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Abstract

We develop an end-to-end procedure that renders double/debiased machine-
learning (DML) inference adaptive to the complexity asymmetries of the first-
stage nuisances. For any linear-functional target we view debiasing through
the Riesz representation, whose dual object, «g, is estimable by minimizing a
quadratic Riesz risk. Exploiting this variational characterization, we propose
a decoupled cross-validation scheme: the outcome regression g is chosen by
mean-squared prediction loss, whereas the representer « is selected by held-out
Riesz risk. Selection is nested inside cross-fitting, so the score remains Neyman-
orthogonal. We prove: (i) a fast-rate oracle inequality for the Riesz-risk selec-
tor over growing, possibly non-nested libraries; (ii) an adaptive orthogonality
lemma showing that data-driven architecture choice preserves second-order bias
control; and (iii) asymptotic linearity at the semiparametric efficiency bound.
Simulations and a 401(K) revisit show that the procedure automatically resolves
bias—variance trade-offs in same-architecture DML, delivering robust y/n con-
fidence intervals guarding against violations of the product-rate condition that

can generate non-negligible /n-scale drift in standard DML implementations.
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1 Introduction

Modern machine learning (ML) has broadened the scope of semiparametric economet-
rics by enabling flexible estimation of high-dimensional and nonparametric nuisance
functions (Mullainathan and Spiess| |2017). The double/debiased machine learning
(DML) framework of (Chernozhukov et al.| (2018) shows that combining cross-fitting
with Neyman-orthogonal scores yields y/n-consistent, asymptotically normal estima-
tors for a wide class of causal and structural parameters even when first-stage compo-
nents converge at nonparametric rates. Many such targets can be written as contin-
uous linear functionals of a regression nuisance, 6y = E[m(W, go)], go(V) = E[U | V],
for a known map m(-, -) that is linear and continuous in its second argument. For this
class, the efficient influence function depends not only on gy but also on a dual object—
the Riesz representer ap—that encodes the functional-specific geometry (Newey,
1994; Santos|, 2011, |2012; |(Chernozhukov et al, 2022allb). In particular, the canonical
orthogonal score takes the form ¢(W;0,g,a) = m(W,g) — 0 + o(W)"{U — g(W)},
and the post-orthogonalization drift is governed by the product of L?(P) errors,
16 — gollp2 |& — apl|p2- Consequently, accurate learning of «p is not an auxiliary
step but a first-order determinant of inferential validity for linear-functional targets.
Despite orthogonality, empirical DML implementations necessarily require choos-
ing how to learn the nuisances. Standard practice commits ex ante to a particular
double pipeline (e.g. Lasso/Lasso, Forest/Forest, Boosting/Boosting), and then tunes
within that pipeline by predictive criteria: MSE for outcome regression and log-loss
(or related scores) for propensity or other components. This workflow is natural from
a prediction perspective and aligns with the library-selection tradition of van der Laan
et al.| (2007)). However, prediction is not the inferential objective. For the representer,
the relevant loss is not governed by outcome prediction error, and predictive accuracy
for an intermediate nuisance (e.g. a propensity score) can be weakly informative about
|& — ap||p2, precisely because oy depends on the inverse geometry of the functional
and can be sensitive to regularization and tail behavior. Recent evidence documents
that hyperparameter choices that are essentially equivalent for prediction can lead to
materially different bias and coverage for debiased estimators (Bach et al., 2024]).
This paper isolates a distinct and practically important failure mode that is not
addressed by tune-for-prediction DML: architectural misspecification induced by sym-

metric pipelines. The DML remainder is a product of nuisance errors, so restrictions



that force the same learner family (or the same complexity regime) for g and a can be
first-order. In particular, a diagonal restriction may exclude the only nuisance pair in
a broader library whose error product satisfies the op(n_l/ 2) requirement, even when
such a pair exists off the diagonal. This is a pre-determined architecture-selection
problem rather than a tuning problem: the object is the learning procedure itself
(learner family, feature/regularization regime, and tuning rule), and the restriction
that couples the two nuisances can invalidate inference by construction.

Recent work has made major progress on learning o via its variational charac-
terization (Chernozhukov et al., [2024b)). |Chernozhukov et al.| (2022ajb) introduce
regularized Riesz regression based on the quadratic Riesz risk, and subsequent con-
tributions develop flexible implementations such as RieszNet and ForestRiesz (Cher-
nozhukov et al., 2024a; |Arganarazl, 2025; Katol |2025; |Quintas-Martinez, 2025), along
with related approaches to debiasing in inverse problems (Newey and Powell, 2003;
Chen and Pouzo, 2012; Bennett et al., 2023) and localized settings (Kallus et al.|
2024)). Canonical econometric examples of such inverse/conditional-moment struc-
tures include NPIV and related models (Newey and Powell, 2003 |Chen and Pouzo),
2012), and associated work on recovering linear functionals and efficiency/inference
(Santos, 2011} 2012; Severini and Tripathi, |2012; Abadie], [2003)). A complementary
perspective arises in the balancing/weighting literature, where the representer coin-
cides with population-optimal weights and connects debiasing to covariate balance
and minimax weights (Zubizarretal [2015; Athey et al., 2018; |[Hirshberg and Wager,
2021}, Bruns-Smith et al.| |2025)). These contributions clarify that representer learning
is central and that the appropriate objective is functional-specific. However, they
typically analyze representer estimation given a chosen learner class or tune within a
fixed architecture, leaving open the broader question that arises in standard applied
DML: how to choose among qualitatively different nuisance-learning architectures in
a way that is aligned with the influence function and preserves valid inference.

Motivated by these gaps, we propose Adaptive Riesz—DML, a novel data-driven
estimator that selects nuisance learning architectures from broad libraries, in a way
that respects the distinct statistical roles of gg and agy. The key observation is that gq
is a conditional-mean regression object, whereas aq is a dual representer defined by
Hilbert-space geometry. Accordingly, we select g by cross-validated prediction loss,
while selecting a by cross-validated Riesz risk, R(a) = E[||a(W)|2 —2m (W, a)], ap =

arg min, R(a), and we embed both selectors in a nested cross-fitting pipeline so that



architecture choice is made on training folds and the orthogonal score is evaluated on
independent held-out folds. The default implementation is structurally decoupled: g
and a may be chosen from different learner families and complexity regimes. When
g and « are constrained to share parameters, we also provide an optional composite
criterion following |Chernozhukov et al. (2024a)).

