fold score. Under weak identification, where relevant drifts operate
on the same scale as the null fluctuation, that dependence can alter the limiting null
law of otherwise robust procedures. The second is strength attenuation: prediction-
optimal tuning need not preserve post-residualization identifying variation. Two

candidate pipelines can be nearly indistinguishable in predictive risk and yet generate



sharply different residualized first-stage signal, so that prediction-only tuning can
attenuate local power and produce weakly informative robust confidence sets even
when substantially stronger candidates are available within the same library. The
distinction between predictive usefulness and identifying content is closely related
to the broader emphasis on sharp and informative instruments in causal analysis
(Kennedy et al., 2020). Weak-identification robustness is therefore a property of the
adaptive pipeline that constructs the score.

The identification-aware strength-selection theory is developed for finite curated
libraries in orthogonal PLIV/IV settings. The broader weakly identified moment-
condition framework organizes the robust-inference results once the adaptive procedure
has constructed a score. The analysis is organized around two primitives. Leakage-free
nested cross-fitting (LF-NCF) imposes the filtration under which selection, estimation,
and inference are separated within each outer fold. Identification-aware cross-validation
(IACV) selects within a near-prediction-optimal screen by maximizing a feasible proxy
for residualized first-stage strength. In the canonical homoskedastic Staiger—Stock
PLIV benchmark, this criterion is monotone in the Anderson—Rubin noncentrality
index. In the orthogonal PLIV environments studied here, it is used as an operational
proxy for the residualized first-stage content that drives the informativeness of robust
inference.

This focus links three literatures. First, it extends the weak-identification unifor-
mity perspective of Andrews and Cheng (2012) and Andrews, Cheng, and Guggenberger
(2020) to settings in which the moment process is itself the output of a data-adaptive
learning rule. Second, it enters the orthogonal-score and locally robust literature by
treating adaptive nuisance selection as part of the inferential object rather than as
background regularization (Belloni et al., 2015; Chernozhukov et al., 2022). Third, it
complements recent work on weak-identification-robust orthogonal inference with flex-
ible nuisance adjustment in settings such as high-dimensional LATE, panel IV double
machine learning, and efficient machine-learning instruments (Ma, 2025; Baiardi et
al., 2026; Scheidegger et al., 2026), together with current software implementations
of weak-IV-robust confidence sets in orthogonal-learning workflows (DoubleML De-
velopers, 2026). Related adaptive-DML work by Cetin (2026a) studies leakage-safe
nested cross-validation for the standard strongly identified PLIV DML estimator,
and Cetin (2026b) studies Riesz-risk cross-validation for linear-functional DML. The

present paper differs from both by focusing on weak-identification-robust inference,



where adaptive tuning can alter the null law of robust statistics and can attenuate
residualized first-stage strength. The contribution here is the adaptive selection layer
itself: the paper characterizes the filtration, screening, and strength-preserving tuning
rules under which data-dependent choice over a finite curated library preserves both
validity and informativeness under weak identification.

The results are organized around that finite-library problem. A first set of results
shows that leaky tuning can change the null law, including under full-sample search.
A screening theorem then characterizes conditions under which adaptive selection
preserves the nuisance-rate and product-rate restrictions required by orthogonal learn-
ing over growing curated libraries, with a transparent margin corollary and a worked
sparse-linear verification. Propositions 3—5 show that prediction-only tuning can select
asymptotically negligible proxy strength even when stronger candidates are available,
whereas IACV is near-oracle for the screened strength proxy and asymptotically equiv-
alent to the prediction-optimal selector under strong identification. On the inferential
side, the paper establishes uniform size for cross-fitted orthogonal Anderson—Rubin
inference over weak-identification classes that include Staiger—Stock local-to-zero
sequences; develops a dimension-agnostic ridge Anderson—Rubin procedure under
an effective-rank condition with Gaussian conditional bootstrap size control; and
derives the corresponding conditional QLR construction in the sense of Andrews and
Mikusheva (2016), with the homoskedastic Gaussian linear-IV specialization reducing
to classical CLR (Moreira, 2003; Andrews, Moreira, and Stock, 2006).

The Monte Carlo section isolates the two mechanisms emphasized in the theory:
null-law distortion from leaky tuning and losses of informative power when prediction
tuning absorbs residualized identifying variation. The empirical section uses the
quarter-of-birth benchmark to trace how weak-identification-robust reporting reshapes
the inferential message of a canonical design, and the online appendix reports an
enriched-control implementation of the adaptive tuning architecture in the same
setting.

Section 2 introduces the weak-identification framework and the orthogonalized
PLIV example. Section 3 develops LF-NCF and the leaky-tuning results. Section 4 de-
fines the strength proxy and TACV and states the screening and strength-preservation
results. Section 5 presents the main uniform-validity theorem package, including the
ridge Anderson—Rubin and conditional QLR extensions. Section 6 reports Monte Carlo

evidence mapped to the theorem mechanisms. Section 7 reports the empirical illustra-



tion. Appendix A contains the proofs for the main text. The online appendix records
the full conditional QLR/CLR construction, learner-class verification, supplementary

technical material, and additional Monte Carlo diagnostics.

2 Weakly Identified Moment Models and Orthogo-
nal AR

2.1 General framework

Let W € W denote observable data and P its distribution. Ani.i.d. sample Wy,..., W,
is observed from P. Let § € © C R% be the target parameter and 1 € H a nuisance

parameter. Consider a moment function g(W;6,n) € R% satisfying
Ep[g(W;600,7m0)] = 0. (2.1)

Define the standardized sample moment

zn: (Wi;0,m). (2.2)

%\

Let
Gp = 0gEp[g(W; 0, 770)]’0:90 € R%x%,

Definition 1 (Strong and weak identification). Strong identification at P holds if

Gp has full column rank and o,;m(Gp) > ¢ > 0. A sequence {P,} exhibits weak

identification if oy (Gp,) — 0. A local-to-zero sequence satisfies o (Gp,) =< n =42,

Let
Qp(0,m) :==Ep[g(W;0,7)g(W;0,m)"].

Under strong identification and local alternatives 6,, = 6y + A/+/n, regularity yields
9n (60, 10) E N(=GpA,Qp(bo,1m0)), (2.3)
so an oracle AR statistic has a noncentral y? limit with index

AA; P) = ATGEQp (00, 1m0) GpA. (2.4)



The weak-identification regime changes the relevant scaling. If P = P,, varies with n
so that Gp, = G//v/n—+ o(n~/?), then the strong-ID local alternative 6, = 6y + A/\/n

yields a vanishing drift and therefore trivial local power. Nontrivial weak-1D power
instead arises for fized alternatives 6 = 0y + A, in which case v/nEp, [g(W; 0o, 1m0)] —
—GA and the relevant noncentrality index becomes ATGTQLGA.

2.2 Leading example: partially linear IV

Let W = (Y, D, Z, X) with scalar Y and D, instruments Z € R% and controls X.

Consider

Y = oD+ 70(X) + U, (2.5)
E[U | Z,X]=0. (2.6)
Define
Yo=Y —po(X),  Di=D-mo(X),  Z°:=7Z—ro(X)
Then

E|z°(Y* = 6,D°)] = 0. (2.7)

Write the residualized reduced form as
D¢ =71, +V,

where Staiger—Stock weak-IV sequences correspond to II,, = 7/4/n (Staiger and Stock,
1997).

Weak identification shrinks the first-stage signal, but it does not inherently make the
nuisance regressions harder to learn. In PLIV, the local-to-zero term enters conditional

means only at n~!/2 scale. Throughout the PLIV setup, assume sup, Ep, [|| Z||?] < oc.

Lemma 1 (Target drift under local-to-zero sequences). Suppose in PLIV that

D=miX)+Z'1,+V, E[V|ZX]=0  II,=x/Vn.



Let
my(z) :=E[D | X = x,11 = 0],

m07n($) = Epn[D | X = ZE]
=mgy(z)+Ep,[Z | X = x]THn.

If
supEp, [| Er,[Z | X] ] < oc,

then

0.0 = 5| Lacry = O(n™"72).

Consequently, for any learner m,
177 = monll Lapn) < 10 = ml|Lap) +O(n™'72),

and

72— il oy < 7 = mollzap,) + O(n™H2).

In particular, an Op(r,) rate for either target transfers to the other up to n~*/%, and
if r, = o(n='4), both targets are learned at op(n=/*) rate.
Proof. See Appendix A.1. n
2.3 Orthogonal score and cross-fitted AR
An orthogonal score ¢(W;60,1) € R% is used and satisfies

E[(W;00,m0)] =0, OE[L(W;00,m)] _ =0. (2.8)

="0

For PLIV, a standard orthogonal score is

GW50,m) = (Y = p(X) = 0D =m(X))(Z = (X)), 0= (mmr). (29

Let n_; denote a nuisance estimate trained on data disjoint from observation i.

Define



The orthogonalized Anderson—Rubin statistic is
AR, (0) = §a(0) "0 (0) 715 (0). (2.11)

Inverting AR,,(6) yields robust confidence sets that can be wide or unbounded when
identification is weak. This is expected under uniformity: when the noncentrality
index is near zero, tests cannot distinguish parameter values, and inverted sets must

reflect that lack of information.

Remark 1 (Point estimation under weak identification). Even with orthogonalization,
point-estimation risk can be fundamentally discontinuous in weakly identified GMM
problems; see Andrews and Mikusheva (2022a,b). This reinforces the emphasis on
test inversion under weak identification, while strong-identification efficiency remains

relevant when the Jacobian is uniformly nonsingular.

3 Leakage-Free Nested Cross-Fitting

3.1 A common bad pipeline

A common workflow is: use all observations to tune hyperparameters by cross-validation
or model search, then cross-fit nuisances with the selected hyperparameters, then
compute weak-ID robust inference on those same folds. Even if each observation is
excluded from nuisance training, it may still influence the chosen hyperparameter 7 if
7~ is selected using a criterion computed on all observations. Then 7_; depends on W;
through 7, violating the no-own-observation measurability condition used to obtain

foldwise conditional independence of inference-fold scores.

3.2 The LF-NCF algorithm

LF-NCF pays a finite-sample cost for this protection because three-way splitting
leaves fewer observations for nuisance estimation than ordinary two-way cross-fitting.
The simulation section is therefore designed to evaluate not only validity but also when
that cost is offset by the gains from preserving weak-ID robustness and identifying
strength.

For i € I, write 7j_; := 7. Then the leave-one-out notation 1;(6) = ¥ (W;; 0, 7_;)
and the foldwise notation 1;(#) = (W;; 0, 7;) coincide. Throughout the analysis, let

8



Algorithm 1 Leakage-Free Nested Cross-Fitting (LF-NCF)
1: Partition {1,...,n} into K outer inference folds Ii*f, ... It
2: fork=1,...,K do
3: Set the inference fold equal to I}*.
4: Split the complement into disjoint selection and estimation sets:

([]ifﬂf)C — Zel U IESt.

5: For each y € I, train candidate nuisance fits 7 (y) using only I**.

6: Using only the selection fold I$°', together with candidate fits trained on It
compute the selection criteria and choose 7.

7: Set 7 := Nk (Fx), or equivalently refit the selected nuisance pipeline on I

8: Evaluate scores ;(0) = ¢(W;; 0,7) for i € i,

9: end for

10: Aggregate the scores across folds to form g,(0), Q,(0), and AR, (6).

Nsel := |13 denote the size of the selection fold, and let ny,¢ := |Ii"| denote the size
of the inference fold.
Let

Fl=cWirie ), Fr=cW;icl?), F=cW;:ic™),

and define Firin := Frel v Fist. By construction, Firf L Fjirain,

Lemma 2 (Conditional i.i.d. structure). Under LF-NCF, for each outer fold k,
conditional on F*® the array {W; : i € II"} is i.i.d. and independent of (A, ).

Proof of Lemma 2. Fix an outer fold index k£ € {1,...,K}. Conditional on the
realized fold assignment, the index sets Ii*f, I, and I are deterministic and disjoint,
and {W;}"_, remain i.i.d. under P.

Define the o-fields
Fl=oWizie ), F=oW;:iel™), F":=ocW;:iel),

and let Firain .= Feely/ Fest,

By construction of LE-NCF, the candidate nuisance fits are trained on I, and
the selection criteria are evaluated on I, Hence the selected hyperparameter 7 is
measurable with respect to

train ,__ sel est
Fim =0V

9



The selected nuisance fit 7 = M (Fx) is also Fir#"-measurable.

Because the data are i.i.d., for any two disjoint index sets A, B C {1,...,n} the
collections {W; : i € A} and {W; : i € B} are independent. Applying this with
A= UIE and B = I yields

rain inf
Fprem | et

Let ny, := |II"] and enumerate I = {4, ... i, }. For any bounded measurable

functions fi,..., fa,,

[H oW,

0|7 =T aov)| = T Ermon)

where the first equality uses Step 2 and the second uses i.i.d. sampling. Hence the
conditional law of {W; :i € Ii"} given Fjrain is P,

By Step 1, (Y&, x) is FP"-measurable. Because Fi*f | Frain the inference-fold
observations are independent of every Fi**"-measurable random element, and hence

of (Jk, 7). Equivalently, for any bounded measurable functions u and v,

B[ (W:)ierse ) v(es ) | FE) = B[u (W)ieppe ) | Fir™] v (i, ),

which is exactly the claimed conditional independence. O]

Remark 2 (Foldwise conditioning and the aggregated score). Lemma 2 is a foldwise
statement. It does not assert the existence of a single global conditioning o-field under
which the fully aggregated cross-fitted score is conditionally i.i.d. Rather, LF-NCF
removes own-observation leakage: for every observation evaluated on an inference
fold, the tuning and nuisance-fitting objects used to evaluate its score are measurable
with respect to data outside that fold. The uniform AR theorem below then uses
this foldwise measurability together with the selected-nuisance oracle-equivalence

conditions in Assumption 5.

3.3 Leaky tuning changes the null law

The next proposition isolates the central mechanism: selection that uses inference-fold
quadratic forms can change the null distribution of a weak-ID robust statistic at first

order.
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Proposition 1 (Leaky selection destroys pivotality). Fiz 6 = 6y and suppose two

candidate nuisance pipelines 1V and 1 satisfy, under P,
gn = \/—Zl/} WuHOa J)> N(079)7 j S {172}7

with the same nonsingular limit Q, and suppose (g, ¢®) has a nondegenerate joint

Gaussian limit. Consider the leaky rule that selects 1 = V) if
g g < gP T,

and selects 7 = 1® otherwise, and then reports
AR,(60) = gu(7) " Q" g (1)

Then AR, (6p) converges to the distribution of min{Qy, Q2}, where Q; = HQ‘I/QGsz
and (G1,G3) is the joint Gaussian limit. In particular, for any « € (0,1),

P(ARn<60) > X?lg,l—a) 7L> a,
so the usual critical value no longer delivers pivotal weak-1D inference.

Proof. See Appendix A.2. O

Corollary 1 (Global tuning that reuses inference observations is generally leaky).
Let 4 be a tuning rule that is computed from the full sample (W1, ..., W,). Suppose
that for some outer fold k there exist two candidate values 1,72 € I',, and an event

A € Frain with Pr(A) > 0 such that on A,
0< Pr(7 7 | ]—"tram) <1

Then 7 is not F-measurable, so the conditional i.i.d. conclusion of Lemma 2
does not apply. In particular, weak-identification-robust pivotality is not guaranteed.
Moreover, under the two-candidate selection design of Proposition 1, the resulting size
distortion is of order O(1).

Proof. See Appendix A.3. O]
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Proposition 2 (A stylized full-sample leaky search rule destroys weak-ID pivotality).
Fiz d; > 1 and let I' = {1, 7%} index two candidate nuisance pipelines. For each
Jje{1,2}, let

95 (6o) : Z (I/Vz,@o’ )) € R%Y, AR (0) = (g,(lj)(ﬁo)) Q71 (6o),

S\

where Q € R%*% s positive definite and does not depend on n.
Assume that under Hy : 0 = 6y,

(971/297(11)@0)7 971/297(12)(90» = (G4, Gy), (3.1)

where (G1,Gy) is jointly Gaussian with nonsingular covariance matriz, E|G;] = 0,
and Var(G;) = 1y, for j =1,2. Consider the leaky global tuning rule

7 € argmin ARY(6p), AR (6) = min{AR (0), AR (6)}.
il

Then
ART(?)(QO) = min{Qy, Q2}, QRj = ||Gj||2 ~ X

Consequently, if ¢;_, denotes the (1 — «) quantile of X?Zg,
PI‘(ART(?)(G()) > lea) — Pr(min{@l, QQ} > lea) <,

so the nominal o AR test is not asymptotically correctly sized under this leaky tuning

rule.
Proof of Proposition 2. By definition,

ARD(6) = [0 2000, =12

The map z — ||z]|? is continuous on R% and the map (u,v) — min{||lul/?, ||v]?} is
continuous on R?%. Applying the continuous mapping theorem to (3.1) therefore

yields

ARD () = min { |20 @) [, [0 262 @)} = min{lca 2 16217

12



This proves the weak convergence claim with Q; := [|Gj[|> ~ x7, -
Now fix o € (0,1) and let ¢;_, be the (1 — a) quantile of xj so that Pr(Q, >

C1-a) = . Because min{Q, Q2} > ¢1_, implies Q1 > ¢1_q,

Pr(min{@1, @2} > c1-a) < Pr(Q1 > c1-4) = a.

To show strict inequality, note that (G, G2) has a jointly Gaussian density that
is strictly positive everywhere in R?% because its covariance matrix is nonsingular.

Hence the set
A= {(u,v) € R¥s : |lu||® > c1_o and |[v]|* < c1_a}

is open and nonempty, and therefore has strictly positive probability under (G1, G3).
On A, Q1 > ¢1_o but min{Q1,Q2} < ¢1_4, SO

Pr(min{Q, Q2} > ¢1_o) = Pr(Q1 > c1_o) = Pr(Q1 > 10, Q2 <c1-4) < a.

Finally, continuity of the limiting cdf at ¢;_, implies
Pr(AR@(@O) > Cl—a) — Pr(min{Ql, Q2} > Cl—a) < a.

]

Remark 3 (Why LF-NCF matters). Nested splitting is not new as a machine-learning
device. The weak-identification issue is that reuse of inference-fold information inside
tuning can be first-order for otherwise robust statistics. LF-NCF imposes a foldwise
no-own-observation measurability restriction: the selected pipeline used on an inference
fold is measurable with respect to data outside that fold. This rules out the inference-
fold winner’s-curse and adaptive selection-bias effects generated by score-evaluation

reuse.
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4 Identification-Aware Cross-Validation

4.1 Population power index and feasible strength proxy

In PLIV, the Jacobian of the orthogonal moment with respect to 6 equals the negative

residualized first-stage covariance:

Gn) = QE[(W;0,m)]|,_, = ~Ti(n),

=0

where
(n) := E[Z°(n)D*(n)] e R%=,  Tz(n) :=E[Z°(n)Z°(n)"], (4.1)

with Z¢(n) = Z —r(X) and D°(n) = D — m(X).

Define the effective concentration functional

Sn(n) :==nIl(n) " Sz(n) (). (4.2)

In the canonical homoskedastic Staiger—Stock experiment, S, (1) is proportional to
the concentration parameter and monotone in the AR noncentrality index. On a

selection fold I with ngy = |I°°!|, define

~ 1 ~ —~
fi) = 3 Zi)D), (4.9
se. sesel
~ 1 . N
Bz(n) = = 3 Z(MZE() (4.4)
se. Z’EISCI

where Z¢(v) = Z; — 7,(X;) and D¢(y) = D; — m.(X;). Introducing ridge stabilization
k > 0, define the feasible strength proxy

~ ~ ~ 1~

Suw(7) = e ()T (S2(7) + rla.) (7). (4.5)

The exact local-power interpretation is sharpest in the canonical homoskedastic
PLIV benchmark. Outside that benchmark, §n,,€ is used as an operational proxy for
residualized identifying strength, not as a universal exact power index for every weakly
identified moment model.