The contribution of the adaptive DML estimator proposed in this paper is not
merely the use of an alternative cross-validation loss. Rather, it resolves the ex-
ante architecture-selection problem for orthogonal inference with a Riesz representer.
Relative to existing automatic debiasing and Riesz-regression approaches, the key
distinctions are as follows. (i) Existing methods typically fix a learner class and
tune hyperparameters within that class; by contrast, we treat the entire nuisance-
learning procedure as a tertiary nuisance parameter and select among heterogeneous
candidates. (ii) Prediction losses (MSE or log—loss) are appropriate for the regres-
sion nuisance gy but do not, in general, control the representer error that governs
the DML remainder. We therefore select a by a held—out Riesz risk criterion that
directly targets «p through its variational definition, using a common functional—-
relevant yardstick that compares plugin and direct representer learners on equal foot-
ing. (iii) Standard double pipelines impose a diagonal (coupled) restriction on (g, «).
Our procedure allows decoupled selection over the full product library, permitting g
and « to lie in different learner families and complexity regimes.

To formalize the consequences of these distinctions, we first show that symmetric
(coupled) architecture restrictions can be first-order suboptimal by excluding off-
diagonal nuisance pairs that satisfy the product-rate conditionﬂ. Our theory then
delivers two linked guarantees for the adaptive estimator: (i) a fast-rate oracle in-
equality for the Riesz-risk selector (and the corresponding prediction-risk selector),
and (ii) an adaptive orthogonality property, which ensures that data-driven archi-
tecture choice creates no y/n-scale drift. Under standard moment conditions and
the usual product-rate requirement—assuming the library contains at least one valid
pair—the resulting estimator is asymptotically linear, normal, and semiparametrically
efficient.

Empirically, simulations show that Adaptive Riesz-DML tracks the best fixed

"'When we refer to first-order bias or y/n-scale drift, we mean a contribution to the population mo-
ment that does not vanish at the n~!/2 rate and therefore contaminates the asymptotic distribution.
For linear-functional scores, the population moment admits an exact second-order representation in
the nuisance errors, so such drift arises only when the product-rate condition fails.
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pipeline across regimes and mitigates coverage distortions driven by regularization
bias and architecture misspecification in standard DML implementations. In a 401 (k)
application (Chernozhukov et al.,2018]), the procedure resolves sensitivity across plau-
sible baselines by selecting nonlinear propensity /weight architectures while keeping
the outcome regression relatively structured. The resulting fold-level selections pro-
vide a reproducible diagnostic of asymmetric complexity, directly constraining re-
searcher discretion in applied DML workflows and guarding against violations of the
product-rate condition that can reintroduce first-order drift—precisely the failure
mode orthogonalization is designed to rule out.

The remainder of the paper is organized as follows. Section [2| introduces the
framework and the Riesz landscape. Section [3| presents the adaptive algorithm and
selection criteria. Section [4] develops asymptotic theory and Section [5| provides finite-
sample bounds. Sections |§] and [7| report simulations and the 401(k) application.

Section [§] concludes.

2 General Framework and the Riesz Landscape

2.1 Setup and notation

Let W denote a generic observation with law P. Let U = u(W) € R’ be a known
vector of signal variables with E[|U||3] < co. Let V' = v(W) denote the feature vector
used for first-stage learning and let V := (V') be the associated o-field. Define the
regression nuisance go(V) := E[U | V] € R’ so that E[U — go(V) | V] = 0. When no
confusion arises, we write go(W) as shorthand for go(v(W)).

In applications, V' collects the first-stage features needed for the target functional.
For example, in the ATE with binary D one can take U =Y and V = (D, X) so that
go(d,z) =E[Y | D =d, X = z|; in a weighted average derivative one typically takes
U=Y and V = X; and in a two-period DiD with group indicator G and outcome
difference AY" one may take U = AY and V = (G, X). Let H := L*(P; V)’ = {h:
Q — R’ : his V-measurable and E||h(W)||3 < oo} denote the closed V-measurable
subspace of L?(P)’. We equip H with the inner product (f, h)p := E[f(W) h(W)]

and associated norm ||h||p2 = (h, h>}3/2. We consider a scalar target parameter 6



that admits the representation
00 = E[m<W7 gO)]a (1>

for a known map m(-, -) that is linear in its second argument and (strongly) continuous

on H in the sense that there exists C,, < oo such that

Im(-, h)|lp2 < Cnl|h| P2 for all h € H. (2)

2.2 The Riesz representer

Because T'(h) := E[m(W, h)] is then a continuous linear functional on H (by Cauchy—
Schwarz and ), the Riesz—Fréchet theorem implies that there exists a unique oy € ‘H
such that

Eim(W, g)] = E[aog(W) g(W)] forall g € H. (3)

Moreover, since go(V') = E[U | V], we have the orthogonality
E[Rh(W){U —g(V)}] =0  forall h € H, (4)

and in particular holds for ay and for any estimator a € H.

We refer to ag as the Riesz representer. It quantifies the Gateaux derivative of
0y with respect to perturbations of gq: if gy is replaced by gy + th for some h € H,
then 4 o E[m(W, go +th)] = E[ag(W)Th(W)]. In DML, the representer enters the
orthogonal estimating equation via the score,

Y(W;0,9,0) =m(W.g) — 0+ a(W) {U - g(W)}. ()

which satisfies J,E[¢)(W; 60, go, )] = 0. The score implies that small errors in the

estimated nuisance functions § do not have a first—order effect on the estimator of 6.

2.3 Variational characterization and the Riesz risk

Our approach leverages the variational characterization of the Riesz representer on
the Hilbert space H = L*(P; V)’ of V-measurable functions. Define the Riesz risk
for « € H by

R(a) = E[[la(W)[3 - 2m(W,a)]. (6)
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Using the Riesz identity E[m(W,a)] = Elag(W)Ta(W)] (valid for o € H), rewrite
R(a) = E[[|a(W) = ao(W)[5] = Efao(W)[3], so that R(e) — R(ao) = [la — aol|By-

Proposition 1 (Variational definition established by |Chernozhukov et al.| (2024b))).

The Riesz representer ayg is the unique minimizer of R(a) over a € H.

Proof. See Appendix [A.1] O

This characterization makes g estimable via empirical risk minimization. Unlike
the outcome regression gy, which is typically estimated by minimizing the squared loss
on Y, the Riesz representer must be estimated by minimizing the empirical analog of

R(«); this distinction underlies our cross—validation strategy.

2.4 Examples

In examples where the functional m(W, g) involves counterfactual evaluations such as
g(1, X) and ¢(0, X), we interpret g as a vector-valued function collecting the required
components, e.g. g(X) = (¢1(X), go(X)) with g4(X) = E[Y | D = d, X]. We then
write g(d, X) as shorthand for the corresponding component g;(X). Analogously,
when m(W, «) requires (1, X') and a(0, X), we view « as a function of (d, X) (or as
a two-component vector) so these evaluations are well-defined.

When the target functional requires counterfactual evaluations (e.g. g(1, X) and
9(0, X)), we view g and « as functions on an augmented domain & x X', where
S indexes the relevant state (e.g. treatment status). For a realized observation W
with state component S € S, we write g(W) := ¢(S,X) and (W) := «(S, X),
while g(s, X) and a(s, X) denote counterfactual evaluations at state s € S. This
convention keeps the definition in compatible with ATE/DiD-style functionals
without changing the underlying DML score.

Remark 1 (Binary treatments: vector vs. augmented-domain notation). For binary
D € {0,1}, it is equivalent to view the regression nuisance as (i) a vector-valued
map = — (g(1,2),9(0,z)) € R? or (ii) a scalar map (d,z) — ¢g(d,z) on & x X
with § = {0,1}. These are isomorphic representations of the same element of the
V-measurable Hilbert space: one can identify g(d,z) = e] g(x). In the examples, we
write g(W) = g(D, X) and use g(1, X) and ¢(0, X') as shorthand for the two slices of
this function. Importantly, the Hilbert geometry (inner product and norm) is always
inherited from L?(P;V) with ¥V = (V) (and V = (D, X) in the binary-treatment
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ATE example); the vector notation is purely representational and does not switch to

an L?(Py)? inner product based on the marginal distribution of X.

Average treatment effect (ATE). For a binary treatment D € {0, 1} the target
g(1,X)—g(0, X) and the Riesz representer is the stabilized inverse propensity weight:

D 1-D

W) =2 " T (@)

(7)

where po(X) = Pr(D = 1 | X). Minimizing R(«) in this context corresponds to

balancing covariates across treatment groupsﬂ

Remark 2 (Overlap, clipping, and interpretation). In ATE-type problems, bound-
edness of the Riesz representer ag(W) = D /po(X) —(1—D)/(1—po(X)) is equivalent
to a strong overlap condition: po(X) € [p,1 — p] a.s. for some p > 0. Our main the-
ory is stated under such boundedness conditions, which ensure the orthogonal score
has well-behaved moments and that representer estimation error can be controlled
in L?(P). In practice, researchers often apply stabilization when overlap is fragile,
e.g. clipping estimated propensities p(X) to [r, 1 — 7] or trimming observations with
p(X) ¢ [r,1—7]. Two regimes are conceptually distinct: (i) (bounded-overlap regime)
if po(X) is bounded away from {0, 1} and 7 is smaller than the overlap margin, clip-
ping/trimming is asymptotically inactive and the procedure targets the original esti-
mand 6y. (ii) (limited-overlap regime) if po(X) approaches {0, 1} with non-negligible
probability, then boundedness assumptions fail and root-n inference for 6§, may be
delicate or impossible without further restrictions. In this regime, clipping/trimming
should be interpreted as targeting a stabilized estimand (e.g. a trimmed ATE on the
overlap region) and used as a sensitivity analysis that reveals dependence on extreme

implied weights.

2In the ATE example, the representer coincides with the familiar inverse-propensity-weight form.
It can be interpreted as the population-optimal balancing weight associated with the linear func-
tional m(W,h) = h(1,X) — h(0,X) through the Riesz identity E[m(W,h)] = E[ag(W)h(W)]. In
the orthogonal score, taking a@ = g delivers Neyman orthogonality: the Gateaux derivative of
Py(W; 0, 9,00) with respect to g vanishes at g = go, so the remaining drift is governed by the
second-order product ||§ — gollp2 ||& — aollp2. Consequently, instability or misspecification in the
propensity /weight model affects inference primarily through representer error (and hence the prod-
uct remainder), rather than through a first-order bias term in g.



Weighted average derivative (WAD). A weighted average derivative parameter
takes the form 0y = E[w(X)"V,g0(X)], 90(z) = E[Y | X = x|, for a known weight
function w. This is a derivative-type functional and, in general, is not continuous on
L?(P); consequently, it need not admit an L?(P) Riesz representer. To incorporate
such targets, one can instead work on a Sobolev-type Hilbert space that controls
derivatives (e.g. an H' space with a norm involving both L? size and derivative
size), redefine the Riesz representer and the representer risk with respect to that
inner product, and then apply the same cross-validated selection logic on that space.
Because this requires additional functional-analytic setup and notation, we focus the
main text on targets that are continuous on H = L?(P; V)’ (ATE, DiD, etc.).

Remark 3 (Beyond the L? setting). The arguments in Sections [2Hbextend to any
separable Hilbert space H on which h +— E[m(WW,h)] is linear and continuous and
for which the cross-fitted score is Neyman-orthogonal. In such cases one replaces the

L?(P) inner products, norms, and Riesz risk by their H counterparts.

Difference—in—differences (DiD). Let G € {0,1} denote the treated-group indi-
cator and let AY be the two-period change in the outcome. Define p := Pr(G = 1)
and p(X) := Pr(G =1 X), and let uy(X) := E[AY | G = g, X|. The ATT can be
written as the linear functional 0y = E[%{Ml (X) — po(X )}] . In this representation
the true regression nuisance is go(W) = pe(X), while the functional m(W, g) is de-
fined for a generic g by m(W, g) = %{g(l, X) —¢(0,X)}. The corresponding Riesz

G_1-G p(X)

representer is o (W) = PR o B

ratio p(X)/(1 — p(X)) is a common source of bias in DiD; our framework permits

Limited overlap or misspecification of the odds

data-driven selection of the propensity architecture that governs this representer.

3 The adaptive Riesz-DML algorithm

This section describes Adaptive Riesz-DML and the nested cross-validation criteria
used to select ¢ by prediction risk and o by held-out Riesz risk. When the best n =/
rate approximation regime for gy differs from that for «y, restrictions that force the
same learner class for both nuisances can exclude the oracle pair, causing the DML
remainder /n||g — gol|p2||& — || p2 to fail to vanish. Section [3.1] formalizes coupling

vs. decoupling and states the result; Appendix[A.2]gives a formal rate-based statement



and proof. Section provides a simulation where both diagonal architectures fail

while the off-diagonal pair succeeds.

3.1 The architecture-selection: coupling vs. decoupling

Orthogonal-score inference depends on both the regression nuisance gy and the Riesz
representer «g. Since the leading drift is proportional to ||g — gollp2||& — aollp2,
architecture restrictions that tie the two nuisance learners together can be first-order

when the best approximation regimes for g and «q differ.

Definition 1 (Decoupled vs. coupled nuisance architectures). Let ®¢ and ®% denote
libraries of candidate learning procedures for the regression nuisance g and the Riesz
representer «. A DML implementation is decoupled if it selects (g, @) over the full
product library ®9 x ®¢. It is coupled if it restricts the search to a proper subset
S, € ®9 x &% A prominent special case—and the focus of our negative results
and benchmarks—is a (mapped-)diagonal (“symmetric”) coupling of the form Sdi#8 =
{(p, T0(9)) : p € P9}, for some (possibly n-dependent) map T, : 9 — ¢ (including
the diagonal T),(¢) = ¢ when the two libraries coincide).

Proposition 2 (Why symmetric restrictions can be first-order (informal)). If one
candidate nuisance architecture learns gy well but approximates o poorly, while an-
other candidate learns g well but incurs larger error for go, then restricting attention
to diagonal (same-architecture) pairs can violate the DML product-rate condition even

though an off-diagonal pair in the full product library satisfies it.