Because ng is common across candidates within a given outer fold, maximizing

14



Snr(y) over I',, is equivalent to maximizing the normalized criterion

~ —1 ~

(1) 1= 1t Snw(v) = ()T (S2(7) + K1) Ti().

For a population nuisance value 7, define the ridge-stabilized population strength

target

Sun) = naa 1) (S2(0) + 61.) T(n).  Snln) = 1t Sunln).

The normalized population analogue is S, () defined above. All argmax statements

below may therefore be written in either normalized or unnormalized form.

Remark 4 (Heteroskedasticity and feasibility). In heteroskedastic PLIV, exact weak-
ID power for AR-type procedures depends on nuisance-dependent second moments.
The feasible criterion g,w is used as an operational strength proxy: it targets resid-
ualized first-stage content while avoiding plug-in quantities that are not uniformly
estimable under weak identification. In the canonical homoskedastic Staiger—Stock
benchmark, Theorem 1 gives the exact local-power interpretation; under bounded
conditional heteroskedasticity, the same proxy tracks the AR noncentrality index up

to constants.

4.2 Canonical power theorem

Theorem 1 (Canonical Staiger—Stock experiment: AR power is monotone in effective

concentration). Consider the triangular-array linear IV model
Y =6D + U, D=27",+V,
where Z € R% satisfies E[Z] = 0, E[ZZT] = X7 = 0, E[|Z||*] < oo, and Z is
independent of (U, V). Assume E[U] = E[V] =0 and I1,, = n/\/n for a fived 7 € R%.
Define

gn(9) = \/1_22 (Y; — 9D;), Q,(9) =E[ZZT (Y —9D)?,

and the oracle AR statistic AR, () := g,(9)"Q,(9) " g,(9). Then under the fired

15



alternative 0 = 0y + A with A # 0,
AR, (00) % X3, (Ma), Aa = (A7) "L (A7),
where Qa = lim,, o Q,(00) = E[ZZT (U + AV)?]. Under independence,
Qpr = 032y, ox = E[(U+ AV),

50 A2
AN = — 7'y,
OA

Consequently, the limiting rejection probability P(AR,(0y) > Xi,l—a) is strictly in-
creasing in ™' Yym, equivalently in n 11 ¥ 411,,.

Proof. See Appendix A.4. m

Remark 5 (Detection boundary under weak IV). In the Staiger—Stock experiment,
the strong-ID local alternative 6,, = 6y + A/+/n yields a vanishing drift and hence

asymptotic power equal to size. Theorem 1 therefore uses fixed alternatives 8 = 6+ A.

4.3 The TACYV algorithm

Let I',, denote a finite library of nuisance pipelines. A generic element v € I',, may
index an entire tuple of learners and hyperparameters for (u, m,r). On selection data,

define a predictive-risk criterion

~ ~ ~ ~

Rprea(7) = Ry (v) + Rp(v) + Rz(7),

where each term is an out-of-sample loss on the selection fold using nuisance fits
trained on the estimation fold.

The screen is not, by itself, a certificate of DML product-rate conditions. Accord-
ingly, I',, is treated as a curated library of candidate pipelines. To make this explicit,
call a candidate v rate-valid on fold k if the nuisance estimate 7y () trained on I

satisfies
1Y) = 1oll ) = 0P (n™H%), Sup (15 (6:7) = guo(@)l = 0p(1),  (4.6)

together with the product-rate conditions implied by orthogonality.
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Algorithm 2 Identification-Aware Cross-Validation (IACV) within LE-NCF

1: Inputs: candidate library I',,, predictive risk }A%pred, strength proxy §n7m and
tolerance rAule £, O & 1—ASE rule.

2: Compute Ryea(7y) and S, () for all v € T',, on I using nuisance fits trained on
[est.

3: Let Ry, = min,er, }A%pred (7) and define the prediction-quality screen

fé‘n = {7 S Fn : Rpred(/)/) S fzmin + 571},

or replace g, by one estimated standard error.
4: Choose
7 € arg max Snn(7).
Y€l e,

5: Output: 7 and the corresponding nuisance fits trained on I°*.

4.4 Screening preserves nuisance validity

For each v € T',,, let Rpea(y) denote the population counterpart of ]:Zpred(y), that is,
the expectation of the same out-of-sample loss evaluated on an independent draw from
P.

Theorem 2 (Rate-screening validity of TACV). For each outer fold k, suppose T i‘?,ﬁd =+
 and
I, =IEpturd,
Assume the following hold uniformly over P € P,:
(i) every v € Fif’,jd is rate-valid in the sense of (4.6);
(ii) every vy € Fg?,? violates (4.6) with probability bounded away from zero;

(1ii) there exists a deterministic sequence c, > 0 such that

infad Rpred (’7) — inf a Rpred(’Y) Z Cns

(iv)

épred(’V) - Rpred(”y)‘ = op(cy), en = 0(cy).

17



Then
Pr(le, x ST, To 0k # @) = 1

uniformly over P € P,. Consequently, the IACV-selected nuisance My (3x) is rate-valid
with probability 1 — o(1).

Proof. See Appendix A.5. O]

Corollary 2 (Simple margin-screening sufficient condition). Suppose there exists a
rate-valid candidate v' € T, such that My (y") satisfies (4.6) on each outer fold. Suppose
further that there exists a deterministic constant 6 > 0 such that, uniformly over
P € P, with probability 1 — o(1),

f{pred('y) > Epred(’ﬁ) +0 for every candidate ~ that is not rate-valid.
If the screen tolerance satisfies €, = op(1), then
Pr(Te, , CTE%1) — 1

uniformly over P € P,,. Consequently, the IACV-selected nuisance is rate-valid with
probability 1 — o(1).

Remark 6 (Interpretation of the screening result). Theorem 2 and Corollary 2 are
sufficient-condition results for curated libraries. They do not claim that predictive risk
generically separates rate-valid from rate-invalid pipelines in unrestricted adaptive
libraries. Their role is narrower: if the candidate menu is curated so that prediction
quality is informative enough to screen out rate-invalid pipelines, then adaptive
selection can preserve the nuisance-rate conditions needed for weak-identification-

robust orthogonal inference.

Proof of Corollary 2. Again fix an outer fold k£ and suppress the fold index. Let
reeed .= v e I, : A7) is rate-valid}, rhad.— T\ Teeod,
By assumption, 77 € I'8°°d. Define the event

~

Mn = {Rpred(')/) Z ‘ﬁpred(/yj[) + 0 for every v € Fgad}.
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The corollary assumes

sup Pr(Mg) — 0.
pep, P
Let
ﬁgmin = ’?El}‘n ﬁpred(’y)a fsn = {7 € Pn . ﬁzpred(’)/) < ﬁgmin + 511}‘
Also define

B, = {e, < §/2}.

If &, is deterministic and €, = o(1), then B, holds for all sufficiently large n. If
e, = op(1), then

sup Pr(B;) — 0.

r
pep, P

Thus in either case,

sup Pr(B:) — 0. (4.7)
pep, P

Now work on the event M,, N B,,. For any v € ['’ad,

~

Rpred(PY) Z Epred(fYT) + 5

Since Ry, < }A%pred(vT), it follows that

~

Rpred(V) Z ﬁ{min + 4] > P\'«min + Eny
where the strict inequality uses €, < §/2. Hence
v¢T. for every v € TP,

Therefore
[, CcTed  on M, NB,. (4.8)

To prove nonemptiness, let

~min

Tn € arg Eé%nn Rpred (7) .
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If Amin ¢ Thad then on M,,,
Ronin = Epred(?ﬁfﬂn) > épred(’VT) +0 > Rpred(’YT),
a contradiction to the definition of }A%min. Thus
Amin ¢ eood on M,,.

Since Rpred @glm) = Rmina
~min T
e ly,.
Hence

I..#9 onM,. (4.9)

Combining (4.8) and (4.9),
M, NB, C {fan creeed T, @}.
Therefore, by the union bound and (4.7),

sup P

sup Pr<f€n B L @> Sl
€Pn

Consequently, any selector taking values in fsn is rate-valid with probability 1 — o(1),

uniformly over P € P,,. This proves the corollary. O

4.5 Prediction-only tuning can kill attainable strength

Proposition 3 (Prediction-only tuning can select asymptotically negligible proxy
strength). Consider the canonical homoskedastic Gaussian PLIV experiment of The-
orem 1. Suppose T, = {y,72} contains two candidate nuisance pipelines whose
candidate-specific AR statistics are correctly calibrated under Hy : 0 = 0y. Under the
fized alternative 0 = 0y + A, let \;,, denote the AR noncentrality index generated by

candidate 7y;, and suppose

)\Ln — A1 >0, )\Z,n — 0.
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If

~ ~

Rpred(fyl) — Rpred<72) = O[p(l), lim lllf P\Lpred(’m) S Epred(’)/l)) > 07

n—oo

then prediction-only selection chooses vy with nonvanishing probability. Under any
fized alternative 0 = 6y + A, this places nonvanishing probability on a pipeline whose

candidate-specific AR power converges to size. Along any subsequence for which

]P;(Apred — 72) N 1’

n

the rejection probability of the prediction-only AR statistic converges to the nominal

size Q.

This proposition is a power/informativeness example, not a selected-nuisance
validity theorem. The candidates need not both satisfy the global rate-validity
condition (4.6); indeed, if both converged to the same oracle nuisance at the rate
in (4.6), their residualized strength would be asymptotically equivalent. If, along a
subsequence,

PR =) = p € (0,1]

and the selected-statistic rejection probability admits the corresponding mixture limit,

then the limiting rejection probability is

(1-p) PT(X?@(M) > ci_q) + Do,

which is strictly below the fixed-y; power whenever p > 0.

Proof. See Appendix A.6. n

4.6 Near-oracle strength and no first-order downside

The next proposition states that, within the screened set, IACV is asymptotically

near-oracle for the strength target.

Proposition 4 (Near-oracle strength within the screen). Let

Yk € argmax Sy, (7),
'Yeren,k
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and suppose fen,k # @ with probability 1 — o(1). Define

Sun(¥) = 030500(7)s Sun(()) = 10l Sun(n(7)),

and let

Then, on the event f’gn,k #+ O,

Snkx(M(Ar) = sup Sp.(n(y)) — 24A,.

'Yefsn,k
Equivalently,
Sn,n(n(%)) Z S}\lp Sn,n(n(v)) - 2nselAn-
'Yersn,k
Proof. See Appendix A.7. O

The proposition is a regret statement for the screened strength proxy. In exact
weak-identification regimes, the feasible proxy can be noisy on the same scale as the
local first-stage signal. The result should therefore not be read as selection consistency
for a population power-maximizing pipeline; its role is to show that, conditional on
the screened menu and observed proxy, IACV does not leave estimated residualized
strength on the table.

Proposition 5 (No first-order downside under regular identification). Let 32" denote
the prediction-only selector and 714V the IACV selector computed from the same

outer fold. Suppose the prediction-quality screen uses a sequence €, | 0 such that, with

probability 1 — o(1), either

~

Fan,k = {?}Sred}7

or all candidates in famk are rate-valid in the sense of (4.6) and generate nuisance

fits that are op(n~'/*)-equivalent. Then

sup 21V (6) — g2r=(6) | = 02 (1),
(Z<(C]

In the singleton-screen case,
PV =47 = 1.
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If, in addition, the strong-identification regularity conditions of Theorem 5 hold for the
selected moment problem, then the corresponding GMM estimators are asymptotically

equivalent.

In the canonical PLIV benchmark, a sufficient primitive for regular identification

is that the normalized population strength

-1
Snx (7)) = ()" (S2(n(7)) + K1) T(n(y))

is bounded away from zero over the selected screen with probability approaching one.
Proof. See Appendix A.8. m

Remark 7 (Practical defaults). A stable default is a one-standard-error rule for the

prediction-quality screen. For k, a conservative default is

, Ko € [107%,1077],

with sensitivity analysis over a short grid. If d, is small and Sy is well-conditioned,

one may set k = 0.

5 Main Results

5.1 Assumptions

Assumption 1 (Sampling and triangular arrays). {W;}* , are i.i.d. from P € P,,

where P, may include weak-identification triangular arrays.

Assumption 2 (Moments and covariance regularity). There exists ¢ > 4 such that

sup sup Ep[||¢(W;6,10)]]] < oo.
PEP, 60

For 6 in a neighborhood of 6, the covariance matrix Qp(6) = Ep[thy) '] has eigenvalues

bounded away from 0 and oo uniformly over P € P,,.

Assumption 3 (Orthogonality). The score )(W; 6, 7) is Neyman-orthogonal at (6, 70)
as in (2.8).

23



Assumption 4 (Leakage-free adaptivity). LF-NCF is used. For each fold k, (i, 1)

is measurable with respect to " and independent of Fif.

Assumption 5 (Selected nuisance rates and product conditions). Uniformly over
P € P, and folds k,

177k — 770||L2(P) = OP(n_1/4)>

and the product-rate conditions implied by orthogonality yield
sup [|gn(0) = gno(0)]| = op(1),
0cO

where |
0) = — 0 .
gn,O( ) ﬁ;¢(m7 7770)

In addition,
2

Ly — op(1).

S

=1

V(W5 00, 1) — W(Wis 0,m0)

Assumption 6 (Library size / complexity). The candidate library T, is finite with
log |T's| = o(nsa ), and the concentration bounds used to control ]?{pred and gny,ﬁ hold

uniformly over I';, X P,,.

Assumption 7 (Weak-identification uniformity class). P, includes both strong-ID
and weak-ID sequences, including Staiger—Stock local-to-zero sequences in linear I'V.
The baseline AR theorem below is stated for fixed d,.

Assumption 8 (Effective-rank ridge regime). Uniformly over P € P,:

(i) there exists ¢ > 8 such that
Ep]|le(W; 60, m)|l] < Cy
(ii) the ridge level p, > 0 satisfies
Aunin 2p(00) + pula,, ) > ¢ > 0;
(iii) the effective rank

Tett(pn) = tr (QP(Q())(QP(GO) ™ 'O”Idg’”)l)
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satisfies reg(pn)?/n — 0;

(iv) with
Qpyp, = Qp(00) + puly, ..,

one has
1257 (9 (60) = gno(60)) | = 0p(re(pn)~72),

62052 (60 = 2(60)) 25317 = orfren(on) ),

and, for the Gaussian multiplier bootstrap analogue,

||Q_1/2 (A*(Qo) _ gno(QO))” - OP*(reH(pn)—lﬂ) in P-probability;

(v) the multipliers are i.i.d. standard normal and independent of the data;
(vi) letting

1& _
Qpo = — Z¢(Wi; B0, 10)0 (Wi; 6o, UO)T, Bon == Qp,lp/an OQP1p/27

i=1

and (i1, := Amax(Bon), there exists A > 0 such that

i >
Pneflgn Pp(pin>A) =1

(vii) letting

A = Q0(00) + puly B, == AY2Q,(00) A, 12,

g,n’

and fiy ,, 1= )\max(én), there exists A* > 0 such that

inf Pp(fi, =A%) — 1.

5.2 Uniform size of orthogonal AR after adaptive learning

The next theorem is a uniform inference result conditional on the selected nuisance
satisfying the oracle-equivalence and product-rate requirements in Assumption 5.
The screening results in Section 4 provide sufficient conditions under which adaptive
selection over a curated library delivers those requirements; the AR theorem itself is

stated at the level of the selected score.
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Theorem 3 (Uniform size of orthogonal AR with LF-NCF). Under Assumptions 1-7,

sup ‘PP(ARn(Qo) > X?lg,lfoz) - a‘ — 0.
PEPy

Equivalently, the inverted set
CilL ={0€0: AR,(0) < Xi,1 0}

has asymptotic coverage 1 — o uniformly over P € P,.
Proof. See Appendix A.9. n

The ridge Anderson—-Rubin and conditional QLR results below are extensions of
the main finite-library selection theory. They show that the LF-NCF filtration can be
combined with other weak-identification-robust procedures once the adaptive score
has been constructed. The core selection results remain the leakage-free filtration,

prediction-quality screening, and identification-aware tuning rules developed above.

5.3 Dimension-agnostic ridge AR with Gaussian conditional

bootstrap

For p > 0, define the ridge-regularized covariance estimator
Qp(00) = Q(00) + pla, .-
For the sequence p,,, define
AR, (00) = Gn(00) " Q. (00) " Gn (60).

For Gaussian conditional bootstrap calibration in Theorem 4, let {£;}!, be i.i.d.

standard normal multipliers independent of the data and define
3(600) i= —= 3" €it0)
gnO-—\/ﬁi:11207

and
AR (00) := G5 (00) " Qnp, (60) "G5 (00)-

26



The oracle distribution-function approximation in Online Appendix Section OA.1
continues to hold for more general mean-zero, variance-one multipliers with finite
gth moments; compare Pouzo (2015) for related high-dimensional quadratic-form
bootstrap arguments. The random-critical-value size-control theorem below is stated

for Gaussian multipliers.

Theorem 4 (Dimension-agnostic uniform size of ridge AR with Gaussian conditional
bootstrap). Assume LF-NCF, Assumptions 1-6, and Assumption 8. Let ¢f_, denote
the conditional (1 —«) quantile of AR;, , (6o) given the realized scores and the LF-NCF

training outcomes. Then

limsup sup Pp (ARn’pn(90> > CLQ) < a.

n—oco  PeP,

The result is dimension-agnostic: it does not require the researcher to impose a fized-d,,

many-dg, or dy > n asymptotic regime ex ante.
Proof. See Appendix A.10. n

Remark 8 (Practical choice of the ridge level). A leakage-free data-dependent choice
of p, can be made on non-inference data only. One simple rule is to choose the smallest

value in a prespecified grid R,, C (0, 00) such that the estimated effective rank satisfies

7/ﬂ\eff(p)él/ninf S Thn, Tn \l/ 07

where
?eff(p) =tr <Qn(00) (Qn(eg) + pl)_l> .

Because this rule uses only training or selection observations, it preserves the measur-
ability structure required by LF-NCF.

5.4 Strong-identification efficiency

When the Jacobian is bounded away from singularity, the weak-identification concerns
motivating robust test inversion become asymptotically irrelevant for point estimation.
Let

-~ —~ ~

fj A(6), W, = Q.(6)71,
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where 0 is a preliminary consistent estimator. Define the cross-fitted GMM estimator

0 € argmin i, () W, i, (0).
0cO
Theorem 5 (Efficiency under strong identification). Suppose omin(Gp) > ¢ > 0
uniformly over P € P,, the score is continuously differentiable in 6 on a neighborhood
of 0o, a uniform law of large numbers holds for its Jacobian (van der Vaart and
Wellner, 1996), and the preliminary estimator 0 is consistent. Suppose further that
there exists a neighborhood Ny of 0y such that

eei(gl\f/\/’o Qp(0) > Qp(fo) =0,

and that
sup |Qn(6) — Qp(0)] = op(1).

0€O\No

Then the global LF-NCF GMM estimator 6 based on the orthogonal score is consistent
and root-n asymptotically normal. If the score is chosen to coincide with the semipara-
metrically efficient influence function, then 0 attains the semiparametric efficiency

bound.
Proof. See Appendix A.11. n

Remark 9. A primitive sufficient condition for the displayed global-separation as-
sumption is that © \ N is compact, Qp is continuous on O, and Qp(f) > 0 for every
0 # 0y. The theorem is stated directly in terms of the separation condition because

compactness is not otherwise required.

5.5 Conditional QLR / CLR under leakage-free adaptivity

For each 6 € ©, define the cross-fitted score contribution

the cross-fitted moment process



and the covariance kernel estimator

$.(0,9) = =S GO0, 60€0.
=1

Define the conditional quasi-likelihood ratio statistic
QLR (60) = Gu(00)" S0 (60, 00) ' Gu(60) — Inf 5(6)T5(6,0) "5 (6).