Intuition. Orthogonality eliminates first-order bias in each nuisance separately, but
the remaining drift is proportional to ||§ — gol|p2 ||& — ao||p2. A diagonal restriction
forces a trade-off between these two errors and may exclude the only pair whose
product is o(n~'/2). A formal rate-based statement and proof appear in Appendix .

Remark 4 (Concrete interpretation: asymmetric complexity). Empirically, go may
be well-approximated by a structured, low-variance class (e.g. sparse linear regres-
sion), while oy depends on a substantially more nonlinear object. Decoupled selection
over &9 x ®* avoids excluding the valid off-diagonal pair that satisfies the product-rate

condition when these effective complexities differ.
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3.2 Library of learners and tertiary parameters

Having established the necessity of decoupling, we construct a library of candidate
learners. For the regression function gy, we construct candidate estimators G =
{9, : ¢ € ®9}; for the Riesz representer ay, we construct candidates A = {a, :
k € ®*}. We reserve ¢ for regression-library indices and « for representer-library
indices. The libraries ®9 and ®¢ may contain diverse learners (e.g., Lasso, random
forests, gradient boosting, neural networks) with varying hyperparameters. To ensure
uniform convergence of the cross—validated estimator, we assume |®,,| grows at most
polynomially with n so that log|®,| = O(logn). This baseline design corresponds
to a structurally decoupled implementation in the sense of Definition [I} Section
discusses a deliberate coupled (composite) criterion when g and « are constrained to

share representation layers.

Remark 5 (Library construction and rate verification). The library &% indexes candi-
date procedures @, including both plugin representers (mapping estimated nuisances
7 to o via T) and direct Riesz learners (minimizing empirical Riesz risk). Crucially,
Assumption [2| requires only that the library contains some pair (§y+, &.+) satisfying
the product-rate condition |Gy« — gol|p2 ||+ — l|p2 = 0,(n™/2). This is verifiable
for both constructions: (i) For direct learners, the identity R(a)—R(ag) = [la—aql|p,
ensures that standard quadratic-risk rates (e.g., for Lasso or Forests) control the rep-
resenter erroif| (ii) For plugin learners, Lipschitz continuity of the map n — «a(n)
(e.g., under overlap) ensures ||@ — ao|lp2 S |7 — nol|p2- Note that the oracle indices
for ¢ and « need not coincide; the adaptive procedure selects the best combination

from the product library.

3.3 Riesz—corrected cross—validation

For the regression nuisance go(V') = E[U | V], the population prediction risk satisfies
the standard decomposition E[|U—g(V)||3] = E[|U —go(V)[13] + llg — gol|35- Conse-
quently, minimizing population MSE is equivalent to minimizing the estimation error
lg — gol| p2- This motivates selecting g by standard cross-validated MSE. In contrast,
the representer o is characterized by the Riesz identity rather than a prediction

3For example, o0,(n~'/%) rates are available under approximate sparsity (Bickel et al., 2009;
Belloni and Chernozhukov| [2011]), honesty conditions for forests (Wager and Walther, |2016} |Athey
et al., 2019)), or smoothness for neural networks (Chen and White| [1999; |Schmidt-Hieber, [2020)).
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problem, so predictive performance for U does not, in general, control ||&@ — ag||pa2.

We propose Riesz—corrected cross—validation (RC-CV), which selects the candi-
date minimizing an empirical analog of the Riesz risk. Split the sample into K
folds. Denote fold k£ by I; and its complement by I;. For each candidate x € .
let a5 be the estimator fit on It. Define the (quadratic) Riesz loss (W, ) :=
|a(W)||2 — 2m(W, a), where || - ||» denotes the Euclidean norm in R” (in the scalar
case J = 1, ||a(W)|3 = a(W)?).

Rev (k) = % > ﬁ Z (Wi, al) . (8)

k=1 ZEIk

Our adaptive Riesz estimator chooses
Ko = arg min fiov(m), 9)
KEDPY

relying on the fact that the true o uniquely minimizes the population riskﬁ This se-
lection uses only cross—fitted observations, preserving independence between training

and evaluation.

Remark 6 (Riesz risk estimation). The Riesz risk R(«) in (6)) is a population quan-
tity and cannot, in general, be evaluated on the same data used to construct & without
inducing training-sample bias. We therefore estimate R(«) using held-out observa-
tions. For each k € ®¢ and inner fold k, let a5 ™ denote the estimator trained on I s
and define the fold-specific risk estimate ﬁk(/{) = ﬁ > ien, E(VVZ.’ dfﬁ"ﬂ) 7}A{CV(/1) =
+ S Ry (k). Let F == o({W; : i € It}) be the training o—field for fold k. Since
i is Fir—measurable and {W; : i € I} arei.i.d. and independent of F}, we have, for
each fixed , ]E[ﬁk(/ﬁ) | ]-“k] - R(d“’”) E [ﬁcv(l@') | {fk}g;l} =15k, R(@E;“) .
Thus ﬁcv(m) provides a conditionally unbiased estimate of the out-of-sample Riesz
risk of the training procedure associated with k.

The selector k., € argmingcea ﬁcv(li) is data dependent, and the minimum
}A%cv(f%a) is generally optimistically biased relative to the corresponding oracle risk.
Our theory does not rely on unbiasedness of the minimum. Instead, Theorem [1| con-

trols the selection effect through a uniform deviation bound over the finite library,

“When the argmin over a finite grid is not unique, we use deterministic tie-breaking under a
fixed enumeration (e.g., select the smallest index). This ensures measurability and has no effect on
probability limits.
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yielding an oracle inequality for R(dz,, ).

3.3.1 Computing the Riesz loss on held-out data

The cross-validated criterion Ry (k) in (8) requires evaluating ¢(W;, @) on validation
observations. This evaluation is fully mechanical once @ is available as a function,
because m(W,-) is known and linear. For a given target, fix the evaluation operator
h +— m(W,h). Given a fitted representer candidate @ : S x X — R, the held-out
loss is (W, @) = [|[a(W)|3 — 2m(W,a), witha(W) = a(S, X). If m(W,a) involves
counterfactual evaluations (e.g. @(1, X) and a(0, X)), these are computed by evalu-
ating the learned function at the required states; they do not require observing those
states. For the ATE with § = {0,1} and m(W,h) = h(1,X) — h(0, X), the Riesz
loss becomes (W, a) = a(D, X)?* — 2{a(1, X) — a(0, X)}, R(a) = E[{(W,a)]. On a
validation fold, we compute «(D;, X;) using the realized D;, and compute a(1, X;)

and «(0, X;) by direct functional evaluation at both states.

3.4 Composite selection for shared representations (Practi-

cal Extension)

While our theoretical analysis focuses on the structurally decoupled regime (Defi-
nition , modern deep learning architectures often employ shared representations,
where ¢ and & are heads of a common neural network trunk (Chernozhukov et al.|
2024a). In such settings, independent selection is not feasible. We therefore propose

a heuristic composite criterion:
Jov () = MSEov (§,) + A Rov (). (10)

Minimizing this joint criterion balances the bias—variance trade-off for the functional

0y rather than for the nuisance functions individually.

Remark 7 (Theoretical Scope). The oracle inequality (Theorem |1) and asymptotic
normality (Theorem [3)) are established for the decoupled selector (Algorithm [I]), where
& is chosen purely to minimize Riesz risk. We treat the composite criterion as a
practical extension for parameter-sharing constraints; its formal theoretical properties

require analyzing the joint optimization landscape and are left for future work.
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3.

In

5 Adaptive estimator via cross—fitting

Algorithm [T} the final estimator is formalized with nested cross—fitting to ensure

the selection of learners and the evaluation of the score are statistically independent.

Algorithm 1 Adaptive Riesz—DML with Nested Cross—Validation (outer cross-
fitting, decoupled inner selection)

1:
2:

10:

11:

12:

13

14:

Input: data {W;},, libraries ®9 and ®¢, outer folds L > 2, inner folds K > 2.
Notation: V; = v(W;) denotes first-stage features; Z; denotes any additional
components of W; entering m(W, g).

(Decoupling.) For each outer fold ¢, select $go and ko, independently over ®9
and 5.

Partition {1,...,n} into disjoint outer folds (I,)%;.

for /=1to L do
Set outer training indices I := {1,...,n}\ I,
Partition I§ into disjoint inner folds (Ipz)a_,.
Inner CV for g: For each ¢ € &9 and each k, train géj) on

c NTQE ~(—k

Ij \ Iy and compute MSE,i(p) = ﬁ ZZEIM \U: — géw )(V;)H%
Define I\TSTECW(@ = % Z,I::l @g7k(g@) and select Qg4 €
argmin,cgs MSEcv,(p) (deterministic tie-breaking).
Inner CV for a: For each k € &% and each k, train @é;k) on
If \ Iy, and compute Ryx(k) := ﬁzz‘eh,k E(Wi,déj)), (W, a) =
la(W)||2 — 2m(W, ). Define Rove(k) = &S5, Rop(k) and select kqp €
arg minepe Rovye(x) (deterministic tie-breaking).
Refit on outer training data: Fit g, on Ij using ¢4, and fit &, on I§ using
K-
Outer-fold score evaluation: For each i € I, set ¢; = m(W;, g +
ar(Wi) {Ui — ge(Vi) }

end for

. Estimator (closed form): éAdaptive = %Z?:1 él

return 0adaptive-

In practice, inner-CV criteria can be statistically indistinguishable across similar

nonlinear learners. We therefore use an e-minimizer: we retain all candidates within

one standard error of the minimum inner-CV criterion and select the simplest /stablest

architecture within this set, with deterministic tie-breaking.

Remark 8 (Fold notation). Throughout the paper, L denotes the number of outer

cross—fitting folds used for score evaluation, while K denotes the number of inner folds

14



used for cross-validation during nuisance selection. In Sections where generic fold
indices k appear in empirical-process decompositions, these refer to outer evaluation

folds unless stated otherwise.

Remark 9 (Computational Complexity). The nested cross-validation procedure scales
as O(L-K-|®,,|-Costyaim ). For large libraries or sample sizes (N > 101), full grid search
can be prohibitive. In such regimes, we recommend two modifications that preserve
the theoretical guarantees: (i) setting the inner fold count to K = 2, which suffices
for unbiased risk estimation; or (ii) employing successive halving algorithms (e.g.,
HalvingGridSearchCV) to discard unpromising candidates early. In our simulations
(N = 1000), full grid search was feasible; for the 401(k) application (N = 10,000),

we utilized a discrete grid of 5-10 hyperparameters per learner class.

3.6 A stable selection variant: approximate minimizers

In empirical work we sometimes replace the exact argmin in Algorithm [l by a stability
rule (Cory-Wright and Gomez, 2025)): we first form the set of candidates whose inner-
CV criterion is within one estimated standard error of the minimum, and then select
the simplest/stablest model within this set (ties broken deterministically). We refer

to this as an e-minimizer rule.

Definition 2 (£,-minimizer selector). Let Ry (k) denote the inner-CV criterion.

Given a tolerance sequence ¢,, > 0, define the near-minimizer set N (g,,) := {/-4; c P

Ecv(/{) < mingego ﬁcv(ka’ )+ en}. An e,-minimizer selector returns any < € N (en)

(e.g., the sparsest model).

Proposition 3 (Oracle bound under approximate minimization). Under the condi-
tions of Theorem |1, suppose the selector returns ko € N(en) with £, = O(n="/2).
Then R(éz,) — R(ag) < (1+0p(1)) infreps { R(Gy) — R(0o)} + op(% FI— 5n) ,

where 0, is the refit-stability error term from Theorem [1]

Proof. The proof follows immediately from Theorem [1| by noting that the empir-
ical excess risk is bounded by the minimum plus ¢,. Provided ¢, decays as fast
as the parametric rate, the product-rate condition for DML remains satisfied. We
use this variant in the empirical application to reduce fold-to-fold switching among

near-equivalent nonlinear candidates.
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4 Asymptotic theory

Let (W;)"_; be i.i.d. with law P. Let éAdaptive denote the nested cross—fitted estimator
in (13), obtained by selecting (g, &) from finite libraries ®¢ and ®2 using Algorithm 1]
This section establishes: (i) an oracle inequality for the Riesz-risk selector of ay; (ii)
preservation of Neyman—orthogonality under data—driven selection; and (iii) asymp-
totic normality, efficiency, and valid studentized inference. Throughout, ||-||p2 denotes

the L?(P) norm and E denotes expectation under P.

4.1 Assumptions

Assumption 1 (Moments, continuity, and bounded representer). There exists ¢ > 4
/2
such that E[||U]|1] < oo, E[|¢(W; 0, go, a0)]9] < o0, andE[(E[HU — go(M)|I3 | V])q 1 <

0o. The map h +— m(-, h) is linear and satisfies the L?*(P) continuity bound
lm(-, h)||lp2 < Cnllhllp2 for all h € H, (11)

for some constant C,,, < co. Finally, assume a bounded representer condition: ||apg|leo <
By for some finite By. In estimation, we apply componentwise clipping to all repre-
senter candidates so that for some deterministic B > By, Sup,cqa [|0xlloc < B a.s.
In addition, assume that m is bounded on the relevant sup-norm ball: there exists
Cin,0o < 00 such that

lm (-, 7)o < CrnoollP]oo for all h € H, (12)

so that, in particular, |m(W,ay)| < Cp.B a.s. for all Kk € ®2.

The conditional moment condition E[(E[HU — go(V)|I3 | V])Q/ 2} < oo is implied
by E[||U||3] < oo (by Jensen’s inequality) since go(V) = E[U | V] and ¢ > 4. We
state it separately because this conditional quantity is used directly in the variance

and concentration arguments.