Following Andrews and Mikusheva (2016), define the sufficient-statistic transform

~

hn(0) == gn(0) — inwa HO)En(QOa 60)_1§n<00>a 0 €0,

and let Elc_%LR(GO) denote the exact conditional critical value, or the simulation critical

value of Algorithm 1 with B — oo, constructed in Online Appendix OA.2; the full
algorithm and the linear-IV CLR specialization are recorded in Online Appendix OA 2.

Theorem 6 (Uniform size of cross-fitted conditional QLR under LE-NCF). Assume
LF-NCF and suppose the cross-fitted moment process {gn(0) : 0 € O} and covariance
kernel f]n(é’,ﬁ) satisfy Assumption OA.1 in Online Appendiz OA.2. For a fized null

value 0y, let
Pn(QO) = {P S 7Dn : EPW(Wa 907770)] = 0} .

Then, for any fixed € > 0,

limsup sup Pr(QLRn(QO) > 55%]413”(90) + 8) <a.
n—0o  peP,(y) ¥

If the Gaussian benchmark difference
T?SP = QLRS,P(QO) - 010901212,13(90)7
defined in Online Appendix OA.2, has a distribution that is continuous at zero uniformly
over P € P,(6y), the slack € may be omitted.

Proof. See Online Appendix OA 2. O]

Remark 10. The result shows that the LF-NCF filtration is compatible with the
Andrews—Mikusheva conditional-inference architecture, so the adaptive-pipeline theory

extends beyond Anderson—Rubin. The online appendix records the full conditional
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construction and proves that, in the canonical homoskedastic Gaussian linear-IV model,

the resulting conditional QLR procedure reduces to the classical CLR procedure.

6 Monte Carlo Evidence

The theorem package isolates two failures that are specific to adaptive learning under
weak identification: leaky tuning can change the null law, and prediction-only tuning
can attenuate attainable identification strength. The simulation evidence is therefore
targeted rather than omnibus. Each design is chosen to isolate one mechanism as
cleanly as possible.

The first design is a stylized Gaussian experiment that directly implements Propo-
sitions 1 and 2. Two candidate score processes are individually pivotal under the null,
but the leaky rule reports the smaller of the two inference-sample quadratic forms.
This design isolates null-law distortion without nuisance-estimation noise. The second
design is a homoskedastic partially linear IV design calibrated to the Staiger—Stock
local-to-zero regime (Staiger and Stock, 1997): p = 150, X ~ N(0,Xx) with (Xx)x =
0.5 Z ~ N(0,1) independent of X, (U, V) jointly Gaussian with mean zero, unit
marginal variances, and correlation 0.6, mg(X) = ?:1 X, Y(X) = ?:1 X,
D =mo(X)+ (n/\/n)Z+V, Y =0,D+~(X)+ U, with n € {500,2000} and
m € {0,1,3,10,30}. The third design is a proxy-rich modification of the same PLIV
experiment in which instruments are partially predictable from covariates, so that flex-
ible nuisance learners have scope to absorb residualized first-stage signal and thereby
generate strength killing. Supplementary null-size and heteroskedastic diagnostics are
reported in the online appendix.

Three procedures are compared: a leaky global-tuning benchmark, LF-NCF with
prediction-only tuning, and LF-NCF with TACV. The reported objects are null
rejection frequencies for AR at 6y, rejection probabilities under fixed alternatives
0 = 6y + A, the average selected strength proxy gn,,{(’?), and the shape of inverted AR
confidence sets on a finite parameter grid, summarized by grid-boundary frequency
and average bounded length.

Table 1 reports the stylized Gaussian experiment. Each fixed-candidate AR
statistic is correctly calibrated under the null, but the leaky rule that reports the
smaller inference-sample quadratic form is not. When the correlation between the

two candidate statistics is low, the null rejection probability of the leaky procedure
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falls far below the nominal 5 percent level; when the correlation rises, the distortion
remains first-order. By contrast, LF-NCF, which selects on an independent sample
and evaluates on the inference sample, remains correctly calibrated throughout. The

table is therefore the finite-sample analogue of Proposition 2.

Table 1: Toy leakage experiment: null-law distortion from inference-sample selection
p Leaky size (s.e.) LF-NCF size (s.e.)

0.0 0.002  0.000 0.049 0.001
0.3 0.005 0.000 0.051 0.001
0.6 0.013 0.001 0.050 0.001
0.9 0.030 0.001 0.049 0.001

Notes. Nominal 5 percent test with d, = 1 and 50,000 Monte Carlo replications. The leaky
procedure reports the smaller of two inference-sample quadratic forms. LF-NCF selects using
an independent sample and evaluates on the inference sample.

The proxy-rich stress design makes the strength-preservation channel visible. Ta-
ble 2 reports power and average selected strength at a representative weak-identification
cell, (n,m) = (500,3). Relative to prediction-only tuning, LF-NCF+IACV raises
the average strength proxy from 15.532 to 17.009 and increases rejection probability
from 0.095 to 0.124. Confidence-set geometry is reported separately in Table 3. The
finite-sample gains are moderate rather than dramatic, which is the natural pattern
when identification is weak but not absent, yet the direction of change matches the

theoretical strength-preservation results exactly.

Table 2: Proxy-rich stress design: power and selected strength at a representative
weak-IV cell

Method Power (s.e.) Avg. S, .
LF-NCF + IACV 0.124 0.007 17.009
LF-NCF (pred-only) 0.095 0.007 15.532

Notes. The representative cell uses (n,7) = (500, 3) in the proxy-rich
design. Both rows are leakage-free; differences arise from the tuning
objective rather than from sample reuse. Confidence-set geometry is
reported separately in Table 3.

Table 3 reports confidence-set diagnostics. Because boundary-touch frequencies
are very high in this weak-identification design, average bounded length is computed

on a small selected subset of replications and should be read as a secondary diagnostic.
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The more stable feature is the bounded-set frequency itself: at n = 500, the boundary-
touch frequency falls from 0.999 under prediction-only tuning to 0.995 under IACV,
so bounded sets occur about five times as often under TACV. At n = 2000, boundary-
touch frequencies are identical at three decimal places, while bounded lengths remain
slightly shorter under TACV.

Table 3: Proxy-rich stress design: confidence-set diagnostics

Grid-boundary Avg. bounded
Method n freq. (s.e.) length
LF-NCF + IACV 500 0.995 0.002 1.789
LF-NCF (pred-only) 500 0.999 0.001 1.836
LF-NCF + IACV 2000 0.993 0.002 1.786
LF-NCF (pred-only) 2000 0.993 0.002 1.802

Notes. Confidence sets are obtained by grid inversion of the orthogonal AR statistic. A set is
classified as reaching the grid boundary when the accepted region touches the boundary of
the numerical search interval.

The direction of the finite-sample distortion depends on the selector map. The
stylized Gaussian experiment uses a selector that reports the smaller of two inference-
sample quadratic forms, so underrejection is the natural manifestation of the null-law
failure. By contrast, more realistic leaky predictive-tuning rules can distort in the
opposite direction once the tuning map interacts with nuisance-estimation error and
covariance estimation. The theory only requires that the null law can change at first
order; the simulations show that the sign of the distortion is a property of the leaky
rule, not a universal feature of weak-identification leakage.

The homoskedastic baseline design shows little separation between LF-NCF
prediction-only tuning and LE-NCF+IACV, which is the finite-sample counterpart of
Proposition 5. The online appendix reports null rejection rates for the full baseline
PLIV design: at n = 500, the leaky benchmark rejects between 0.156 and 0.179 across
the m grid, whereas the two leakage-free procedures lie between 0.075 and 0.077. These
baseline null-size results should be read as finite-sample diagnostics rather than as
sharp finite-sample guarantees. At n = 500, the leakage-free procedures remain mildly
oversized relative to the nominal five percent level, reflecting the combined finite-
sample costs of three-way splitting, nuisance estimation, and covariance estimation.
The asymptotic theory identifies the filtration and orthogonal-score conditions under
which size is restored; the simulations show that these protections can still involve

non-negligible finite-sample costs in moderate samples. The online appendix also
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reports a heteroskedastic baseline design in which the two leakage-free procedures
are again nearly indistinguishable at a representative weak-IV cell, with power 0.102
under IACV and 0.101 under prediction-only tuning. The finite-sample message is
therefore the same as the theoretical one: when the candidate library leaves little
room for systematic strength killing, IACV is approximately neutral; when such room
exists, IACV improves weak-ID informativeness.

The simulation evidence supports two central claims in the paper. The stylized
Gaussian design shows that leakage can alter the null law of weak-identification-robust
statistics at first order. The proxy-rich PLIV design shows that prediction-only tuning
can attenuate attainable strength and that IACV mitigates that attenuation in the
directions predicted by the theory. The supplementary baseline and heteroskedastic
designs show that these gains are not mechanical: they emerge when the library allows

strength killing and disappear when it does not.

7 Empirical Illustration: Quarter-of-Birth Bench-

mark

The AK application is an illustration of weak-identification-robust reporting in a
canonical design. The benchmark block reports the fixed-control AK91 specifications
using the official data archive and the cohort-specific designs underlying Tables IV,
V, and VI of Angrist and Krueger (1991). It shows how weak-identification-robust
reporting shifts the inferential message even in a canonical and heavily studied
application. The enriched-control exercise in the online appendix shows how the
adaptive tuning architecture behaves in the same setting when the nuisance dictionary
is enlarged.

Table 4 reports conventional 2SLS coefficients together with Anderson—-Rubin
and conditional likelihood ratio p-values for the cohort-specific instrumental-variables
specifications corresponding to columns (2), (4), (6), and (8) of the AK91 tables. In the
canonical quarter-of-birth design, economically modest specification changes already
move the weak-identification-robust inferential message. For the 1930-39 cohort, the
basic year-of-birth specification yields strong Wald, AR, and CLR rejection, whereas
adding age and age squared drives the AR and CLR p-values above conventional

significance levels. The 1920-29 cohort displays the same qualitative fragility.
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Table 4: Angrist—Krueger quarter-of-birth benchmark: 2SLS coefficients and weak-
identification-robust p-values

Cohort  Spec. 2SLS Wald p AR p CLR p Jp

Y (2)  0.0769 (0.0150) 3.2 x 1077 0.0085 5.2 x 1074 0.17
v (4)  0.1352 (0.0337) 6.0 x 10~° 0.095 0.11 0.80
v (6)  0.0669 (0.0151) 9.4 x 10~6 0.028 0.0020 0.23
v (8)  0.1039 (0.0341) 0.0023 0.20 0.27 0.69

A (2)  0.0891 (0.0161) 3.2 x 1078 0.013 1.2 x 10~5 0.66

Y (4)  0.0655 (0.0280) 0.019 0.64 0.38 0.71
\Y% (6)  0.0806 (0.0164) 8.8 x 10~7 0.064 7.4 x 1075 0.80

Y (8)  0.0509 (0.0279) 0.069 0.85 0.51 0.87
VI (2)  0.0553 (0.0138) 5.8x107° 5.6 x 10711 0.0089 5.4 x 10710
VI (4)  0.1293 (0.0191) 1.4x10~' 1.6x1072 1.9x 10710 0.0032
VI (6)  0.0393 (0.0145) 0.0067 1.0 x 10~8 0.19 1.1 x 10~8
VI (8)  0.1138 (0.0200) 1.3x1078 25x1077 1.3x1077 0.0025

Notes. Cohorts IV, V, and VI correspond to men born 1920-29, 1930-39, and 194049,
respectively. Specifications (2), (4), (6), and (8) mirror the cohort-specific instrumental-
variables columns in the public AK91 replication files: year-of-birth controls only; year-of-birth
controls plus age and age squared; year-of-birth plus region and demographic controls; and
the full specification with both region/demographic and age controls. Standard errors are
shown in parentheses. The reported Wald, AR, CLR, and J-test p-values follow the modern
weak-IV benchmark computed from the official MIT archive. For columns (4) and (8), the
public modern replication used here includes age terms in both stages, so the benchmark is
not an exact transcription of the printed AK91 columns (Angrist and Krueger, 1991; Angrist,
n.d.; ivmodels Developers, n.d.).

The 1940-49 cohort often continues to reject, but the overidentification J-test
rejects in several specifications, suggesting specification instability rather than cleanly
informative identification. Specification VI(6) is especially diagnostic: the AR p-value
is 1.0 x 108, while the CLR p-value is 0.19, and the J-test also rejects at 1.1 x 1078,
That stark AR/CLR divergence is consistent with the same misspecification flagged
by the overidentification test. The empirical lesson is the same as in the theory:
robustness is not a property of the coefficient estimate alone, but of the full inferential
pipeline used to construct and evaluate the score. Online Appendix Table 3 reports an
enriched-control implementation of the cohort-V quarter-of-birth design. The exercise
keeps the excluded instruments fixed and enlarges only the nuisance side, so it directly
evaluates how the paper’s tuning architecture moves the selected strength proxy and
the associated weak-identification-robust inferential objects in the directions predicted
by the theory.
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8 Conclusion

Weak identification turns tuning and selection into first-order inferential objects.
The paper isolates two pipeline failure modes—Ileakage and strength killing—and
develops two primitives to address them. LF-NCF enforces the foldwise no-own-
observation measurability condition that rules out leaky adaptivity and supports the
oracle-equivalence argument used for uniform weak-identification validity. IACV treats
identification strength as a tuning objective by targeting a feasible proxy for residualized
first-stage strength, with an exact weak-ID Anderson—Rubin power interpretation
in the canonical homoskedastic Staiger-Stock PLIV benchmark. The Monte Carlo
evidence confirms that both mechanisms are visible in finite samples: leaky tuning
distorts null rejection frequencies, and strength-preserving tuning improves power and
confidence-set informativeness precisely in the designs where nuisance learners can
absorb identifying variation.

The contribution is a theory of adaptive learning under weak identification for
selection over a finite curated library of nuisance pipelines. The results show that leaky
tuning can change the null law, screening can preserve nuisance validity, prediction-only
tuning can destroy attainable strength, and identification-aware tuning can improve
weak-ID informativeness without a first-order cost under strong identification. The
same filtration also supports a dimension-agnostic ridge Anderson—Rubin extension
and conditional QLR / CLR inference. Taken together, these results imply that under
weak identification, robustness is a property of the adaptive pipeline that produces

the score, not merely of the statistic finally reported.

A  Proofs of the Main Results

This appendix contains the proofs of the lemmas, propositions, corollaries, and
theorems stated in the main text. The online appendix records the oracle ridge-
bootstrap support lemmas, the full conditional QLR / CLR construction, a worked
learner-class verification for sparse linear nuisance estimators, supplementary technical

notes, and additional Monte Carlo diagnostics.
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A.1 Proof of Lemma 1

By the definition of myg,
mon(X) —mi(X) =Ep,[Z | X]'IL,,.

Therefore, by Cauchy—Schwarz,

Im0.n = mgllLa(p) < Ep, [Z [ X]l|Lo(pn) [Hn]l-
The assumed uniform second-moment bound gives

[Ep, [2 | X]llLo(pny = O(),
and ||IL,|| = O(n=%/?), so
Imo = mlzae,y = O(n™12).
The two displayed inequalities follow from the triangle inequality:
1170 = monll Lapy < M= mGllapn) + IMmom —mgllLace,)

and

M —mgllypy < 17— monllLop,) + Imon — mollLyp,)-

Substituting the O(n~'/2) drift bound gives the two displayed inequalities. If either of
the two distances is Op(r,), the corresponding opposite distance is Op(r, +n~2). If

7, = o(n™'/%), then r,, + n~2 = o(n~/*), which proves the final claim.

A.2 Proof of Proposition 1

For j € {1,2}, define the candidate-specific quadratic forms

QY = g9 T gl = o 1/2g9)|"

36



Let J, € {1,2} denote the index selected by the leaky rule, that is,
- 1, if QY <QY,
2, if Q¥ < QW.
Since the reported statistic is computed from the selected candidate,
AR,(00) = ga(7) Q0 (7) = QY = min{QV, QP}.

Thus the proposition reduces to identifying the limit law of the minimum of the two

candidate quadratic forms and comparing that limit with the usual X?zg law.

Step 1: joint weak limit of the candidate quadratic forms. By assumption,

(9, 9) 5 (G1, Ga),

where (G, G5) is jointly Gaussian in R?% | each marginal has mean zero and covariance
matrix {2, and the joint Gaussian limit is nondegenerate. Because () is nonsingular,

the linear map
ToRM o R, T(x,y) = (Q720,Q7V%),
is continuous. Hence the continuous mapping theorem gives
(Q 124 (1) Q12 (2)) (Hy, Hy),

where
H;:=Q "G, je{1,2}.

Since G; ~ N(0,€), it follows that
H; ~ N(0,14,), je{1,2}.

Define
Q; = ||H;|I>,  je {12}

Then each @); has the X?zg distribution.
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Now consider the map
m:R?*% - R, m(u,v) := min{||u||?, ||v||*}.

The map m is continuous on R?%. Applying the continuous mapping theorem once

more yields
2 2
AR, (0y) = min {HQ_I/zgf]l)H , HQ_l/ngf)H } N min{Q1, Q2}.
This proves the first claim of the proposition.

Step 2: the usual X?jg critical value is no longer correct. Fix « € (0,1) and let

A2
Cl—a '= ng,lfoz

denote the usual (1 — a) quantile of the x3 law. Since Q1 ~ X3 ,

Pr(Q1 > c1-4) = a.

Moreover,

{min{Qla QQ} > Cl—a} = {Q1 > Cl_qa, Q2 > Cl—a},

SO

Pr(min{Q1, @2} > ci—a) = Pr(Q1 > c1-a, Q2 > c1—a) < Pr(Q1 > ¢10) = .

To prove strict inequality, it suffices to show

Pr(Q1 > ¢i—a, Q2 < c1-4) > 0.

Because the joint Gaussian law of (G, G9) is nondegenerate, its covariance matrix
on R?% is nonsingular. The same is therefore true for the transformed vector (Hy, Hs).
Consequently, (Hi, Hy) admits a Gaussian density on R?% that is strictly positive

everywhere. Consider the set

A= {(u,v) € R Ju|® > ¢1_o and |o]? < cl_a}.
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This set is open and nonempty. Since the density of (Hy, Hs) is strictly positive

everywhere,
Pr ((Hy, Hy) € Ai_a) > 0,
But on A;_,,
Q= HH1||2 > Cl—a; Q2 = ||H2||2 < Ci—q;
hence
Pr(Q > ci—a, Q2 < c1-o) > 0.
Therefore

Pr(min{Q1, Q2} > c1-0) = Pr(Q1 > c1-0) — Pr(Q1 > 10, @2 < €1-0) < .

Step 3: transfer the strict size distortion back to the finite-sample statistic.
Since 1 and (3 have continuous distributions, the random variable min{Qy, Q>} is

also continuously distributed. Indeed, for any t € R,

Pr(min{Q1, @2} =) < Pr(Qi =1) + Pr(Q2 = 1) = 0.

Hence ¢;_, is a continuity point of the limiting cdf of min{@Q;, @2}. By the Portman-

teau theorem,

Pr(ARn(QO) > Cl—a) — Pr(min{Ql, Q2} > cl_a) < a.

In particular,
Pr(ARn(HO) > Xglg,l—a) vaked

Thus the usual ng critical value no longer yields pivotal weak-identification inference

under this leaky selection rule.

A.3 Proof of Corollary 1

Fix an outer fold k, and write

f"zram — fzel Vi f’vsst
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for the LF-NCF training o-field attached to that fold. The claim has two parts. First,
a full-sample tuning rule that uses inference-fold observations in a nondegenerate way
cannot be F**"-measurable. Second, once that measurability fails, the conditional i.i.d.
structure behind Lemma 2 is no longer available, and the leakage can produce first-order

null-law distortion. The second claim is established by reduction to Proposition 1.