Assumption 2 (Finite libraries and oracle elements). The candidate sets ®9 and &
are finite and satisfy log|®?| + log |®%| = O(logn). For each ¢ € ®9 (resp. k € $2),
the estimator g, (resp. &) is measurable with respect to the training sample and

SUDP,, || Gy [loo +5UP,, [|éklloc = Op(1). There exist (possibly n-dependent) indices ¢} ,, €
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pa2 = 0,(n"1/2). Whenever an

Y and x,,, € ; such that ||§<p3’n — gollp2 H&"ﬂ&,n — |

argmin over a finite library is not unique, ties are broken deterministically.

In practice, tuning parameters often range over a continuum (e.g. A € [Amin, Amax) )-
Our analysis matches the standard implementation in which one evaluates a finite grid
of candidates and selects by cross-validation. To satisfy log |®,| = O(logn), one may
use geometrically spaced grids, e.g. ®, = {Apaxp’ : J = 0,1,...,J,} with p € (0,1)
fixed and J,, = O(logn).

Assumption 3 (Second—order regularity of the score). The map (g, &) — E[¢)(W; 0y, g, )]
is twice Gateaux differentiable in a neighborhood of (go, ), with continuous first

derivatives and uniformly bounded mixed second derivative.

Remark 10 (Role of Assumption . In the linear-functional setting studied here,
the key conditional moment identity in Theorem [2] is exact and does not rely on a
Taylor expansion in (g, o). Accordingly, the proof of Theorem [3|uses only the momen-
t/boundedness conditions, cross-fitting, and the explicit consistency and product-rate
conditions on the nuisances. Assumption [3|is therefore not needed for Theorem [3] in
this paper; it is included only to facilitate comparison with the broader DML litera-

ture and for potential extensions beyond the specific linear score considered here.

Assumption 4 (Bernstein condition for the Riesz loss). Let ¢(W,«) and R(«) be
defined as in @ There exists v > 0 such that for any (possibly random) « measur-
able with respect to an independent training sample, E [(€ (W, o) — £(W, ozo))2 ‘ a} <
v(R(a) — R(ayp)). Assumption [ is implied by simple boundedness and Lipschitz

conditions.

Lemma 1 (Sufficient condition for Assumption [)). Suppose |[a(W)|. < B and
|lao(W)|l2 < B a.s. for all a in the candidate class, and m satisfies the L*(P) con-
tinuity bound ||m(-, h)||p2 < Cul|hllp2 for all admissible h € H. Then the Bernstein
condition (4) holds with v = (2B + 2C,)*.

Proof. See Appendix [A.3] O

Assumption 5 (Refit stability for the representer learner). For each x € ®2, let
a,. denote the estimator trained on the full sample used for inner CV, and let d\,(fk)

denote the estimator trained on the sample with fold k& removed (as in the definition
of Rey(k)). Define the fold-average population risk Ry (k) := = S R(&,g_k)> .

17



Assume there exists a sequence 6, = o(n~'/?) such that SUD e pa }R(d\ﬁ) - }_%K(n)| <

0, in probability.

Remark 11 (On refit stability). Assumption [5|is a genuine restriction: it is natural
for stable procedures (e.g. strongly convex regularized ERM), but it can fail for highly
unstable learners (e.g. certain tree ensembles, boosting, or unregularized neural net-
works). Importantly, the oracle inequality for the fold-trained objects in Theorem
does not rely on refitting. When refit stability is doubtful, one can omit the refit step
and instead construct the final estimator using the same K folds as a cross-fitting
scheme. After selecting K, keep the fold-trained representers {Z)Z(E;k) HE | and evaluate
the score fold-wise: for eachi € I, plug in an“) (W;) (and analogously for g if desired).

K,

Equivalently, define é\no_reﬁt as the solution to % Zf: . Ziejk W (m -0, ag%;k)’ a%;“) =0.
No additional aggregation of the K objects is required; each fold-trained nuisance is

used only on its own held-out fold.

Assumption [5| is implied, for example, by uniform stability of the learning rule
for a (in the sense of algorithmic stability), which holds for many regularized ERM

procedures under standard convexity and Lipschitz conditions.

4.2 Oracle inequality for the Riesz risk

Theorem 1 (Riesz oracle inequality). Suppose Assumptions hold, and let k. €
arg min,cpo Rev (k). Then, with probability tending to one, Ry (Ra) — R(ag) < (1 +
o(1)) infepa { Ri (k) — R@@}HJ%. Moreover, if Assumption@ holds, then with
probability tending to one,

rkeD

@
n

R(az,) — R(ag) < (1+0(1)) inf {R(a,)— R(xw)} + C% + 25.

Proof. See Appendix [A.4] O

Lemma 2 (Prediction-risk oracle inequality for the regression selector). Let I\TS\ECV ()
be the K -fold inner-CV squared-loss criterion used to select g in Algorithm[1], and let
Py € argmingeqy 1\//IS\EC\/(QO>. Define the fold-average population prediction risk of
the fold-trained estimators as: Ry (p) = % S ]E[HU - ZJ\&*]{)(V)H%} :

°The o(1) term depends only on n and |®¢|.
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Under standard squared-loss analogues of Assumptions (e.g. finite ¢ > 4 mo-
ments and a Bernstein condition for the squared loss), the selected fold-trained re-
gression learner satisfies the oracle inequality: R} (94) < (14 o(1))inf ceg R (¢) +
C%, with probability tending to one. Since go(V) = E[U | V], we have R3-(p) —
E|lU = go(V)II3 = 9o — 9ol|B2. Moreover, if the regression learners satisfy the follow-
ing refit-stability condition (analogous to Assumption @ there exists 0y, = o(n~1/?)
such that sup,ecpg ‘E[HU —@(V)Hg] - R%(go)‘ < 64 in probability, then the same
oracle inequality holds for the refitted estimator gz, (with an added 204, term):

~ 2 2 . ~ 2 log |9
E[HU - 9%(‘/)“2} _E[HU - 90(‘/)”2} < (1+o(1)) <p1€rl<1f% {chp - 90HP,2}+C T+259,n-
The lemma is applied conditionally within each outer fold of Algorithm |1} the

outer-fold index is suppressed for notational simplicity.

Corollary 1 (Rates for the selected nuisances). Suppose Assumption @ holds for the
representer refit step and the regression refit-stability condition in Lemmald holds with
§gn = 0o(n"Y/2). Suppose the libraries contain (possibly distinct) oracle elements with
ngzm —gollp2 = 0,(n"1*) and Héz,.gz’n—oonpg = 0,(n"Y4). Then the selected (refitted)

P2 = 0p(n"VY) and ||Gs, — aollpa = 0p(n"Y/4). Conse-

nuisances satisfy ||gs, — 9ol

|Gz, — aollp2 = Op(n’1/2) required

quently, the product-rate condition ||gs, — gollp2

for Theorem [3 holds.

4.3 Adaptive orthogonality under data-driven nuisance se-
lection
Because the score targets a linear functional, the population moment error admits

an exact second—order representation. In particular, selecting (g, &) from a finite

library does not create an additional first—order drift.

Theorem 2 (Adaptive orthogonality under data-driven nuisance selection). Under
Assumptions [IH{] and the sample-splitting scheme in Section [3, for each outer fold
¢ we have, conditional on the corresponding training sample, E[w(W;GO,gg,dg)] =
—E | (@e(W) = ao(W)) T (3:(W) = go(W))|, and therefore [E[t:(W: o, 4o, )] | < 19—
90

Proof. See Appendix [A.5] O
19
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Remark 12 (Connection to structural decoupling). The identity in Theorem [2[ holds
for any fold-specific nuisance pair (g, &) trained on an independent sample, including
selections from the full product library ®9 x ®&. In particular, no same-architecture

restriction is required for adaptive orthogonality.

4.4 Asymptotic normality and efficiency

Because 1) is affine in 6 with slope —1, cross—fitted estimator admits the closed form

. 1< R R .
eAdaptive = ﬁ Z |:m(Wza g,l) + a*Z(I/I/v’L)T{U’L - gfz(VVz)} ) (13)

=1

where (§_;, &_;) denotes the nuisance pair trained on the fold that excludes observa-

tion ¢ (including the inner selection and refitting step).

Theorem 3 (Asymptotic linearity, normality, and efficiency). Under Assumptions
(3, and[{] and the sample—splitting scheme, assume that the number of outer folds L is

fixed. Suppose the fold—specific nuisance estimates satisfy the consistency condition
max [|ge = gollp2 = 0p(1) and  max & —aol[p2 = 0,(1), (14)

1<¢<L

and the product-rate condition

P2 = op(nfl/Z). (15)

max 1e = goll P2 [|Ge — vl

Let Jgﬂ = E[p(W; 90,90,040)2] € (0,00). Then \/ﬁ(éAdaptive_HO) =L Z?zl ¢(Wi;90790,@0)+

0p(1), and hence \/ﬁ(éAdaptive_eo) LN N(O, O'gﬂc). Lemma establishes that ¥(+; 6y, go, )
is the unique efficient influence function for 6,. Consequently, éAdaptive attains the

semiparametric efficiency bound 0% (Bickel et all,|1995;|Severini and Tripathi, 2012).
Proof. See Appendix [A.6] O

4.5 Variance estimation and inference

We employ the cross—fitted plug—in variance estimator:

1< A
6% =~ ;(w(vv;-; Ondaptives §-5:01)). (16)
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Lemma 3 (Consistency of variance estimator). Under the conditions of Theorem 3,

. . . . A~ p
the variance estimator is consistent: 6> = 02.

Proof. See Appendix [A.7] O

Combining Theorem [3| with Lemma [3] yields the main inferential result.

Corollary 2 (Valid post-selection Wald coverage). The studentized statistic converges

n é a; tive_e
M 4, N(0,1). Consequently, the
Wald interval C'l_, = [éAdaptive * 21_a)2 (7/\/5} has asymptotic coverage 1 — «,

to a standard normal distribution: 5

preserving inference validity despite the data-driven selection of nuisance learners.

Proof. Immediate from Theorem [3| and Lemma |3 by Slutsky’s theorem. See Ap-
pendix [A7] O

4.6 Efficiency bounds for leading examples

When ¢(-; 0y, go, ) is the efficient influence function, the asymptotic variance in
Theorem (3] equals the semiparametric efficiency bound. We record closed—form ex-

pressions for three leading examples.

Example 1 (Average treatment effect). For the ATE, the efficiency bound Hahn,
1998] is

Example 2 (Weighted average derivative). For 6y = E[w(X)V,g0(X)], the efficiency
bound Newey}, 1994 is

02,0 =E [(w(X)ngo(X) — 6)” + Var(Y | X) aO(X)Z] .

Example 3 (Difference-in-differences). Let G € {0,1} denote the treated group
indicator and let AY be the two-period outcome change. Let p := Pr(G = 1) and
p(X) = Pr(G = 1| X), and define p(X) := p(X)/(1 — p(X)). Writing p,(X) =
E[AY | G = g, X] and 7(X) := pu1(X) — po(X), the efficient score can be written in
the form ¢o(W) = m(W, go) — 0o + ao(W)(AY — go(W)) with
m(W.g) = S, ao) =2 120X (W) = ().
p p p
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Therefore the semiparametric efficiency bound is

o2, =E [(gf(){) - 90)1 + E[ao(W)? Var(AY | G, X)] .

Under the conditions of Theorem (in particular, the product-rate condition), the
adaptive estimator is asymptotically efficient for ATE and DiD and therefore attains
the corresponding semiparametric efficiency bounds. For WAD), the same conclusion
holds when one works in a Sobolev-type Hilbert space in which the derivative func-
tional is continuous (cf. Remark ; all norms, Riesz representers, and product-rate

conditions are then interpreted in that Hilbert geometry.

5 Finite—sample bounds

This section quantifies the accuracy of the Gaussian approximation in finite samples.
Define T, = \/ﬁ(eAdaptive - 90), Sn = \/Lﬁ 2?21 ¢(Ma 90790> OZ()), R, =T, — Sn
By Theorem , R, = 0,(1), but in finite samples the magnitude of R, governs the

error of the normal approximation.

Theorem 4 (Berry—Esseen bound for Adaptive Riesz-DML). Assume the conditions
of Theorem @ and suppose additionally that Elp(W; 6y, go, o0)|> < oo and o2 > 0.
Then for any € > 0,

sup
zeR

Cpr E|w(W: 6 3 R,
< s E[Y(W; 2790,040)| n € —|—Pr<| | > 5) 7
vn O V2 Oeft

where Cgg is the universal Berry—Esseen constant (e.g., |van der Vaart, |1998).

Proof. See Appendix [A.§] O
Remark 13 (Controlling the remainder R,,). The term Pr(|R,|/ceg > €) collects the

contribution of nuisance estimation. The remainder R,, admits a fold-wise decompo-
sition over the L evaluation folds: R, = /n - %ZLI {(PMJ — P)[v(W; 00, ge, a) —

Yo(W)] + P (W00, Ge, éie) — tho(W)] } The drift term (second term in braces) is

bounded by ||g¢e — gol| p2||ée — | p2 Via the Riesz representation. Consequently, a suf-

Pr< L < x) — &(x)

Oeff

ficient condition for the remainder to vanish is the product-rate condition maxy ||g, —

90 ’
the fluctuation term.

Gy — gl p2 = 0,(n"1/?), combined with standard empirical process control for

P2
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Corollary 3 (Coverage error for the reported studentized CI). Suppose the condi-

2

tions of Theoremm hold and that the variance estimator 6° is ratio-consistent for the

asymptotic variance o, i.e. 6/0eg —, 1. Then the usual studentized Wald interval

- o
CIO.95 = |:0 + 1.96 ﬁ}
satisfies
IPr(fy € Clygs) — 0.95] < C-n~Y?+0(1),

where C'is the Berry—Esseen constant from Theorem [{].