Step 1: nondegenerate full-sample tuning is not training-measurable. Sup-
pose, to the contrary, that 7 is F*"-measurable. Then for every candidate value

v € I',, the event
{,7 — 'Y} c F]grain‘
In particular,

Hy=n}

is Firin_measurable. Therefore, by the defining property of conditional expectation,

E[1{7 =} | 7™ =17 =m} as
But
E[LF =y} [ A = Pr(3 = | ™),

SO
Pr(§ =m | ™) =1{7=m} as (A1)

The right-hand side takes values only in {0,1}. Hence
Pr(3 =y | F) € (0,1} as

This contradicts the stated hypothesis that there exists an event A € F{™" with
Pr(A) > 0 on which
0<Pr(y=m | Frem < 1.

Therefore 4 cannot be Fir*"-measurable.
Step 2: the conditional i.i.d. argument of Lemma 2 no longer applies.

Lemma 2 requires that the selected nuisance objects used on fold k£ be measurable

with respect to the training o-field F*. More precisely, the proof of Lemma 2 uses
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the fact that

Yk, k) is  Fp"-measurable,

together with the independence of the disjoint inference block Fi*f from Firain to
conclude that conditional on F*"  the inference-fold observations remain i.i.d. and
independent of the tuning/fitting choices.

Once 7 is not F{™"-measurable, that argument fails at its first step: the selected
nuisance pipeline is no longer fixed when conditioning on the training data alone.

Consequently, the reported cross-fitted score

Zzw(m,eo,m ) = \/—Z¢<Wz,907 i)

[ 1 lelmf

need not be representable, on fold £, as an average of summands that are conditionally
i.i.d. given F{™", Thus the pivotality argument for weak-identification-robust statistics
based on conditional i.i.d. inference-fold scores is no longer available.

This proves the first assertion of the corollary: a genuinely full-sample tuning rule
that reuses inference-fold observations in a nondegenerate way is outside the LE-NCF

measurability structure, so weak-identification-robust pivotality is not guaranteed.

Step 3: first-order failure can occur. To see that the resulting failure can be
first-order rather than merely technical, specialize to the two-candidate leaky selection
design in Proposition 1. There, the selected candidate is determined by a criterion
computed from the same observations used to form the reported quadratic form, so

the selector is a full-sample rule. Let

QY =gt gD, jef1,2},

and define the selected index by

- L QM < QP
2, if Q¥ < QW.

Then
AR, (6p) = Q") = min{QV, Q@Y.
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The event {J, = 1} = {Q() < Q®} depends on the same realized quadratic forms
that enter the reported statistic. Under the joint weak-convergence assumptions of
Proposition 1,

AR, (60) % min{Q1, Q»},

where Q1, Q2 ~ xj marginally, but

Pr(min{Ql,Qg} > X?lg,lfo) < a.

Hence
Pr(ARn(HO) > X?zg,1_a) — Pr(min{Ql,Qg} > XZgJ—a) <.

Thus the size distortion is of order O(1). Combining Steps 1-3 proves the corollary.
A.4 Proof of Theorem 1
Work throughout under the fixed alternative
Hy:0=10,+ A, A #£0,
with A held fixed as n — oco. Recall that
Y =0D+U, D=Z"II, +V, I, = 7/v/n,

where Z € R% gatisfies

E[U] =0, E[V]=0, ox:=E[(U+AV)? € (0,00).

The proof has four parts. First, the mean and covariance limit of g, (6y) are derived.
Second, the limit of ,,(6) is established. Third, the AR statistic is shown to converge
to a noncentral x? law. Fourth, the limiting rejection probability is shown to be

strictly increasing in the effective concentration index.
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Step 1: expansion of ¢,(6) under the fixed alternative. By definition,
gn(0o) = i 2”: Zi (Yz‘ - QoDi)-
VA
Under Hy : 0 = 6y + A,
Y — 00D; = (6 + A)D; + U; — 6 D; = AD; + U,.
Using the reduced form D; = ZI1,, + V; and II,, = w/\/n,
Y; — 00D; = U + AV, + AZ 7 /\/n.

Substituting into g, (6y),

1 n
gn(00) = —= > Zi(U; + AV + AZ 7 /v/n)
\/ﬁ =1
= iiz-(U-+AV») +é§njz-zﬂr (A.2)
\/ﬁ P 7 3 K3 n P 1 . .
Define
1

1 n

Then g,(0y) = S, + By.

Sy, =

n.—

N z,z! >7r.
=1

Mean and covariance of the stochastic term. Because Z is independent of (U, V') and
E[U + AV] =0,
E[Z(U + AV)| = E[Z]E[U + AV] = 0.

Hence S,, is a centered sum. Its covariance matrix is
Var(S,) = Vai(Z(U + AV)) = E[2Z" (U + AV)?| =: Q4. (A.3)

Since d, is fixed and 0% < oo, the vector Z(U + AV) has finite second moments.

Therefore the multivariate central limit theorem yields

S, = N(0,Q4). (A.4)
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Deterministic limit of the drift term. By the law of large numbers,

1 n
— Z Z,ZZ»T — Yy in probability.
iz

Hence

1 n
B, = A( Z ZZ'ZiT>7T — AY T in probability.
n

i=1

Combining (A.4), (A.5), and (A.2), Slutsky’s theorem gives
gn(00) = N(AXzm, Qn).
Step 2: limit of §2,(6y). By definition,
Q(0o) = Ep, |22 (Y = 60D)?] .

Under Hq,
Y —6,D=U+ AV +AZ"1//n.

Therefore

0,(6,) = E [ZZT (U LAV 4 AZTW/\/E) 2]

T 2 2A T T
=E[Z2Z2T(U+AV)?] + ﬁE[ZZ (U +AV)(Z 7))

+ fE[ZzT(sz)Q] .

(A.5)

(A7)

The first term is QA by definition (A.3). The middle term vanishes exactly, because

Z is independent of (U, V) and E[U + AV] = 0:

E[Z2ZT(U +AV)(Z"7)]| =E[U + AVIE[Z2ZT (2" 7)| = 0.

The last term is O(n™') entrywise. Indeed, E[||Z]|'] < oo implies that the matrix

E[ZZ"(Z )% has finite entries. Hence

fE[ZZT(Z%)ﬂ — 0.
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Thus (A.7) implies

Under the maintained independence of Z and (U, V'), the matrix Qa simplifies to

On =E[2Z"(U + AV)?| = E[ZZT|E[(U + AV)?]

Because Yz = 0 and 0% > 0, it follows that Qa = 0.
Step 3: asymptotic law of the AR statistic. The oracle AR statistic is
ARy(60) = gn(60) " 2(60) " 9n(00)-
By (A.6) and (A.8),
(92(00). 2 (00)) = (G.Qa), G ~ N(ASz7m,94).
Since 24 is positive definite, the map
(z,A) =z Al

is continuous on R% x S%. . Hence the continuous mapping theorem yields

AR, (6)) = GTQR'G. (A.10)
Write
H:=0,"*aG.
Then
H~ N(Q;”QAEZW, I..),
and

G'QNG = || H|*
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Therefore the limit in (A.10) is a noncentral chi-square random variable with d,

degrees of freedom and noncentrality parameter
)\A = (Azzﬁ)ngl(Azzﬂ').
That is,
AR, (00) = xa.(Aa)-
Using (A.9),
)\A = (Azzﬂ')T(O'QAZZ)_l(AZZTF)

2

A? A
=~ T LN = — 7 Lam,
A A

since Yz is symmetric. This proves the displayed formula for Aa.

Step 4: strict monotonicity of local power in effective concentration. Fix
a € (0,1) and let

N2
Cl—a ‘= Xdz,l—a‘

By Step 3,
Pr(ARn(HQ) > Cl—a) — Pr(x?lz()\A) > cl_a).

It remains to show that the right-hand side is strictly increasing in Aa, and hence in
T Y.
Let
Xa ~ X?zz()\)'

A standard representation is
Xy £ (Zi+ VA2 + W,

where Z; ~ N(0,1), W ~ x3 _;, and Z; and W are independent; when d, =1, W = 0.
Fix ¢ > 0. Conditional on W = w < ¢,

Pr(XA>c|W:w):Pr((Zl+\/X)2>c—w).
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Let a:= v\ >0 and t, := v/c —w > 0. Then

hu(a) == Pr ((Zy +a)* > £2)
=Pr(Z; > t, —a)+Pr(Z, < —t, —a)
=1—-9(t, —a)+ ®(—t, —a).

Differentiating with respect to a,
hiw(a) = ¢ty — a) = ¢(tw + a),
where ¢ is the standard normal density. For every a > 0 and ¢,, > 0,
[t —al <ty + a,
hence, since ¢(z) is strictly decreasing in |z|,
Oty —a) > ¢ty + a).

Therefore
h!(a) >0  for every a > 0 and every w < c.

So hy(a) is strictly increasing in a = v/A, and therefore in A, whenever w < c. If
w > ¢, then Pr(X, > ¢ | W =w) =1 for all A, so there is no decrease there either.

Now integrate over W. Since ¢ = ¢1_o >0 and W ~ x5 _4,
Pr(W < ¢1_4) > 0.

Hence there is a set of w-values with positive probability on which the conditional tail

probability is strictly increasing in \. It follows that
A= PT(XZZ()\) > cl,a)

is strictly increasing on [0, 00).

Finally, under (A.9),
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For fixed A # 0 and fixed 0% € (0, 00), this is a strictly increasing affine transformation

of 7Y 7. Since

T T\T 4l T
anEZHn:n<\/ﬁ> EZ(ﬁ) =7 Yy,

the same monotonicity statement holds in the effective concentration index n HZ Y. 10,.

This proves the theorem.

A.5 Proof of Theorem 2

Fix an outer fold k. To simplify notation, suppress the fold index k throughout this

proof and write

ood .__ pgood bad .__ 1bad r .7
peood . rbad . [, =T. 4

nk n,k n

Also write

—~ ~

R(’V) = Rpred('y)a R(’V) = Rpred('y)'

By assumption, '*°°d # & and
d | pbad
[, =TIty
Since the library I',, is finite, the infima below are attained. Define

R = min R(y), RM = min R(y).

’YGF%OOd ,Yel"TbLad

Assumption (iii) of Theorem 2 states that

Rbad — geoed > ¢ (A.11)
Pick any
7i € arg min R(y),
’YEF%DDd
so that

R(v,) = B,

n

The proof proceeds by working on a high-probability event on which empirical
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risks are uniformly close to their population counterparts and the screening tolerance

is smaller than the risk-separation scale.

Step 1: define the high-probability screening event. Let
~ Cn Cn

£, = { sup [R(7) - R(y)| < =1 n {an < }
yel'y 4 4

Because

sup |R(7) = R(3)| = op(cn)

vel'y,

uniformly over P € P, it follows that

sup Pr (

pep, P

~ Cn
sup ’R(W) — R('y)‘ > 4) — 0.
Y€l

Since €, = o(c,,), the second event in the definition of &, holds deterministically for

all sufficiently large n. Hence

sup Pr(&) — 0. (A.12)
pPep, P

Step 2: on &,, every bad candidate is empirically separated from the
good class. Fix any v € I’ On &,, the uniform concentration event gives
R(y) > R(y) — ¢,/4. Because v € '™ one has R(y) > R". The population
separation condition (A.11) then yields B> > Re*°d 4 ¢, and by definition of
the latter equals R(7}) + ¢,. Combining these bounds and then using once more the

concentration event, R(72) < R(7}) + ¢, /4, gives

R(y) = R(y) = = (A.13)
> Rbud % (A.14)
> R 4 2 (A.15)
= R(V}) + 32” (A.16)
> R(y) + 3 (A17)
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Thus, on &,,

~

R(y) > R(y}) + %n for every v € TP, (A.18)

Step 3: on &,, an empirical minimizer must be good. Let

o e argmin R(y),  Run = RG™).
RISIEY

Suppose, for contradiction, that 4™ € I'’ad, Then (A.18) implies

~ Cp,

Ruin = E(’?ﬁ”n) > R(%ﬁ) + 9 > R(%:)a

which contradicts the definition of ™" as an empirical minimizer. Therefore,

min ¢ pacod o £ (A.19)

Step 4: on &,, the screen is nonempty. By definition,

~

R(A™™) = Riypin.

Therefore
;ymin € fsn

n

deterministically, because ¢, > 0. Hence
I. #0.
Combining this deterministic inclusion with (A.19) yields the stronger property

I, NTed £z on&,. (A.20)

Step 5: on &,, the screen excludes all bad candidates. Fix v € I'’d. By
(A.18),
~ = Cp,
R(v) 2 R(v) + 5
Since Ry < }A‘Z(’yﬁb), this implies

~ Cn

R(V) Z ﬁmin + 5
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On &,, €, < c¢p/4, so
ﬁ(v) > Emin + én.

Thus v ¢ I.,. Because y € [ was arbitrary,

I, creed  oné,. (A.21)

En =

Step 6: conclude the theorem. From (A.20) and (A.21),
&, C {fsn creeed T 4 @}.
Therefore, by (A.12),

sup Pr(fen Creeed [, £ @) — 1.
pep, P

This proves the first claim of Theorem 2.

Finally, let 7% be any selector taking values in r en k- On the event
{fsn,k g F%L(,);;d7 fsn,k 7é g}’

one has 7 € Fi?,?d. By assumption (i), every v € F%‘?,gd is rate-valid in the sense
of (4.6). Hence the selected nuisance 7y (7x) is rate-valid with probability 1 — o(1),

uniformly over P € P,,. This proves the final claim.

A.6 Proof of Proposition 3

Let
A = {30 = 0}

Under the deterministic tie-breaking rule used by prediction-only selection,

An = {Rprea(72) < Rprea(m)}-

Therefore the assumption

hﬂg.}f ]P(épred (72) < Epred (71 )) >0
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implies

liminfP(A,,) > 0.

n—oo

Thus prediction-only tuning selects the low-strength candidate with nonvanishing
probability.
For j € {1,2}, define the fixed-candidate statistic

ARD(0,) := AR, (60;7;),

and let

A2
Cl_a - Xdz,l—a'

By the candidate-specific asymptotic experiment assumed in the proposition, under
the fixed alternative 0 = 6y + A,

AR (6y) = Xa. (M), ARD () = xa. (0),

where A;,, = A; > 0 and Ay,, = 0. Equivalently, the second candidate has limiting
noncentrality zero. Hence, by continuity of the rejection probability at the fixed

critical value c¢i_g,
P(ARP (00) > c1-a) = Pr(33.(0) > ¢10) = o

Thus 5 is a candidate pipeline whose fixed-candidate AR power converges to size.

The selected prediction-only statistic is
ARgred(eo) = AR, (0o; ?gred)-

On the event A,,, one has

ARP™4(y) = AR (6y).

Therefore prediction-only tuning places nonvanishing probability on a pipeline whose
fixed-candidate AR power converges to the nominal size.

Now take any subsequence along which

PRt = 72) — 1.
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Let
B, = {ARzred(Qo) > Cl—a}; C, = {AR(2) (‘90) > Cl—a}-

n

On A, the events B,, and C,, coincide. Hence their symmetric difference is contained
in AS:

B,AC, C AC.

It follows that
IP(B,) — P(C,)| < P(B,AC,) < P(AS) =P(A2*! # 72) — 0.

Since

P(C,) = P(ARD (0) > c1-0) — 0,

we conclude that
]P)(AREred(Qo) > Cl—a) —

along that subsequence. This proves the proposition.
For the optional mixture statement, assume the stated mixture limit holds along a

subsequence with
P(A4,) — p € (0,1].

The fixed-candidate limits imply

P(ARS)(&)) > Cl—a) — PI'(X(%Z (/\1) > Cl—a)

and
]P’(AR%Q)(@O) > cl_a) — a.

Under the mixture-limit condition,
IP(ARfLred(GO) > Cl—a) — (1 —p) Pr(xi(/\l) > Cl—a) + pa.

Since A; > 0, the noncentral y? rejection probability at the central (1 — a)-critical

value is strictly larger than «. Therefore, when p > 0,

(1-p) PT(XZZO\I) > Clw) + pa < Pf(X?zz (A1) > lea) .
This gives the asserted strict power gap.
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A.7 Proof of Proposition 4

Let
Ek = {fen,k 7£ @}

The argument below is deterministic on the event Fj; the assumption Pr(FEy) — 1
ensures that the proposition is asymptotically non-vacuous.

Because ng > 0 is common across all candidates in famk, maximizing the unnor-
malized criterion §n,,{(7) is equivalent on Fj to maximizing the normalized criterion

Snx(7). Hence, by the definition of 4,
Snw(Jk) > Snx() for every v € f’emk. (A.22)
Next, by the definition of A,,, on the event E},
’?nﬁ(y) — gnﬁ(n(v))‘ <A, for every v € f’emk. (A.23)

Applying (A.23) with v = 4, yields

S (N(3k)) = Snw(Gr) — An. (A.24)

Now fix an arbitrary v € fsmk. Combining (A.24) with the argmax property
(A.22),

Sn,m(n(’?k)) Z gnﬁ(/}\/k) - An Z gn,fe(’Y) - An-
Applying (A.23) again, this time to the arbitrary candidate 7, gives

Snw(MA)) = Spns(n(y)) — 24,

Because the choice of v € f‘amk was arbitrary, taking the supremum over the screened

set yields

Snw(M(Ye)) = sup Snw(n(v)) — 244, (A.25)
’Yersn,k
which is the first displayed inequality in the proposition.

Finally, multiplying both sides by the common positive factor ng. gives

Snx(M(A)) = sup Spk(n(7)) — 2nsaln,

’Yersn,k
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which is the equivalent unnormalized form.

A.8 Proof of Proposition 5

For each outer fold k, let

~pred
Tk

denote the prediction-only selector and

~TACV
Vi

the TACV selector computed from the same fold partition. Let the corresponding

selected nuisance fits be

et =AY, gAY = AV,

Define the associated cross-fitted moment processes by

K K
IR UATE S N A OESs 35 R UATE !

Apred

" N

aw

Ill’lf k=1 ZE

and let

gno(0) : \/—Zqﬂ (Wi 6,m0)

denote the oracle moment process.

The proof has three parts. First, the singleton-screen branch gives exact equality of
the selectors. Second, on the non-singleton branch the two selected pipelines are shown
to produce asymptotically equivalent moment processes. Third, under the strong-
identification conditions of Theorem 5, the corresponding GMM estimators are shown
to have the same first-order asymptotic expansion and are therefore asymptotically

equivalent.

Step 1: exact equality on the singleton-screen event. For each fold &, define

Ause = {Parse = GF"}}.
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and

Bnk =

)

{all candidates in T enk are rate-valid and generate}

nuisance fits that are op(n=/*)-equivalent

By the screening-equivalence hypothesis in Proposition 5, for each fold k,
Pr(Anyk U Bn,k’) — 1.

On the event A, 1, the screened set contains only the prediction-only selector. Since
ITACV maximizes the strength proxy over the screened set, it must choose the same

candidate:

~IACV Apred

Therefore, if the singleton-screen branch itself occurs with probability 1 — o(1), then
Pr(5{4V = 4p0) — 1.
This proves the last assertion of the proposition.

Step 2: the two selected moment processes are asymptotically equivalent.
Now consider the non-singleton branch B, ;. By assumption, on B, all candidates
in T'., j, are rate-valid and pairwise op(n~'/4)-equivalent in the nuisance norm. In
particular, both selected candidates, ’ypre and A4V belong to the screened set on
B, 1. Hence their selected nuisances are rate-valid. Therefore the selected-nuisance

oracle-equivalence bound used in Theorem 3 applies to each of the two selectors:

sup [[g2(0) = gmo(6) | = 0r (1), (A.26)
00

and
sup HgIACV ) — gn,o(Q)H = op(1). (A.27)
00

Indeed, (A.26) and (A.27) are just the conclusion of Assumption 5 applied candidate-

wise to the two selected pipelines.
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By the triangle inequality,

sup HgIACV 0) Apred H < sup HgIACV 9) o gn O H + sup ngred gn,O(Q)H
o€ 0cO 0eO
— op(1). (A.28)

This proves the first displayed conclusion of the proposition on the event A, U B, ,
and hence unconditionally because that event has probability 1 — o(1).

For (A.28), candidatewise rate-validity is enough: each selected score is op(1)-
equivalent to the same oracle score g,o. Candidatewise rate-validity also implies
pairwise op(n~1/*)-equivalence of the nuisance fits by the triangle inequality. Thus
the pairwise clause in B, j is redundant mathematically, but it makes explicit the
economic content of the non-singleton branch: the surviving candidates are already

indistinguishable at the nuisance-rate scale relevant for first-order orthogonal inference.

Step 3: asymptotic equivalence of the strong-identification GMM estimators.
Define
mpred(e) — 1/2§£red(0>’ /mIACV(e) — 1/2§7€ACV(6)

n n

Then (A.28) implies

sup HmMCV(e) - mgred(Q)H = op(n~Y?). (A.29)

0c0
Now let 8P4 and 74°V denote the corresponding strong-identification GMM

estimators, that is,

0° e arg min me(0)TWeme(0),  a e {pred, TACV},
S
with W,‘j the corresponding consistent weight matrix estimator.

The final sentence of Proposition 5 imposes the strong-identification regularity
conditions of Theorem 5 for the selected moment problem. These conditions, not
divergence of the strength proxy, deliver the local quadratic curvature required for
regular GMM:

Auin (G pQ2p(60) ' Gp) > ¢ > 0.

The strength proxy is used to define the identification-aware selection objective; it is
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not used here to infer strong identification.
Under the regularity conditions of Theorem 5, both selected empirical moment

functions admit the same first-order expansion because

sup HmIACV(g) B mgred(e)H _ Op(n_1/2)
0cO
and both are oracle-equivalent to the same population moment. Applying the expansion

in the proof of Theorem 5 to each selected GMM estimator gives

Z¢ W27 907 770 + 0P<]‘)

=1

V(e — gy) — —(G;QP(QO)—lc;P) GEQp(00) !

é\H

(A.30)

(W3 00,m0) + op(1).

(A.31)

~ 1
NGE (G;QP(90)16P> GEOp(60) !

Si-
WE

<.
Il
—

Subtracting (A.30) from (A.31) gives

\/ﬁ(é\IACV _ é\pred) _ Op(l).

Hence the two strong-identification GMM estimators are asymptotically equivalent.

This completes the proof.

A.9 Proof of Theorem 3

For brevity, write

Yo, = V(W3 00,m0), Dy = (Wi 00, 74),

where, for i € I the notation 7)_; means the fold-k training output 7. Also write

N N 1 &
gn,0 gnO 90 Z%m gn ‘= gn(QO) = N Z is
and define the oracle and feasible covariance matrices

Qp = Qp(00) = Ep[p(W; 00, m0)(W; 60, m0) "],
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S|

1 ~
Qn,(] = Z%J%T@ Q, =
ni4
The oracle Anderson—Rubin statistic is
ARn,O = ngOQI_Dlg’mO?

and the feasible statistic is
AR, (06) = G, 0, G-

The proof has four steps. First, the oracle score satisfies a uniform central
limit theorem. Second, the feasible score and covariance matrix are shown to be
asymptotically equivalent to their oracle counterparts. Third, the feasible statistic is
shown to differ from the oracle statistic by op(1). Fourth, the size statement follows

by Slutsky and continuity of the y? law.
Step 1: uniform CLT for the oracle score. Under the null,
Ep[tpy(W;6y,m0)] =0 for every P € P,
by the defining moment condition. By Assumption 2, there exists ¢ > 4 such that
sup Epl|[¢(W;00,m0)||] < oo
PEPy,
Let a € R% be any fixed nonzero vector and define
Xip(a) = aT@/JO,i-

Then
Ep[X;p(a)] =0, Varp(X; p(a)) = a' Qpa.

By Assumption 2, the eigenvalues of (2p are bounded away from zero and infinity

uniformly over P € P,,. Hence there exist constants 0 < ¢ < Cq < oo such that

callal|? < a"Qpa < Cqlalf? for all P € P,.
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Moreover, Holder’s inequality gives
Ep|Xip(a)|” < |lal|*Ep[[[¢o]] < Cqllall®

uniformly over P € P,. Therefore the Lyapunov ratio with exponent § := ¢ —2 > 2

satisfies
i Ep|Xip(a)P™ nEp|X;p(a)|?

14+6/2 /2
(=i, Varp (X p(a))) (naTQpa)’
nCllal® _ Cy
= (ncallal®)e? Y2

n'=e?2 0

uniformly over P € P,,. By the Lyapunov central limit theorem,
a' gno = Zsz )= N(0,a"Qpa)
\/_
uniformly over P € P,. Since d, is fixed, the Cramér-Wold device yields
Gno = N(0,Qp) uniformly over P € P,,. (A.32)

Now premultiply by Q;l/ ?. Because Qp is uniformly nonsingular, the map x

Q;I/ ? is continuous uniformly over P, so
Q;l/zgmo = N(0,14,) uniformly over P € P,,.
Hence, by another application of the continuous mapping theorem,
AR, = glOQﬁlgmo = ||Q]_31/2gn,0||2 = Xﬁg uniformly over P € P,,.  (A.33)

Step 2: feasible score and covariance are asymptotically equivalent to oracle

objects. Assumption 5 gives
Gn — Gno = op(1) uniformly over P € P,. (A.34)
To control the covariance matrix, first note that
Q= Qp = () — Do) + (Do — Qp).
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The second term is an ordinary sample-covariance fluctuation. Since d, is fixed and

Assumption 2 gives a uniform ¢ > 4 moment bound,
Qo —Qp =o0p(1) uniformly over P € P,,. (A.35)
Now consider the first term. Define
Aw,i = @Zz - %,i-
Then

ity — Yo = (i — o) + Yo (Ui — o)
= Ayith] + ¢0,1A1L- (A.36)

Since d, is fixed, the operator norm is dominated by the Frobenius norm, so

~ 1.7 ~
19 = Quollop < = 3= [Apidhd + w0
=1
1 ~ 1
< =D Al Il + = D2 ol 1Ayll- (A.37)
ni4 ni3
By Cauchy—Schwarz,
1 n . 1 n 9 1/2 1 n ~ o 1/2
S Ialldl < (0 18wal?) (S IBIE) T (Ass)
i=1 =1 =1
1. 1 /2,1 1/2
=5 Ioall I8l < (5 S il?) (S X 1Awal?) . (439)
ni nia ni

By the same orthogonality expansion and product-rate argument used to verify

Assumption 5, the feasible score perturbation satisfies
1& 9 .
—> [ Agil* = op(1) uniformly over P € P,. (A.40)
iz

Moreover,

1 & 1 -
o2 llvnl® = 0p(1)  and 3 [l = Op(1)
=1 i=1

uniformly over P € P,: the first bound follows from the uniform moment assumption,
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and the second follows from
1:1* < 2l[voll® + 2[| Ayl
together with (A.40). Therefore
Qp — Qo = 0p(1) uniformly over P € P,. (A.41)
Combining (A.35) and (A.41),
Qn — Qp = 0p(1) uniformly over P € P,. (A.42)

Step 3: the feasible and oracle AR statistics differ by op(1). Since the
eigenvalues of (1p are uniformly bounded away from zero and Qn—Op=o0 p(1), Weyl’s
inequality implies that Q,, is invertible with probability tending to one uniformly over
P eP,, and

19 lop = Op(1)  uniformly over P € P,. (A.43)

Moreover, using the resolvent identity,

Q' — 05 = —QNQ, — Qp)Q Y, (A.44)
so (A.42) and (A.43) imply
Q7' — Q' = 0p(1) uniformly over P € P,. (A.45)
Now write
Ag,n = ./g\n — gno-
Then

AR (00) — ARno = G "G — 01,025 Gno
= (gn,O + Ag,n)Tf\2;1<gn,0 + Ag,n) - gr—Lr,Onglgn,O
= AL A+ 200 o0 A+ o (2 — QPN g0 (A46)

gn-n
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By (A.34), A,, = op(1) uniformly, and by (A.43),
ALLOTIA,, = op(1).

gn-n

Also, (A.33) implies AR,, o = Op(1) uniformly. Because the maximum eigenvalue of

Qp is bounded above uniformly over P € P,, there exists cq > 0 such that
Q;l = caol
for all P € P,,. Consequently,
AR, o = glOQ]_Jlgmo > cql|gn.oll?-
Hence ||gnol/? < cg' AR, o = Op(1) uniformly, and therefore
|l gnoll = Op(1) uniformly over P € P,. (A.47)
Using (A.47), (A.43), and A,,, = op(1), we obtain
1207605 Bl < 2ol 195 op 185l = 0p(1),

and by (A.45),
In 02" = Q) gno = op(1),

Returning to (A.46), we conclude
AR, (6p) — AR, o = op(1) uniformly over P € P,,. (A.48)
Step 4: conclude uniform size. From (A.33) and (A.48), Slutsky’s theorem gives
AR, (6y) = X?lg uniformly over P € P,,.
The X?lg distribution is continuous, so ¢;_, 1= Xflmlw is a continuity point. Hence
sup ’PP(ARH(QO) > cl_a) — a’ — 0.

PeP,

This proves the size statement.
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The coverage statement follows by inversion. Define
C" = {0 € ©: AR,(0) <\ o)
Since 6y € C{*%, if and only if AR, (6) < X¢21g,1—aa
Pp<90 € Cf‘,Ra) =1- PP(ARTL(HO) > X?lg,lfa)'
Therefore

sup )Pp(eo € Cffza) - (1- oz)‘ — 0.
PePy

This proves the theorem.

A.10 Proof of Theorem 4

Write
A'n, = QP(GO) + pTLIdg,n7 A\n = Qn(eo) + p’l’LIdg,n'

Define the oracle and feasible ridge statistics

Qon = gn,o(eo)TAglgn,o(eo), Qn : §n(90)T1‘T;1§n(90) = AR, ,, (6),

and the corresponding multiplier-bootstrap analogues

Qon = 9n0(00) T A g5 4 (60), Qr = G,(00) " A 1G5 (00) = AR;,, (60).

Let
E,(t) == Pp(Qn < 1), Fou(t) == Pp(Qon < 1),
and
Colt) = PH@L<11G). Coult) = Ph(Q <] Go).
Let

A_,=mf{t e R:G,(t) >1—a}

denote the conditional (1 — «) quantile of the feasible bootstrap statistic.
The proof has three steps. First, the feasible and oracle ridge statistics are shown

to be asymptotically equivalent, both for the statistic and for its bootstrap analogue.
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Second, the distribution function of the feasible statistic is shown to be uniformly
close to the conditional distribution function of the feasible bootstrap statistic. Third,
anti-concentration is used to transfer this cdf approximation into one-sided uniform

size control for the random critical value.
Step 1: feasible-to-oracle reduction. To simplify notation, write

Gn ‘= gn,O(QO)7 gn = An(00>7 571 = gn — Gn,

and
9n = nolbo), G = Gn(bo),

Also define the rescaled covariance perturbation

Ey = A;"?(Qu(60) — Qp(60)) A,

n

Then
A, = AYV*(I+ E,)AY2.

By Assumption 8(ii), A, is uniformly positive definite. By Assumption 8(iv),
[Enllop = 0p(1).
Hence on an event of probability tending to one,
A;Ll — ATV 4 B A2,
and moreover
I+ En)op <2, T+ Ea)™ = Illop < 2/|Enllop- (A.49)
Now expand the statistic:

Qn - QOn = (Q\n - gn)Tqung\n - gn) + 291—{1@;1(.@1 - gn) + g;{(’&:l - Agl)gn
=00 A 00+ 290 A6, + g (AL — AL g (A.50)
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For the first term,
5;121\;15” = (Agl/zén)T([ + Eﬂ)il(Aﬁl/zén%

so by (A.49),
STAZYS, < 2||AY26, 12

Assumption 8(iv) gives
HA;l/anH = OP(reff(pn)il/Q)

hence in particular

5T A1, = op(1). (A51)

For the second term,

29, A1, = 2(A V29 )V (I + E,) 7Y (A7V2%5,).

Therefore
129, A, 60 < 20/(1 + En) ™ lop 14,12 gull 114,26,

By (A.49),

129, AL 0] < 4AT2gall | AL 26,1-
Now

1452 gall* = Qon,

and

Ep[Qon] = tr(Qp(00)A;") = rea(pn).
Hence

Qon = OP<Teff(pn))v ||A;1/2gn|| = OP<Teff(pn)1/2)'

Combined with Assumption 8(iv),

||A;1/25n H = OP(reff (/)n)il/Q) )

this yields
29" A-16, = op(1). (A.52)
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For the third term, use

A;Ll _ A;l _ A;l/Q((I_FEn)fl - [)A*l/Q.

n

Thus

0 (AL = A gal = [(A200) T ((T+ En) ™t = 1)(A,g,)|
<A 2galP 1T + En) ™" = Tllop
< 2[4, g [? | Enlop-

Since ||A;2g,||> = Op(reg(pn)) and Assumption 8(iv) gives

| Bullop = 0p(res(pn) ™),

it follows that
gn (A = A g, = op(1). (A.53)

Combining (A.51), (A.52), and (A.53) in (A.50), we obtain
Qn - QOn = OP(l)- (A54)
Exactly the same argument applies to the bootstrap analogue:

@ — Qb = 0, A0, + 207 T AL 4 gn T (A — A (A.55)

n

Conditional on G,,, one has
B4, 26 | G| = tr(Qn0A5") = re(pn) + 0p(1),

SO
14,12 g3l = Op-(rea(pn)'/?)  in P-probability.

By the bootstrap analogue added to Assumption 8(iv),

HA?M(SZH = 0P*<7°eff<pn)71/2> in P-probability.
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Therefore

Q;, — Qg = 0op+(1)  in P-probability. (A.56)

Step 2: cdf approximation for the feasible statistic and feasible bootstrap.

Choose a deterministic sequence 7, | 0 such that

Such a sequence exists by a standard diagonal argument applied to (A.54) and (A.56).
By Lemma OA.1,

don, := sup | Fon(t) — Gon(t)] —p 0 uniformly over P € P,. (A.58)

teR

By Lemma OA .2, for the deterministic sequence 7, | 0,

Wy, := sup (GOH(t + 1) — Gon(t — nn)) —p0 uniformly over P € P,,.  (A.59)
teR

Now fix t € R. Since

{Qn < t} - {QOn <t+ nn} U {’Qn - QOH‘ > 77n}7
one has
Fn(t) < F(Jn(t + nn) + PP(‘Qn - Q0n| > 7]n>-

Using (A.58),

and then
Gon(t +1n) < Gon(t) + wp.
Thus
Fn(t) S ng(t) + Wy + d[)n + PP(|Qn - Q0n| > nn)
Similarly,

{QOn S t— nn} g {Qn S t} U {|Qn - Q0n| > 7771}7
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SO

Therefore
sup |F,.(t) — Gon(t)| < wy + don + Pp(|Qn — Qon| > 1n)- (A.60)

teR

Apply the same argument conditionally to the bootstrap statistics. Since

{Qr <t} CH{Q5, <t+n.tU{|Q) — Qpnl > 1},

and similarly for the lower bound, we obtain
iuﬂg |Gn(t) — Gon(t)] < wn + PA(|QF, — Qo,l > 1 | Gn) —p 0. (A.61)
€
Combining (A.60), (A.61), and (A.57),

sup |F,.(t) — G,(t)] < sgp |F(t) — Gon(t)] + sgp |G (t) — Gon(t)| —p 0.

teR
Hence

dy, :=sup |F,(t) — Gn(t)] =p 0 uniformly over P € P,. (A.62)

teR

Step 3: size from the random critical value. Let
and let

Cni—o:=Inf{t e R: F,(t) > 1 —a}.
By (A.62),

dy, = sup |Gy (t) = Fu(t)] = 0p(1)

teR
uniformly over P € P,,.

Choose a deterministic sequence a,, | 0 such that the quantile-separation quantity

Tni=1—a—F(chia— an)
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satisfies
Tn > 0, dy /T = op(1)

uniformly over P € P,,, and such that the local oscillation modulus
wn(an) = Fn(cn,lfa) - Fn(cn,lfa - an)
satisfies

sup wy(a,) — 0.
PeP,

The existence of such a sequence follows from the anti-concentration and continuity
bounds for the feasible Gaussian quadratic-form law established in the preceding steps
and Online Appendix Lemmas OA.1-OA 2.

We first show that the random bootstrap critical value is not too small. Let
E, :={d, <.}
On FE,,
Gnltnia —an) < Fu(cpica —an) +dp=1—a—71,+d, <1—a.

Because
_,=mf{t: G,(t) > 1—a},

the last display implies

CT_Q Z Cn,l—a — Qp,
on E,. Since d,,/1, = op(1), we have
uniformly over P € P,,. Therefore

Pp (CT,Q > Cpiea — an) —1

uniformly over P € P,,.
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Now use this deterministic lower bound for the random critical value. Since

{Qn > Cifa} g {Qn > Cn,lfa - an} U Efw

we obtain
PP(Qn > CT?a) S PP(Qn > Cn,l—a - an) + PP(Efl)

The second term is o(1) uniformly. For the first term,
Pp(Qn > cni—a —an) =1 — F(chi—a — an).
Because F,(chi1-a) > 1 —a,
1 —F(chi—a—an) <a+ [Fn(cml,a) — Fo(chi—a — an)} < o+ wp(ay).
By construction, wy,(a,) = o(1) uniformly. Hence

limsup sup Pp(Q, > cj_,) < a.
n—oo  PcP,

Since @, = AR,, ,, (6p), this proves the stated one-sided uniform size control.

A.11 Proof of Theorem 5

Define the population moment

mp(0) = Ep[{(W;0,m0)],

and let
Gp(e) = 89mp(9), Gp = Gp(eo)
Write | .
mn(e) = *Z 2<9)7 mnO(g) - 7Z¢(Wi79an0)7
n =1 n =1
so that
Let



and define the feasible criterion
Qu(0) =, (0) W, (0), W, :=Q,(6)7"
The corresponding population criterion is
Qp(0) :=mp(0) ' Wpmp(8).

The proof has four steps. First, the population criterion is shown to admit a
locally quadratic expansion with unique minimizer 6. Second, the feasible criterion
is shown to converge uniformly to the population criterion on a neighborhood of 6,
which yields consistency of 6. Third, the first-order condition is expanded to obtain an

asymptotic linear representation. Fourth, asymptotic normality and efficiency follow.

Step 1: local quadratic identification of the population criterion. By the
assumptions of Theorem 5, mp(dy) = 0, 6y is an interior point of ©, and mp is

continuously differentiable on a neighborhood N of 6,. Thus, for 6 € N,

0
mp(0) = Gp(0 — 6y) + rp(0), M 50 asf 0.  (A63)

Since G'p has full column rank and Wp = Qp' is positive definite,
M P = G;WPG P
is positive definite. Let Apin(Mp) > 0 denote its smallest eigenvalue. Using (A.63),

Qr(0) = (Gpl0 — o) + rp(0)) Wi (Gp(0 — 60) +rp(0))
= (9 — eo)TMp(e — (90) + 2(0 - eo)TG;WpTP(Q) + TP(Q)TWPTP((Q). (A64)

Because Wp is bounded and rp(0) = o(||0 — 0o||), the last two terms in (A.64) are
o(||0 — 6o|*). Hence

Qp(0) = (0—00)" Mp(0 — 05) +o(|0 — 0o]|*)  as 6 — 6. (A.65)

Since Mp is positive definite, there exists a neighborhood Ny € N and a constant
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co > 0 such that
Qp(0) > col|0 — 6o for every 6 € Nj. (A.66)

Therefore @ p has a unique minimizer at 6, on Nj.

Step 2: uniform convergence of the feasible criterion and consistency of 6.

The theorem assumptions imply 6 —p 6y and

Q.(0) —=p Qp(6y).
Since Qp(6y) is nonsingular, continuity of matrix inversion gives
W, —p Whp. (A.67)
Next, by Assumption 5,

sup /1 [[71,(0) — my0(0)[| = op(1).
0N

Since m,o(#) is an empirical average indexed by a fixed-dimensional parameter ¢
over a neighborhood Ny, and the theorem assumptions impose local continuity and
finite moments for the oracle score, the corresponding class is Glivenko—Cantelli on
Ny. Therefore

sup [|mn,o(0) —mp(0)| = op(1).
9€N0

Therefore

sup [[7,(6) — mp(9)]| = op(1). (A.68)
0Ny

Now decompose

Qn(0) — Qp(0) = T, (0)T (W, — Wp)ii (6)

+ ((0) = mp(8)) Wit (0) +mp(0) Wo (7,(0) — mp(0)).
(A.69)

Because mp is continuous on the fixed neighborhood N, one has

sup |[[mp(0)|| < oc.
0eNy
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Together with (A.68), this implies

sup [, (0)| = Op(1).
N

0eNo

Hence (A.67), (A.68), and (A.69) yield

sup |@n(0) — Qp(0)] = op(1). (A.70)
6eNy

To prove consistency, fix € > 0 small enough that the closed annulus
B, = {9 G./\/o : ||0 — 00” > 6}

is nonempty. By (A.66),

: 2
91€an€ Qp(0) > coe”.

Also Qp(6y) = 0, and by (A.70),

Qn(bo) = op(1),  sup [Qn(0) — Qp(0)| = op(1).

96./\[()

By the added global separation condition and the uniform convergence

sup |Qn(0) — QP(9)| = OP(1)7

0€O\No

one also has, with probability tending to one,

inf  Q,(0) > Q.(6).

0cO\No

Hence any global minimizer 6 must lie in N \ B. with probability tending to one,

which proves 0 —p 0.

Step 3: asymptotic linear representation. Let

G(0) := g1, (0).
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Because W, does not depend on 6, the first-order condition for the GMM minimizer 7

is

0= Gn(0)"W,mm,(0). (A.71)
By the integral form of the mean-value expansion,

-~

mn( ) = mn(%) +én(§_ 90),

where

~

= /01 Gl 0o + (0 — 00) ) dt.

Ql

Substituting into (A.71),
0 = Gp(0) "W, T, (60) + G () "W, G, (6 — 6).

Thus

. -1

V(0 = 0y) = — <@n(§)TWnGn> G (6) W/ 771 (60). (A.72)

provided the displayed matrix is invertible.
Now use the theorem’s differentiability and stochastic equicontinuity assumptions.

Since 0 —p 0,

Gn(0) —Gp =o0p(1),  G,—Gp=op(1).
Together with (A.67),
Gn(A)TWnén = G;WPGP + Op(l) = Mp + OP(l).
Since Mp is positive definite, it is invertible, and therefore

(én(émvn@n) M 4 op(1), (A.73)

Next,

VT (00) = Ga(00) = gno(00) + 0p(1) = (Wi 00, 10) + 0p(1),

=Y

where the first equality is the definition of g,, the second is Assumption 5, and the
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third is the definition of g, . Substituting this and (A.73) into (A.72) yields
Vn(d — ) = —M;lG’]T:,Wp\/_ qu Wi 6o, m0) + op(1). (A.74)

Step 4: asymptotic normality and efficiency. By Assumption 2, the oracle
score has a uniform ¢ > 4 moment bound, so the multivariate central limit theorem

implies
1

\/_

Applying (A.74) and Slutsky’s theorem gives

Z¢ Wi; 00,m0) = N(0,Qp).

\/ﬁ(é\— 90) = N(O7 M];1G;WPQPWPGPM];1> .
Since Wp = Qp',
M GWpQpWpGpMpa' = Mp'G LR GpMp' = Mp*.

Therefore
V(@ —6) = N(O, (G;Q;(;P)l).

This proves the asymptotic normality claim.
Finally, if /(W 60,n9) is chosen to equal the semiparametrically efficient influence

function for @, then the variance matrix
(GpQp'Gp)™!

is the semiparametric efficiency bound. Hence 6 attains that bound.

This completes the proof.
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This online appendix records six auxiliary blocks that support the main text.
Section OA.1 proves the oracle ridge quadratic-form bootstrap lemma used in Ap-
pendix A.10 of the main text. Section OA.2 gives the full conditional QLR / CLR
construction compatible with LF-NCF| including the simulation algorithm, the proof
of Theorem 6 in the main text, and the homoskedastic Gaussian linear-IV specialization
to CLR. Section OA.3 gives a worked learner-class verification for sparse linear nuisance
estimators based on lasso over a finite library. Section OA.4 records short supplemen-
tary technical notes. Section OA.5 reports supplementary Monte Carlo diagnostics for
the baseline homoskedastic and heteroskedastic PLIV designs. Section OA.6 records
empirical implementation details and an enriched-control Angrist—Krueger exercise.
Theorem 4 in the main text additionally relies on the oracle ridge-bootstrap lemma
proved in Section OA.1; the remaining sections sharpen implementation, non-vacuity,

and finite-sample interpretation.

OA.1 Oracle Ridge Bootstrap under Effective-
Rank Control

Throughout this section, write

A = Qp(0o) + puly, ., Ay = Q,(00) + prld, ., S, = A 2Qp(00) A,



Also define the oracle and feasible score-covariance matrices

1.7 R 1~
Qo= o Zw(Wi;GOWOW(Wi; 907770>T7 Q. (0o) = n Z i(60)1i(0o)

i=1 i=1

Define
By, = A;”QQn,oA;W, Bn — A;l/zﬁn(eo);l;l/z.

Let
Xim 1= A7 2p(Wis 00, 10) € R,
so that

QOn:gn,O(HO) A gnO 60 H\/—Zin

With Gaussian multiplier weights {&;}7,, define the oracle bootstrap analogue

2

an:g;,O(eo)TAglgnO H\/‘Zgl i,n

Here G,, denotes the o-field generated by the realized data and all LE-NCF training

outcomes, as in the main paper.

Lemma OA.1 (Oracle ridge quadratic-form bootstrap). Under Assumption 8(i)-(v),

sup [Pp(Qon < 1) = Pp(Qp, <[ Gn)| —p 0

teR

uniformly over P € P,,.

Proof. Fix P € P,,. The transformed triangular array {X;,}? , falls within the scope
of the weighted-bootstrap consistency result for quadratic forms of sample averages in
Pouzo (2015), applied row by row and then uniformly over P € P,,.

To make the mapping into that theorem completely explicit, note first that As-

sumption 8(ii) gives
)\min(An> = )\min (QP<90> + pnIdg’n) 2 c > 0.
Hence A, is symmetric positive definite. Hence a spectral decomposition

An = Un d1ag(/\17n(An), ey )\dg,m”(An))UT

n



exists with U, orthogonal and each eigenvalue strictly positive. Consequently,
A2 = U, diag( M n(An) 20 Mgy n(An) AU

is deterministic for fixed P and is the unique symmetric positive definite square root
of A1, This deterministic linear map is the only transformation applied to the oracle
score vector ¥ (W;; 0y, mo).

Recall that

Xi,n = Arfl/Qw(Wu ‘907 770)7 An = QP<00) + pnIdg,ym

so the matrix A,, and hence A;I/ 2 is deterministic once P is fixed. Because
Wy, ..., W, are i.i.d. under P, it follows immediately that for each row n the vectors

Xin, .., Xpp are iid. as well. Moreover,

Z Xip = A, ”Qwa Wi 00.1m0) = A /ga0(60),

so that
= gn,o(go)TAglgn,o(eo) = Qon-

H\FZX”‘

The last identity can be written out directly as

2

= (4 20,0(00)) " (47 2g00(00))

:9n0(9 )TA 24 1/29 0(90)
= 9n0(9 )TA gn0(90)

e

i=1

where symmetry of A>'/2 is used in the second line. Likewise, conditional on the data,

72 i“n — 7;1/2\/—25% Wi;eoano) = A, 1/2920(9 )

whence )

- gn 0(60>TA gn,O(eo) = Qén

e,



Similarly,

2

= (47207,0(600)) " (477297 0(00))

= gZ,o(9o)TA;192,o(90)-

1 7

i=1

Thus the statistic and its multiplier analogue are exactly the quadratic forms to
which the high-dimensional weighted-bootstrap theorem is to be applied after the

deterministic linear transformation induced by A;%/2.

Step 1: centering and row-wise i.i.d. structure. By the null moment restriction
in the main paper,
Ep[t)(W; 00,m0)] = 0.

Therefore,
Ep[Xin] = A, P Ep[y(Wi; 60, m0)] = 0.

The linearity step is legitimate because A /2 is deterministic under fixed P and the
moment condition in Assumption &(i) guarantees that Ep|[v)(W;; 6y, 1m0)| < oo. For

independence, if By, ..., B, C R%" are Borel sets, then

Pp(Xi1, € Byy..., Xpn € By) = PP(¢<W1§ 00,m0) € AV2By, ... (W 00,m0) € Ai/QBn)

=] PP<¢(VV1'§ 0o, m0) € A}LNB")
i=1

=[I Pr(X;. € By,
=1

so the deterministic transformation preserves the row-wise i.i.d. structure. Since the
map w +— A;Y2)(w; 0y, 1) is deterministic for fixed P, the array {X;,}7, is mean
zero and i.i.d. within each row n. This is the basic sampling structure required in
Pouzo (2015).

Step 2: covariance matrix and effective-rank characterization. The covari-

ance matrix of the transformed summands is

EP[Xi,nXiTn] = Aﬁl/zEP {w(Wi; 90:ﬁ0)¢(Wi; 0o, UO)T} Aﬁl/Z = A;1/2QP(90)A;1/2 =: Y.



Hence the covariance of the normalized sample average n='/2 " | X, ,, is precisely 3,.

Indeed, because the row is i.i.d. and mean zero,

1 & " 1
VarP < Z Xz,n) = Z VaI'P(Xi7n) + — Z COVP(Xi,na X],n)
\/ﬁ =1 =1

iz

S|I— 3=
I

M=

1
T ity

)

= Ep[X1,X{,] = Zn.

Il
—

The cross-covariances vanish because independence together with mean zero gives
EP[Xz,nXJTn] = Ep[Xi7n]Ep[Xj7n]T =0 for ¢ 7& ]
Next, connect ¥, to the effective-rank quantity in Assumption 8. By cyclicity of

the trace,
() = tr(A;LI/QQp(GO)A;I/Q) —r (Qp(eo)Agl) — rea(pn).

Thus the trace parameter appearing in the theorem of Pouzo (2015) is exactly the
ridge effective rank used in the main paper.

This identity is useful because it shows that the relevant “dimension” for the
quadratic form is not the ambient score dimension d,,, itself, but rather the effective-
rank quantity induced by ridge regularization. In particular, directions in score space
associated with eigenvalues of Qp(6y) that are small relative to p, contribute little to
tr(X,), since the eigenvalues of X, equal A\;(Q2p(6p))/(A;(2p(00)) + pn) € [0,1].

Also record the uniform operator-norm bound. Since
Qp(bo) = Qp(bo) + pula,, = An,
pre- and post-multiplication by the positive semidefinite matrix A, 172 vields
AV2Qp(00) A2 < AVPAAT =1,

Equivalently,

0<%, <1, Slop < 1. (OA.1.1)

g,n’

To see the operator-norm statement explicitly, let v € R satisfy ||v|| = 1. Then



(OA.1.1) implies
0<v'S,w< UTIdg,nU =1.

Taking the supremum over unit vectors yields

1Z0]lop = sUp v, <1,
[lv]|=1

because ¥, is symmetric nonnegative semidefinite. In particular, the covariance

matrices of the transformed array are uniformly bounded in operator norm over

PecP,.

Step 3: uniform high-order moments of the transformed array. Assump-

tion 8(ii) gives the uniform lower eigenvalue bound
)\min(An) = )\min (QP(HO) + pn]dg,n) Z c>0.

Hence
1A 2]l op = Amin(A,)7V2 < 72,

The equality follows from the spectral decomposition displayed above: the eigenvalues
of A;Y/? are exactly \;(A,)~Y2, so the operator norm is the largest of these numbers,
namely Amin(A,)""/2. Using the submultiplicativity of the Euclidean norm under

linear maps,
1Xinll = 145120 (Wis 6o, m0) | < 1AL [lop 190 (Wi 6o, 70) I
and therefore, for the ¢ in Assumption (i),

Ep[|Xinll?] = Ep[l4,"*0(Wi; 60, m0) |1
< ||A Y2 Ep[|[v (Wi 60,m0) 1]
<%0, (OA.1.2)

More explicitly, the first inequality uses

1AL Y20 (Wis 0o, o) |1 < (| AL 2118, 1140 (Wi 0, m0) |



pointwise, and then expectation is taken on both sides. The final inequality substitutes
the uniform eigenvalue bound and the moment bound from Assumption 8(i). This
verifies a row-uniform gth moment bound for the transformed triangular array. Because
Assumption 8(i) imposes ¢ > 8, the moment requirement in the quadratic-form

bootstrap theorem is satisfied with slack.

Step 4: growth restriction in terms of effective rank. The high-dimensional
theorem used below controls the bootstrap approximation through the trace of the row
covariance matrix. Here that trace is exactly reg(p,). Accordingly, Assumption (iii)

becomes
tr(zn)4 o 7“eﬂ“(Pn)zl
n N n

—0

uniformly over P € P,, which is precisely the required dimension-growth condition
after the ridge normalization.

Because the equality is exact, no additional comparison argument is needed: the
growth regime assumed for the ridge effective rank transfers verbatim to the trace
growth condition in Pouzo (2015). This is the point at which the proof imports the

main paper’s effective-rank assumption into the bootstrap theorem.

Step 5: multiplier array. Assumption 8(v) gives i.i.d. standard normal multipliers
independent of the data. Hence the multiplier conditions in Pouzo (2015) are imme-
diate: the multipliers are centered, have unit variance, and possess moments of all
orders.

In particular,

E[gz} = 07 E[§2] = 17 E[’&’m] < 0o for every m > 17

)

and the collection {&;}7, is independent of {W;}?_,. Conditional on the realized data,
the only randomness in @), therefore comes from a multiplier array satisfying the

exact moment and independence conditions required for the weighted bootstrap.

Step 6: application of the weighted-bootstrap theorem. The triangular array
{Xi,}, has now been verified, uniformly over P € P,, to satisfy all ingredients

required by the theorem of Pouzo (2015) for quadratic forms of sample averages:

(a) row-wise i.i.d. sampling and mean zero;

7



(b) covariance matrix ¥,, with ||2,|op < 1;

(c¢) a uniform gth moment bound (OA.1.2) for some g > §;

(d) the growth restriction tr(%,)*/n — 0;

(e) i.i.d. mean-zero, variance-one multipliers with sufficiently many moments.

Each item matches a specific ingredient of the theorem in Pouzo (2015): part (a)
above verifies the triangular-array sampling structure, parts (b)—(d) provide the
covariance and moment controls, and part (e) supplies the admissible multiplier
scheme. Accordingly, that result can be invoked with row covariance matrix X,
and statistic equal to the squared Euclidean norm of the normalized sample average.

Applying that theorem to the statistic

and its multiplier version

1 n
H\/ﬁ izzlgin,n )
one obtains
2

uniformly over P € P,,. Substituting the identities already established for )y, and
Q5,, vields

teR

uniformly over P € P,,, which is the claim. O]

Remark OA.1. Lemma OA.1 is stated under the moment conditions of the main
paper’s effective-rank regime, so the oracle cdf approximation remains valid for more
general mean-zero, variance-one multipliers with finite ¢th moments. The random-
critical-value size-control theorem in the main paper is nevertheless stated for Gaussian
multipliers, because continuity of the feasible bootstrap law is then immediate from
Lemma OA.3.



Lemma OA.2 (Anti-concentration of the oracle Gaussian ridge-bootstrap law). Let

_ _ 1 &
Bon = A, 20,0A1 2, Qppo = - > b(Wis 0, m0)0 (Wi 00, m0) T
i—1
and let
Him 2 M2 = 2 fdym = 0

denote the eigenvalues of By,. Let
Gon(t) := Pp(Qg, <t | Gn)

be the conditional cdf of the oracle Gaussian ridge-bootstrap statistic. Suppose there

exists a constant A > 0 such that

. - .
Plg?gn Pp(p1n>A) =1

Then there exists an absolute constant C' < oo such that for every deterministic

sequence 1, | 0,

sup Pp (sup (GOn(t + 1) — Gon(t — nn)) > C 'r]n/)\> — 0.

PePy, teR

In particular,
sup (GOn(t + nn) - G0n<t - 77n)> = 0P<1)

teR

uniformly over P € P,,.

Proof. Fix P € P,,, and condition on G,. Define
Xin = A;1/2¢(Wi;90,770)7 By, = Agl/QQn,oAﬁl/z = — ZXi,nXiTn-
iz ’

Then {X;,}?, and By, are fixed.

The objective is to bound the oscillation of the conditional distribution function of
Q;,, over intervals of radius 7,,. Because conditioning on G, freezes the array {X;,}" ,
the problem becomes finite-dimensional and deterministic conditional on the data: the
only remaining randomness comes from the Gaussian multipliers. The proof therefore

proceeds by writing the bootstrap quadratic form as a weighted sum of independent



X3 variables and then showing that the largest non-negligible weight already forces an

anti-concentration bound.

Step 1: conditional Gaussian representation of the oracle bootstrap statistic.

By construction,
2

f' md N(O 1)

Y

Qan H\/—Zfz i,n

Conditional on G, the vector
1 n
* Py—
n;3
is Gaussian with mean zero. Its conditional covariance matrix is

Z Z E glé.] Xz,nXJTn

=1 j=1

/2Q A 1/2 __ B0n7

Ep[Su(S0)7 1 Ga] =

:L 3\*—‘ 3\’—‘

where the second equality uses Ep[&;€;] = 1{i = j}. Hence, conditional on G,,
52 £ N0, Bo), Q=S5
If Z, ~ N(0,1,,), then the standard covariance-factorization identity gives
St L Byl Z,,

and therefore
Qi L Z] BonZy.
The covariance calculation can be unpacked slightly further. Since

SE(Sz) " ZZ%X X

i=1j5=1

10



conditional expectation with respect to the multipliers acts only on the scalar products

&&;. Independence and standard normality imply

so all cross terms vanish and only the diagonal terms remain. This is exactly why the
bootstrap covariance equals the empirical covariance matrix By,.

Because any centered Gaussian vector is completely characterized by its covariance
matrix, the law of S’ | G, is the same as that of By*Z,, where Z, ~ N(0,1q4,,).
Squaring the Euclidean norm then converts the bootstrap statistic into a Gaussian

quadratic form with deterministic matrix By,.

Step 2: spectral decomposition and reduction to independent x? coordinates.
Because By, is symmetric and positive semidefinite, the spectral theorem yields an

orthogonal matrix U,, such that

U, BouUy, = diag(fins oy - - s Hdgm)s Mg = o+ > Hagm = 0.

Since orthogonal transformations preserve the standard Gaussian law, U, Z, ~
N(0,1,,,). Writing (Z1,...,Za,,)" := U, Z,, one obtains the conditional repre-

sentation
dg.n

Qon =" i 22, (OA.1.3)
j=1

where 71, ..., Z,,, are ii.d. standard normal.

This representation is immediate from the orthogonal invariance of Z,,: indeed,

Z, BonZn = Z, U, diag(pans - - - » fdy 0 Uy, Zn

dg,n

i Z uj,nZJQ
j=1

Thus the conditional distribution of the full quadratic form is completely determined
by the eigenvalues of By,.

A key observation is that at least one coordinate receives non-negligible weight on

11



the event {p11,, > A}. To exploit that coordinate, define

an"

j=2
Then V,, is independent of Z; and
an g :ul,nZlQ + Vn

The independence follows because V;, is measurable with respect to (Zs,...,Zy, ),
while Z; is independent of that vector. Hence conditional on V;,, the randomness in

Q5 is driven entirely by the one-dimensional term p , Z3.

Step 3: reduction of anti-concentration to a one-dimensional problem. Fix
n > 0 and t € R. Conditional on (V,,,G,),

Pp(t=n <@, <t+n|Va,G,)
= P(t—n—Vo<maZi <t+n-V,).

Taking expectations with respect to V,, conditional on G, gives

Gon(t +n) = Gonlt — 1) = Pp(t =0 < Q5 <t + 1 Gn)
:E}S{P(t—n—vn<u1,an§t+n—Vn)‘Qn}

< sup P(s <nZi < s+ 27]). (OA.1.4)

seR

Thus the conditional anti-concentration problem for the full quadratic form is reduced
to an anti-concentration bound for one scaled x? variable.

The last inequality is simply a re-centering argument. For each realization of V,,
set

s=t—n—"V,.

Then the inner probability equals

P(s < Zi<s+ 277),

12



and this is bounded above by the supremum over all real s. Averaging with respect to
the law of V,, | G,, cannot increase that supremum. The many-dimensional problem is

therefore reduced exactly, not approximately, to a one-dimensional anti-concentration
bound.

Step 4: one-dimensional anti-concentration bound. There exists an absolute

constant Cy < oo such that for every p > 0, every h > 0, and every s € R,
P(s < pZ*<s+h) <Co/h/u,  Z~N(0,1). (OA.1.5)

The proof proceeds by splitting according to the location of the interval (s, s + hj.

Case 1: s+ h < 0. Since uZ? > 0 almost surely,
2 _
P(s <pz®<s+h) =0,

so (OA.1.5) is trivial.

Case 2: s < h. Then the interval (s, s + h] intersects [0, 00) in a subset of [0, 2h], and
thus

P(s <pZ® <s+h) < P(0<p2* <2h) = P(|Z] < \/2h/p).

Using the elementary Gaussian bound

z ] 2 2z 2
P Z < :/ e * /2d <7: — , >0’
(1Z<0)= [ e Pars =\ 2a a2

P(s<u22§s+h)§\/§ﬁ:\/2%\/h/7.

The set inclusion used here is worth recording explicitly. If s < h and y € (s,s + h] N
[0,00), then 0 <y < s+ h < 2h. Hence

one obtains

(s,s+ h]N[0,00) C [0, 2h].

Since puZ? is nonnegative, only this intersection matters.

Case 3: s > h. Let Y, := puZ?. Since Z? has density y — (2my)~*/2e7%/2 on (0, 00),
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the change of variables y — y/u gives the density of Y),:

1 Y
fuly) = iy exp( - 2M>v y > 0.
Moreover,
d 1 1
—1 =———-—x<0 >0

so f, is strictly decreasing on (0, 00). Therefore,

s+h
P(s <Y, <s+ h) = /S fuy)dy < h sup fu(y) =hfu.(s) <

y€E[s,s+h]

ﬁ
)
=
@

Since s > h, it follows that h/s < 1, and hence

SR P
V2rps  2r\ Vs T V2r
Thus (OA.1.5) holds in Case 3 as well.

For completeness, the change-of-variables formula is as follows. Since Y, = uZ?,

for y > 0,
P(YMS?J):P<22§y>a
1
and differentiating with respect to y gives
1 1 1 1
Fuly) = —Fray/p) = =  ————e /W) = —__ /()
o moy2m(y/p) V2mhy

Monotonicity of the density then implies that among all intervals of a given length

lying in [h, 00), the largest probability mass is attained by pushing the interval as far

left as allowed; this heuristic is exactly what the bound by hf,(s) formalizes.
Combining the three cases, (OA.1.5) is valid with, for example,

CO = ﬁ

Step 5: conclusion on the event of a nondegenerate leading eigenvalue.

Returning to (OA.1.4) and applying (OA.1.5) with h = 29 and p = 11 ,,, one obtains

14



for every t € R,
Gon(t + 1) = Gon(t —n) < Coy/2n/ pir -

Hence, on the event
En = {,ul,n > A}7

the deterministic bound holds

sup (G’On(t + 1) — Gon(t — n)) < Coy/2n/ A

teR
Define V3
24/2
C:=Cv2=——.
V2 N
Then on E,,

sup (Gon(t + 1) — Gon(t — 1)) < Cy/n/A.

teR
This is the key deterministic inequality: once the largest eigenvalue of B, is
bounded away from zero, the entire conditional cdf admits a modulus of continuity
of order /n. The bound is uniform in ¢ because the one-dimensional supremum in

(OA.1.4) was already uniform in the shift parameter.

Step 6: uniform probability statement over P,. Now set n =1, | 0. By the
hypothesis of the lemma,
Plélgn Pp(E,) — 1.

Therefore,

sup PP<SUP (GOn(t + nn) - GOn(t - ﬁn)) >C 77n//\)

PEPy teR
< sup Pp(ES) — 0.
PEPy,
This proves the first displayed assertion.
Finally, because 7, | 0, the deterministic envelope C/n,/A converges to zero.

Hence
sup (Gon(t + ) — Gon(t — 1)) = op(1)

teR

uniformly over P € P,,. This proves the lemma. O
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Lemma OA.3 (Continuity of the feasible Gaussian ridge-bootstrap law). Assume
the multipliers are i.i.d. standard normal. Conditional on G, if fi1,, > 0, then the
bootstrap statistic ()}, has a continuous distribution function on R.

On the event )\min(fln) > 0, which has probability tending to one under the feasible
covariance approximation and Assumption S8(ii), the following identities are well
defined. More precisely, if
>0

g, —

XI,nZXQ,n_"'ZXd

denote the eigenvalues of én, and r, == #{j : ij > 0}, then conditional on G,
x d WY
Qn = Z )\],anz7
j=1
where Zy, ..., Z,. are i.i.d. standard normal. In particular,

PiQr=t|G,) =0 for every t € R.

Under Assumption 8(vii), the event {fi1,, > 0} occurs with probability approaching one
uniformly over P € P,.

Proof. Conditional on G,, the vectors v;(6) are fixed and the multipliers &, ..., &,
are i.i.d. N(0,1). Therefore

@wzﬁzwm>
=1

is a conditionally Gaussian random vector, because it is a deterministic linear com-
bination of jointly Gaussian multipliers. Its conditional mean and covariance are
computed explicitly. First,

1 n

NG Z:ZI Ep[&]0:(00) = 0,

since each multiplier has mean zero. Second, using independence of the multipliers

Ep[:(00) | Ga] =

16



and Ep[§¢5] = 1{i = j},

I —

&0 )(\/—Zfﬂ/}j 90) Gn

v
VR

Si-
s

s
I
—_

E}|3(00)7:(60)" | Gu|. = E

_ i 3 g S [66] Di(00) D (00)T
-2 zw (00)0:(00)"
—0,(60)

Hence, conditional on G,,,
95 (00) £ 0,(00)V%22,  Z~N(0,1,,,).

This is simply the standard representation of a centered Gaussian vector with covariance
matrix Qn(eo).
Substituting this representation into the bootstrap quadratic form gives

4 (Qn(eo)l/QZ)T 1, (Q(60)22)
= ZT0(00) 2 A1, (00) 2 2.
On the event )\min(ﬁn) > 0, which has probability tending to one under the feasible

covariance approximation and Assumption 8(ii), the following identities are well

defined. Let
M, = Q. (00) /A1, (60) V2.

Since

Ap = Q,(00) + pal,
the matrices A,, and Qn(ﬁo) commute, and so do their spectral powers. Hence

o~

M, = A-V%Q,(0,)A;Y? = B,

as an exact algebraic identity.
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By the spectral theorem there exists an orthogonal matrix U,, such that

~

U B,U, = diag(Mp, - -, Aryn, 0, ..., 0),

with r, = #{j : j\m > 0}. Because a standard Gaussian vector is invariant under

orthogonal transformations, U, Z ~ N(0, I, ). Writing
Ul Z = (Z,...,2a,,)"
with Zy,...,Z,,, ii.d. standard normal, one obtains

QL 7™M, Z=2"B,Z
= Z"U, diagMips -3 Ay 0,...,0) U Z

Tn
d 3 2
=D AinZ;.
Jj=1

This proves the claimed conditional representation.
Suppose now that fi; , > 0. Since fiy,, is the largest eigenvalue of En, this implies
le > 0, and therefore r,, > 1. Write

Tn
X 2 — 5\ 2
Y= a2l V=S AaZ?,
=2

so that Q =Y, + V,,. Because Y,, is measurable with respect to Z; alone while V, is
measurable with respect to (Zs, ..., Z, ), and the coordinates of Z are independent,
Y, and V,, are independent conditional on G,,.

Continuity of the law of Y,, is verified next. Since Z? has density

1
fr(u) = ——e %2, u >0,
! 2Tu

a change of variables y = /A\Lnu yields, for y > 0,

o) = 5t (5 ) = o~ )
Y, = = 2| =< = — X — =< .
Mo T\ M) 2rd 21,0

Thus Y,, has a density on (0, 00), so its distribution function Fy, is continuous on R.
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Now condition again on G, and on V,,. By independence of Y,, and V,,, for any
t e R,

PH(Q; <] Ga) = Pp(Ya + Vo <] Gy)
= B[ Pp(Ya <t =V | V2, G0) | Gl
= B[Py, (t = V) | G-

This is the convolution formula for the cdf of a sum of two independent random

variables. To show continuity in ¢, let ¢, — t. Since Fy, is continuous,
Fy, (tym, — V) = Fy, (t = V) almost surely under Py(- | G,).
Also, 0 < Fy, (-) < 1. Therefore dominated convergence gives
B[ Fy, (tn = Vi) | Gn| = ER[Fy, (t = Vo) | Gal.

Hence the map
t = Pp(Q, <t|Gn)

is continuous on R. A distribution function is continuous at ¢ if and only if there is no

point mass at t, so it follows that
Pr(Qr=t|G,) =0 for every t € R.
Finally, Assumption 8(vii) states that
inf Pp(fi1, >A") — 1
AZf, Prlin 2 A7)

for some A* > 0. Since the event {fi;,, > A"} is contained in {f;, > 0}, for every
PeP,,
Pp(firn >0) > Pp(fin, > A7),

Taking the infimum over P € P,, on both sides yields

. R S Y '
Plggn Pp(fi1,, > 0) > Plél’lgn Pp(fun>A") =1

Thus the event {fi;,, > 0} occurs with probability approaching one, uniformly over
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P € P,,. This proves the final assertion. O

OA.2 Conditional QLR / CLR with Cross-Fitted
Orthogonal Moments

This section records the full conditional-inference construction that underlies Theorem 6
in the main text. The construction follows Andrews and Mikusheva (2016) and adapts
it to the leakage-free filtration induced by LF-NCF.

OA.2.1 Setup

For each 6 € ©, define

1 -~ 1 &
./g\n(e) = 7n Z¢z(0)> gn,O(Q) = 7 Z¢0 1(0)7
i=1 =1
and |
in<9779) = EZ&(@@(WT, 2no 9 ?9 n - Z%z 1001
i=1
Let

Sp(0,9) = Ep[(W;0,n0)0(W;9,m0)" | -

Assumption OA.1 (Process regularity for conditional inference). Uniformly over
P e P,

(i) there exists ¢ > 4 such that

sup sup Ep[[[¢y(W;8,n0)||] < oo
PeP,(6p) €O

(ii) the class
{w(767770) S 6}

is P-Donsker, uniformly over P,, and the associated Gaussian approximation

admits a version with almost surely uniformly continuous sample paths on ©;
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(iii) the product class
{00, m0)0(59,m0)" : (0,9) € ©}

is uniformly Glivenko-Cantelli, so that

sup [2,,0(0,7) = Ep(8,9)[lop = 0p(1)
0,9€0

uniformly over P € Pp;

(iv) there exist constants 0 < ¢ < C < oo such that

inf inf Apnin(Xp(0,0)) > ¢, sup  sup ||Zp(0,0)||op < C;
A 0f A (2P (6, 0)) pSup sup S0, 0)lln

(v) under LF-NCF and the nuisance-rate assumptions of the main paper,
sup [|gn(6) — gn0(0)|| = op(1),
0cO
and

sup [|Z(6,9) — 2n0(6,9)||lop = 0p(1).
6,9€0

Lemma OA.4 (Oracle Gaussian approximation). Under Assumption OA.1(i)-(iii),

there ezists a Gaussian process G, p(-) in (*°(©) with mean function

,Un,P(e) = EP[gn,0<9)]

and covariance kernel
Cov(G,p(0), Gup(9)) = Sp(0,9) = 1" i p(0) i, p () |

such that
gno() = Gnp() i £7(0),
uniformly over P € P,.

Proof. For each 6, g,,0(0) is a rescaled empirical average with finite-sample mean

tn.p(0) = /R Ep[tp(W;0,1)]. Its covariance kernel is

Cov(gn0(6), gn0(9)) = Sp(0,0) = 0" i p (O)pta,p (V)
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Under Assumption OA.1(i)—(ii), the class {¢(;0,1n0) : 8 € O} is uniformly Donsker
with uniformly bounded g-moments, so the standard empirical-process Gaussian
approximation applies uniformly over P € P,; see van der Vaart and Wellner (1996).
Assumption OA.1(iii) supplies the required covariance regularity. This yields the

stated Gaussian approximation. n

Lemma OA.5 (Feasible Gaussian approximation under LE-NCF). Under LF-NCF,

Assumption OA.1, and the orthogonality and nuisance-rate conditions in the main

paper,
(1) = G, p(4) in (>(0),

uniformly over P € P,, with the same Gaussian approrimation as in Lemma OA.4.

Moreover,

sSup ||in(9,19) - EP(9719)||OP = OP(l)
0,0€0

uniformly over P € P,.

Proof. Assumption OA.1(v) gives feasible-oracle equivalence uniformly over © and
SR

sup [|§n(0) — gn,0(0)[| = op(1), sup (|5 (0,9) — S o(0,9)lop = 0p(1).
) 0,9€0

The uniform covariance-kernel law of large numbers in Assumption OA.1(iii) gives

sup [|X,,0(0,9) — Xp(0,9)|lop = 0op(1).
0,9€0

Lemma OA .4 yields
gno() = Gnp()  In £7(0),
and Assumption OA.1(v) gives
Sup [[9n(6) = gno (01| = op(1).

Therefore
Gn() = Gup(-)  inl2(0),

by the standard perturbation argument for weak convergence in the supremum norm.
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]

OA.2.2 Conditional QLR statistic and simulated critical value

Define the feasible nonsingular domain
oy = {9 €0 :3,(0,0) is nonsingular}.
For each null value 6, € ©;°, define
QLR (6) := Gn(00) S (6o, 60) ™ G (6) — gé%fg Gn(0) "0 (6,6) "G (6).

Under Assumption OA.1(iii)—(v), O = © with probability tending to one; the
restriction to ©;° only makes the finite-sample definition explicit.
Following Andrews and Mikusheva (2016), define the feasible sufficient-statistic

transform

hn(e) = gn(e) - in(ea eo)in(em 6‘0)71§n(60)7 0 € o.
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Algorithm 1 Conditional QLR test / confidence set under LF-NCF

1: Input: a grid Ogq C O)° (or an optimizer), simulation size B, and level a.
2: Compute §,(0) and %,,(6,9) for 6,9 € O 4q.
3: for each 0y € O44q do
4: Compute En(e) for 0 € Ogig.
5: Simulate i.i.d. draws
¢~ N(0,50(60,00)),  b=1,...,B.
6: Form

GaD(0) := n(0) + S (0, 60) (60, 60) €Y

7 Compute

QLR (6y) = 5, (00) 'S0 (00, 00) 75, (00) —  inf i (0)75.(6,0)717,0(6).

grid

Let 7% (6,) be the empirical (1 — a)-quantile of {QLR:®(6)}2.,.
9: end for

®

10: Output the inverted confidence set

CEA™ = {0y € Ogia : QLR (00) < &4 (60) }.

The theorem below is stated for the exact infimum over ©. A grid implementation
is covered whenever the discretization error in the displayed infima is op(1), uniformly
over P € P,. In the algorithm, this corresponds to taking ©,q sufficiently fine or
using a numerical optimizer over ©.

For a fixed null value 6y, write
Pu(bo) = {P € P, : Ep[(W; 60, 1m0)] = 0}.

Theorem OA.1 (Uniform size of cross-fitted conditional QLR under LF-NCF).
Assume LE-NCF and Assumption OA.1. Fix a null value 0y € © and consider P € P,
satisfying

Ep[)(W;60,m0)] = 0.
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Suppose QLR (6y) is computed as above and the conditional critical value ¢, 2" (6y)

is computed by Algorithm 1 with B — oo. Then, for any fized € > 0,

limsup sup Pr
n—o00  PePy(0) ¥

(QLR.(60) > %™ (00) +¢) < v

If the Gaussian benchmark difference
TqSP = QLRS,P(HO) - Cg?;ip(eo)

has a distribution that is continuous at zero uniformly over P € P,(6y), the slack e

may be omitted.

Proof. The argument is organized in four steps.

Step 1: joint weak convergence of the objects entering the CQLR construc-
tion. By Lemma OA.5,

gn(-) = Gnp() i £2(0),
uniformly over P € P,,, and

sup || (0,9) — Sp(0,9)]op = 0p(1).
0,9€0

Define the feasible sufficient-statistic transform
hn(0) 1= Ga(60) = 506, 60)%0 (00, 00) " 'Gu(00), 0 €O,
and its Gaussian-population analogue
hn,p(0) = Gy p(0) = p(6,00)Ep(60, 00) ' Gy, p(6o)-

Because evaluation, matrix multiplication, and inversion are continuous on the set
of nonsingular matrices, and Assumption OA.1(iv) guarantees nonsingularity of

Y p(0o, 6p), the continuous mapping theorem gives

(90(00), Bn (), a(-,)) = (G p(00), hp(), S, )
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uniformly over P € P,,.

Step 2: finite-sample Gaussian experiment and conditional nuisance elimi-
nation. Write
Gn,P(') = Mn,P(') + Zn,P(')7

where p, p(0) == Ep[gn0(6)] and Z, p(-) is a mean-zero Gaussian process with covari-

ance kernel
CoV(Zn,p(0), Znp(9)) = Sp(0,9) = ™" i p(0)ptn p(9) "
Then

i, p(0) = pin,p(0) — Sp (0, 00)Sp(00, 60) " i, (60)
+ Znp(0) — Xp(0,600)2p (00, 90)_1Zn7p(90).

Under the null, p, p(6y) = 0. Hence
Cov(Gnr(0), Gup(0h)) = Sp(0,00),  Cov(Gnp(bo),Gnr(fh)) = Sp(fo, bo).
Therefore, for every 6 € ©,

Cov(hnp(0), Gy p(00) ) = Cov(Gy p(6), Gr,p(60))
— ZP(Q, 90)213(90, 90)_1 COV(GmP(Qo), Gmp(e()))
=Yp(0,00) — Xp(0,00)2p (00, 00) S p(00, 60)
= 0.

Hence every finite-dimensional restriction of h,, p(-) is uncorrelated with G,, p (o).
Because the joint law is Gaussian, uncorrelatedness implies independence. This is
the exact sufficient-statistic reduction used in the conditional-inference framework of

Andrews and Mikusheva (2016).

Step 3: joint weak convergence of the feasible statistic and critical value.
Define

Q(g, %) := g(0o) ' 2(60, 60) " 9(6) — inf 9(6)" (6,0)"'9(0),
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and let Cy_,(h,X) denote the (1 — a)-quantile of the conditional Gaussian QLR law
generated after conditioning on the residual/sufficient process h and using covariance
kernel 3, where the randomness is over the Gaussian draw used in the conditional

reconstruction. Then
QLRA(60) = Q(Gn, Tn), G0 (60) = Cra(Pn(-), Tl ).
The Gaussian benchmark objects are
QLR p(00) = QGnp, Tp), 40 p(00) = CooalBnp(-): T (7))

Under the continuity condition in Andrews and Mikusheva (2016), both maps are
almost surely continuous at the Gaussian limit object. Hence the continuous mapping

theorem applied to
(3000 7a(-), 2a(-)) = (Gup (), hap (), Zp(-, )

yields
(QLR(00), 2% (80)) = (QLRS p(B0), T4 p(00))

uniformly over P € P,,. Therefore, with
T, = QLRu(00) = e 3" (), T.Jp = QLR p(00) — e p(0o),
another application of the continuous mapping theorem gives
T, = Typ
uniformly over P € P,,.

Step 4: transfer the Gaussian size bound. The conditional-inference result of
Andrews and Mikusheva (2016) implies

Pr(Tp>0) <a
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uniformly over P € P, (6y). Let A, := [g,00), which is closed. Sincee > 0, A. C (0, 00),
and hence
Pr(T¢p € A.) < Pr(T¢p > 0) < a

uniformly over P € P,(6y). Since
{T,, > e} C{T, € A},
the portmanteau theorem yields

limsup sup Pr(7, >¢) <limsup sup Pr(7, € A.) < sup Pr(T,?P € Aa) < a.
n—o0o  PeP(o) T n—00  peP,(6y) T PEP(00) ’

Equivalently,

limsup sup Pr(QLRn(QO) > 810_%LR(90) + 5) <a.
n—0o  peP,(6y) ¥

If the law of 7)), is continuous at zero uniformly over P € P,(6), apply the same

closed-set argument with Ay := [0, 00). Uniform continuity at zero gives
Pr(T¢p € Ag) = Pr(T¢p > 0) = Pr(T5, > 0) <a
uniformly over P € P, (6y). Since
{T, > 0} C{T,, € Ao},
the portmanteau theorem yields

limsup sup Pr(7, >0) <a.
n—00 PeP, (o) ¥

]

Proposition OA.1 (CQLR reduces to CLR in homoskedastic Gaussian linear IV).
In the homoskedastic Gaussian linear-IV model with one endogenous regressor and
the standard linear-1V moments, the conditional QLR test based on the statistic above
and Algorithm 1 coincides with Moreira’s (2003) conditional likelihood ratio test,
equivalently with the implementation in Andrews, Moreira, and Stock (2006).
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Proof. Let
Zn = (Zl,,.,,Zn)TERnXdZ, Yn = (le,...,Yn)Ty Dn = (Db"'aDn)T?

and similarly U, := (Uy,...,U,)", V,, := (V4,...,V,)T. Consider the homoskedastic

Gaussian linear-IV model with one endogenous regressor,
Y; = Dby + U, D; =Zlm+V,,

where, conditional on Z,, the reduced-form errors (U,,V,,) are jointly Gaussian,
homoskedastic, and satisfy E[U, | Z,] = E[V, | Z,] = 0. The standard linear-IV

moment condition is based on

Conditional on Z,,

1 1
90(6) = =72 (Yu = Dab) = <=2 Uy + (o — 6) =21 (Zum + V).
v Vi v
Hence, conditional on Z,,, g, () is Gaussian for every fixed , and the process 6 — g, (6)
is affine Gaussian conditional on Z,. This is the exact finite-sample conditional
Gaussian experiment underlying the classical CLR construction as in Moreira (2003)
and Andrews, Moreira, and Stock (2006).

That affine representation can be written directly from the structural equations:

gn(6) = \/%ZT (v = Do)

— \/%ZT (DHO +U - De)

1 1
= —Z2'U+,—0)—Z"D

1 1
= 72U+ 0y—0)—Z" (Zr + V).

Hence

R R

Vn Vn

so 0 — ¢,(0) is affine. Conditional on Z,, every finite collection (g, (61),. .., 9n(0m))

Gn(0) = a, — b,0, an =—=2'Y, b,:=—2Z'D,
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is jointly Gaussian because it is a linear transformation of the conditional Gaussian
reduced-form errors (U,, V).

In this specialization, orthogonal-score estimation and oracle-score estimation
coincide, so the feasible objects in Algorithm 1 reduce to their population Gaussian

counterparts. In particular, the covariance kernel takes the form
- . 1 .
z&aeyzxgqggmdhwn::nvm(zTof_zwszQn-Dﬁ),

and homoskedasticity implies that the dependence on 6 and 6 enters only through
the scalar residual combinations Y — Df and Y — D@, not through any additional
nonparametric nuisance.

The conditional QLR construction in Algorithm 1 uses the transformed process
BH(Q) = ./g\n(e) - in(ev Qo)in(em 90>_1§n(00)'
In the present model, replacing hats by their Gaussian linear-IV analogues gives

P (0) = gn(0) — S0 (0,00) (60, 60) " g (60)-

Because the pair (g,(0), gn(0)) is jointly Gaussian, this is exactly the linear projection

residual from regressing g, () on g,(6y). Therefore,

Cov (hn(0), gn(f)) = 0.

For jointly Gaussian vectors, zero covariance implies independence, so h,(f) is in-
dependent of g¢,(6y) for each fixed §. More generally, the entire residual process
{h,(0) : 0 € O} is independent of the sufficient statistic generated by g,(6y) after
conditioning on the classical reduced-form Gaussian experiment. This is the same
orthogonal decomposition that underlies Moreira’s conditioning argument.

To see the covariance cancellation directly, write

Cov (ha(6), ga(00)) = Cov (9u(6), gn(60)) = Tn(6; 60) (00, 60) ™" Cov (gu(60), 9 (00))
=3,(0,00) — X,(0,00) 2, (60, 00) 2, (60, 60)
=0.
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Thus the conditional law used in Algorithm 1 is exactly the Gaussian law obtained
after partialling out the sufficient statistic for the nuisance strength parameter. In the
present Gaussian linear-IV model, this transformation is a one-to-one linear transform
of the classical sufficient statistic for the nuisance reduced-form parameter governing
first-stage strength. This is exactly the sufficient-statistic reduction underlying the
CLR test of Moreira (2003) and the invariant formulation in Andrews, Moreira, and
Stock (2006).
Next consider the statistic itself. The conditional QLR statistic is

QLR (00) = Gu(00) "5 (00, 00) ™5 (0) — inf 5(6) TS0 (0, 0) 715 (0).
In the Gaussian benchmark, define
@ (0) = gu(0) "2n(0,0)'gu(0), QLR (8) = Q; (o) — inf Q;(0).

Because ¢,,(0) = a,, — b,0, the criterion Q% () is the Gaussian quadratic form obtained
by evaluating the log-likelihood ratio at € after concentrating out the nuisance reduced-
form parameter. With one endogenous regressor and any finite number of instruments,
the Gaussian likelihood is a quadratic function of the reduced-form coefficient vector, so
profiling over 6 yields the likelihood-ratio statistic used in Moreira’s CLR construction.

More concretely, under homoskedastic Gaussian linear IV the pair of reduced-form
coefficient estimators can be rotated into the canonical statistics customarily denoted
(S,T) in the CLR literature. The statistic S is sufficient for the nuisance parameter
proportional to m, while T" contains the information about 6, after conditioning on
S; see Moreira (2003); Andrews, Moreira, and Stock (2006). The conditional QLR
statistic above is invariant to this nonsingular linear reparameterization of the Gaussian
experiment. After the rotation, Algorithm 1 computes exactly the same conditional
quadratic-form comparison based on (S5, 7T') that defines CLR.

Equivalently, the infimum over # in
QLIS (60) = Q5 (00) — jnf Q5 (0)

plays the same role as profiling the Gaussian likelihood over the structural parameter
under the null and under the unrestricted alternative. Since the Gaussian model is

fully parametric and the orthogonal-moment criterion coincides with the Gaussian

31



score-based quadratic form, no gap remains between the conditional QLR objective
and the classical likelihood-ratio objective. Under homoskedastic Gaussian linear
IV with one endogenous regressor, the covariance kernel does not introduce any
nonlinear nuisance structure beyond the classical concentration/strength parameter,
and the Gaussian quasi-likelihood ratio above is exactly the Gaussian likelihood-ratio
statistic used by the CLR procedure. This identification is the linear-IV specialization
established in the conditional Gaussian framework of Andrews and Mikusheva (2016).

Therefore, both ingredients of the procedure coincide with CLR:

(i) the conditioning statistic hy, is equivalent to the classical sufficient statistic for

first-stage strength;
(ii) the objective function defining QLR,, is the CLR likelihood-ratio statistic.

Consequently, the simulated conditional critical value produced by Algorithm 1 coin-
cides with the CLR critical value, and the resulting conditional QLR test coincides
with Moreira’s (2003) CLR test, equivalently with the implementation in Andrews,
Moreira, and Stock (2006). O

OA.3 Worked Verification for Sparse Linear Nui-

sances

This section verifies the nuisance-rate and library-complexity conditions for a standard
sparse-linear learner class. The verification makes the main paper’s curated-library

conditions operational in a standard sparse-linear setting.

Proposition OA.2 (Verification of nuisance-rate and screening conditions under

lasso). Let X € RP». For each nuisance component q € {p,m,r1,...,7q4.}, Suppose

w(@) =2 Bog  [Bogllo < sus

and suppose the regression errors are uniformly sub-Gaussian and the design satisfies
a uniform restricted-eigenvalue condition. Let the candidate library be a finite grid of

lasso penalties A, with log |A,| = O(logn). Suppose there exists a subset A8°°4 C A,
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of theoretically valid penalty levels such that for every X € A8°°d,

N sy, log vy,
1Gk(A) — ol 2Py = Op (\/ ngp)

uniformly over folds k. If
Splogp, = 0(711/2),

then

sup (|G (M) — ol zacpy = 0p(n™4).
k,)\GA%OOd

If, in addition, the prediction losses and the component products entering ﬁ(v)

and iz(y) have uniformly sub-exponential tails, then

~el'y Tsel

~ log T,
sup ‘Rpred (7) - Rpred(fY)‘ = OP( ‘ |) ;

and

vel'y Nsel

sup (S (3) — Son1(1))] = op( lg'”) ,

for the finite curated library T, built from A8°°d.

Proof. The first claim is the standard lasso prediction-rate bound under uniform
restricted-eigenvalue conditions and sub-Gaussian errors; see Bithlmann and van de
Geer (2011) and Belloni, Chen, Chernozhukov, and Hansen (2012). Uniformity over
the finite penalty subset A2°°¢ follows from a union bound. Under s, logp, = o(n'/?),
the resulting rate is op(n~/4).

For the prediction criterion, Bernstein inequalities applied to the selection-fold
loss averages and a union bound over the finite library give the displayed uniform
concentration of }?pred. For the strength criterion, the Bernstein step is applied to the

component averages

(y) =ngl X2 ZEND(),  Sa() =ngt Y. Ze()Ze(y)T

ieIsel jefsel
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Under the stated tail conditions, uniformly over v € I',,,

ITi(7) =TI + 1E2(0) = S201(1) ey = OP( log |Fn|> |

Nsel

On the event, whose probability tends to one under the stated eigenvalue condition,

that A\uin(22(n(7)) + &) is uniformly bounded away from zero, the map
(v, M) v (M + rI)" v

is locally Lipschitz on the relevant compact neighborhood. The uniform component

concentration therefore propagates to

sup ‘gn,ﬂ<7) - gn,n(n(f}/))‘ = O]P’( logw) .

vl Tgel

OA.4 Supplementary Technical Notes

Remark OA.2 (Heteroskedasticity-weighted strength as an optional extension). The
main paper uses the feasible effective-concentration proxy §n7,€ because it remains
operational under weak identification without requiring a uniformly consistent esti-
mator of 6. If a leakage-free anchor value 6, is available from the training sample,
a heteroskedasticity-weighted refinement can be built by replacing the unweighted
residualized first-stage covariance with a covariance weighted by the orthogonalized
structural residual U(Oyef, ) =Y — (X)) — Ot (D —m(X)). This refinement is natural

but not needed for the main theorem package.

Remark OA.3 (Alternative sufficient conditions for ridge AR). The effective-rank
condition in the main paper is a transparent sufficient condition rather than a sharp
frontier. The quadratic-form bootstrap argument may also be verified under alternative
trace-ratio conditions used in the high-dimensional quadratic-form literature. The main
text therefore emphasizes the effective-rank regime because it is dimension-agnostic

and easy to interpret.

34



OA.5 Additional Monte Carlo Diagnostics

This section records two supplementary diagnostics for the Monte Carlo designs used
in the main paper. The first table reports empirical null rejection rates for the
full baseline homoskedastic PLIV design. The second table reports a representative
weak-identification cell from the heteroskedastic baseline design. These results are
supplementary: the stylized toy experiment in the main paper remains the cleanest
finite-sample illustration of the leakage proposition, and the proxy-rich stress design
remains the cleanest illustration of strength killing.

Finite-sample null-size calibration in the full baseline PLIV design is reported in
Table 1. At n = 500, the leaky benchmark is clearly distorted, with rejection rates
between 0.156 and 0.179 across the 7 grid, whereas the two leakage-free procedures lie
between 0.075 and 0.077. At n = 2000, the leaky global procedure is numerically closer
to nominal than the two leakage-free procedures in this benign baseline design. The
finite-sample message is therefore not that the leaky rule is uniformly worse at every
sample size, but that leakage can generate first-order distortions and that LF-NCF

trades some finite-sample splitting cost for guaranteed no-own-observation reuse.

Table 1: Baseline homoskedastic PLIV design: empirical null rejection rates
Panel A: n =500
7 LF-NCF (pred-only) LF-NCF + IACV Leaky global

0 0.075 0.076 0.179
1 0.075 0.077 0.172
3 0.075 0.077 0.156
10 0.075 0.076 0.156
30 0.075 0.076 0.158

Panel B: n = 2000

7  LF-NCF (pred-only) LF-NCF + IACV Leaky global
0 0.077 0.083 0.071
1 0.077 0.084 0.071
3 0.077 0.083 0.070
10 0.077 0.083 0.070
30 0.077 0.083 0.071

Notes: Null rejection rates are evaluated at the nominal 5 percent level in the full baseline
homoskedastic PLIV design. The leaky benchmark is included only as a finite-sample
calibration diagnostic; the stylized Gaussian experiment in the main text remains the
cleanest mechanism-isolating illustration of leakage.
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Table 2 reports the heteroskedastic baseline design. The qualitative message is
unchanged. When the design leaves little room for systematic strength killing, LF-
NCF+IACV and LF-NCF with prediction-only tuning are nearly indistinguishable in
power, strength, and confidence-set geometry. This mirrors the benign homoskedastic

baseline and confirms that the gains from IACV are not mechanical.

Table 2: Heteroskedastic baseline design: representative weak-IV cell
Grid-boundary  Avg. CI

Method Power  (s.e.) Avg. §n7,{ freq. length
LF-NCF + TACV 0.102  0.007 14.390 0.931 1.629
LF-NCF (pred-only) 0.101  0.007 14.350 0.933 1.630

Notes: Representative cell in the heteroskedastic baseline design. The two rows are both
leakage-free; the absence of separation confirms that IACV is approximately neutral
when the candidate library leaves little scope for strength killing.

OA.6 Empirical Implementation Details and
Enriched-Control AK Evidence

Table 3 reports an enriched-control implementation of the AK91 cohort-V design
using the same three procedures studied in the paper: leaky full-sample predictive
tuning, LF-NCF with prediction-only tuning, and LE-NCF + TACV. The table shows
how the tuning architecture shifts the selected strength proxy and the associated
weak-identification-robust p-values in a demanding empirical specification.

The sample is cohort V from the official AK91 archive, that is, men born 1930-39
in the 1980 Census extract (Angrist and Krueger, 1991; Angrist, n.d.). The outcome
is log weekly wage and the endogenous regressor is years of schooling. The excluded
instruments are the 30 year-by-quarter dummies used in the classical AK91 benchmark.
The baseline exogenous controls are year-of-birth dummies, age, age squared, race,
marital status, SMSA status, and the eight region indicators.

Let XP%¢ denote the baseline exogenous controls. The enriched nuisance dictionary
X"l consists of XP*¢ together with the following predetermined transformations:
year-of-birth by region interactions, age by year-of-birth interactions, age by region
interactions, age-squared by year-of-birth interactions, race by region interactions,

SMSA by region interactions, and marital-status by region interactions. No excluded
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instrument or transformation involving an excluded instrument is included in Xt
The nuisance functions are estimated by sparse linear learners. For each nuisance

component, the candidate library is the lasso-penalty grid
A, ={0.25,0.5, 1, 2, 4} X Aplugin,

and the same penalty scale grid is used for the outcome, treatment, and instrument
nuisance regressions. Instrument residualization is implemented componentwise. The
empirical pipeline therefore matches the sparse-linear learner-class verification in
Section OA.3. The implementation mirrors the paper’s theoretical architecture:
leakage-free nested cross-fitting separates selection, estimation, and inference samples;

the prediction-quality screen uses a one-standard-error rule; and the strength proxy is

~ -1~

S () = neall(N) T (S2(7) + wI) " Ti(),

with R

tr(3yz)
d, ’

For the enriched-control implementation reported in Table 3, the implementation

K = Ko Ko = 1072

uses Kouter = 2 outer folds, Kipner = 2 inner folds, nyeps = 10 repeated random outer
partitions, B = 2000 conditional QLR simulations, and an adaptive AR inversion
grid initialized on [—0.5,0.5] and allowed to expand up to [—5,5]. For computational
feasibility in this implementation, the working sample is capped at n = 2000. The
reported quantities are the median orthogonal PLIV point estimate, the median AR
and CQLR p-values, the median selected strength proxy, the boundary-touch share of
AR confidence sets under adaptive grid expansion, and the median length of bounded

AR sets when such sets occur.

OA.6.1 Enriched-control AK evidence

Table 3 reports an enriched-control implementation of the AK91 cohort-V design using
the same three procedures studied in the paper: The leaky full-sample procedure tunes
and evaluates on overlapping observations and is reported as the empirical counterpart
of the score-evaluation reuse mechanism analyzed in the main text. The evidence is

directionally consistent with the paper’s strength-preservation mechanism. Relative
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to LF-NCF with prediction-only tuning, LF-NCF + TACV raises the median selected
strength proxy from 366.7 to 425.3, increases the median point estimate from 0.0609
to 0.0752, lowers the median AR p-value from 0.5324 to 0.3393, and lowers the median
CQLR p-value from 0.6699 to 0.3741. Those directional changes match the paper’s
identification-aware tuning mechanism.

At the same time, the AR confidence set reaches the numerical search boundary
in every replication for all three procedures, even after adaptive grid expansion. This
severe weak-identification geometry should be interpreted in light of the computa-
tionally restricted working sample, which is capped at n = 2000, combined with the
many-quarter instrument set. The original AK design relies on much larger samples to
accumulate first-stage information. Within this deliberately small working sample, the
tuning architecture nevertheless shifts the selected strength proxy and the associated

robust p-values in the direction predicted by the theory.

Table 3: AK91 cohort V: enriched-control implementation

boundary-touch  med. bounded

Procedure med. §  med. AR p med. CQLR p med. :S”\n,,{ share length
Leaky full-sample tuning  0.0566 0.7483 0.7561 334.5182 1.0000 -
LF-NCF (pred-only) 0.0609 0.5324 0.6699 366.6709 1.0000 -
LF-NCF + IACV 0.0752 0.3393 0.3741 425.3318 1.0000 -

Notes: Sample is the AK91 cohort-V extract (men born 1930-39 in the 1980 Census extract), with
the 30 year-by-quarter dummies as excluded instruments. The nuisance dictionary augments the
baseline AK controls with the enriched interactions described in the main paper. Entries are medians
across repeated random outer partitions. This implementation run uses nyeps = 10, Kouter = 2,
Kinner = 2, B = 2000 conditional QLR simulations, and an adaptive AR inversion grid initialized
on [—0.5,0.5] and allowed to expand up to [—5,5], with the working sample capped at n = 2000.
“Boundary-touch share” denotes the fraction of replications for which the AR confidence set reached
the numerical search boundary; because this occurred in every replication, no bounded-set length is
reported. The leaky full-sample procedure is included only as a comparison benchmark and is not
covered by the paper’s validity theory.
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