Corollary [3| connects the Berry—Esseen bound directly to the confidence intervals
reported in Sections[6]and [7} The last probability term isolates all finite-sample error
induced by nuisance estimation and data-driven selection through the remainder R,,.
In particular, if one can guarantee Pr(|R,| > oege,) — 0 for some €, | 0, then
the normal approximation error is O(n~"/2) 4 o(1), with the leading n~'/? constant

governed by the third moment of the efficient influence function.

6 Simulations

We study the finite-sample performance of the Adaptive Riesz-DML estimator in
controlled experiments. The target parameter is ATE 6, = E[Y(1) — Y(0)], and
we use the orthogonal score function (W;0,9,a) = m(W,g) — 0 + a(W){Y —
g(D,X)}, with m(W,g) = g(1,X) — g(0,X). The key object in our procedure is
the Riesz representer «y, which satisfies the Riesz identity E[m(W, h)] = E[ag(W)h(W)]
for all admissible directions h. In all designs below we set the true ATE to 0y = 1
and evaluate bias, RMSE, and coverage of nominal 95% Wald confidence intervals.
We partition the sample indices {1,...,n} into L folds (I;)%_,. For each observation
1 € Iy, let g, and &_, denote the nuisance functions estimated on the complemen-
tary sample I;. The estimator is constructed as 6 =nt ZZLZI Y ic I, ngSi, where gzgl =
m(Wi, g—e) + d,g(VVi)(Y;- — f],g(VVi)). Standard errorﬁ are computed using the cen-

tered score estimates ; := ¢; — 0: §6(f) = \/Lﬁw [ 02, Clygs = 0+ 1.9658().

SFor notational clarity, g?)z denotes the uncentered score contribution, while 1/31' = dgi —0 corresponds
to the centered influence-function estimate used for variance estimation. These are algebraically
equivalent representations of the same orthogonal score.
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We use the finite-sample Bessel correction (n—1)"1>"" | 1@12 when reporting standard

errors; this is asymptotically equivalent to n~' 27 ¥? analyzed in Lemma

6.1 Library of learners

We use a rich finite library of candidate learners for the regression nuisance go(d, x) =
E[Y | D = d, X = z] and for the Riesz representer ay. We estimate gy using super-
vised learning on features (D, X) and select the algorithm (and, when applicable,
its regularization parameter) by K-fold cross-validation minimizing MSE. The candi-
date set includes linear learners (Lasso, Ridge, Elastic Net, Linear SVR) and nonlinear
learners (Decision Trees, Random Forests, GBM, RBF-SVR, and a feedforward neu-
ral network; XGBoost is included when available in the computing environment).
Nonlinear learners are run with stable default hyperparameters (e.g. bounded depth
trees) to keep computation tractable.

We construct a hybrid library consisting of plugin and direct riesz estimators. For
each probabilistic classifier 7(X) for the propensity score po(X) =P(D = 1| X) in the
propensity library, we form the plugin ATE representer dpjygin(W) = % — %,
with 7(X) clipped away from {0,1} to ensure finite weights. The propensity library
mirrors the flexibility of the g-library. We implement Riesz ridge regression, which
directly minimizes the empirical Riesz risk over a polynomial basis in X. In the
ATE setting, each representer candidate is a function «(d, z) on {0,1} x X with two
treatment-state components, and we parameterize both a(1,-) and «(0,-) using the
same polynomial basis in X (with separate ridge-penalized coefficient vectors), over
a small grid of degrees and ridge penalties. For each representer candidate «, we
write its observed evaluation as (W) = «a(D, X). In the ATE design, the linear
functional acts on any such function h(d, z) via m(W, h) = h(1, X)) — h(0, X), so the
corresponding Riesz risk specializes to R(a) = E[a(D, X)? — 2{a(1, X) — (0, X)}] .
We estimate R(a) by cross-validation and select & as the minimizer of the cross-
validated Riesz risk over the union of plugin and direct-Riesz candidates. The final
estimator uses outer-fold cross-fitting: nuisance learning (including model selection)
is performed on the training folds only, and the score is evaluated on held-out folds
to preserve independence.

d 1—d

= 50 T T the functional

term in the risk is evaluated by treating &(-, X) as a function of the counterfactual

For plugin ATE representers of the form &(d, X)
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treatment state and computing m(W;, &) = a(1, X;) — &(0,X;) = zﬁ + #()(i)'
Although only D; € {0,1} is observed, evaluating m(W;, &) requires both treatment-
state evaluations; this is immediate here because &(d, X) is available in closed form

once p is learned (with p clipped away from {0, 1} to ensure finite weights).

6.2 Data-generating processes

We report results for two benchmark DGPs and a phase-transition design. All exper-

iments use n = 1000 and dimension d = 200.

DGP 1 (Sparse Linear). We draw X € R? with X ~ A(0, I;), choose a spar-
sity level s = 5, and draw sparse coefficient vectors 0,5 € [—1,1]* independently
each replication. Define the propensity index n,(X) = X/, (8/V5), po(X) =
expit(n,(X)), and clip po(X) to [0.05,0.95] to ensure overlap. Then draw D ~
Bernoulli(py(X)). The outcome satisfies Y = 1-D + X0 + ¢, e ~ N(0,1).
This is a sparse, approximately linear setting in which linear learners for the regres-
sion nuisance go (and for the propensity index) are expected to perform well. However,
even in this regime the ATE Riesz representer o (W) is generally nonlinear in X be-
cause of its inverse-propensity form (e.g. ag(W) = D/eo(X)—(1—D)/(1—eo(X)) for
the ATE); hence a fully linear symmetric pipeline that also constrains « to be linear
in W (such as FIXED LASsO/RIDGE) need not be optimal even at the sparse-linear

endpoint.

DGP 2 (Highly Nonlinear). We draw X ~ Uniform[—1, 1]¢ with d = 200. Define
the nonlinear propensity index 7,(X) = sin(7X; X5) + X2 — X4+ 0.5X5, po(X) =
expit(n,(X)). We clip po(X) to [0.05,0.95] to ensure overlap and draw D ~ Bernoulli(pg(X)).
The outcome is generated as Y = 0D + sin(X1) + cos(Xs) + (X3 + X4)? +¢, €~
N(0,1), with 6y = 1. This design features complex nonlinearities in both the treat-

ment assignment and the outcome mechanism, challenging linear approximations.

6.3 Simulation Results
6.3.1 Main Results: Efficiency, Adaptivity, and Inference

This section evaluates the finite-sample behavior of the Adaptive Riesz-DML esti-

mator under nuisance ambiguity, focusing on efficiency, adaptivity, and inferential
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validity. Table (1] reports outer-fold selection frequencies for the outcome regression
nuisance ¢, which is chosen by minimizing inner-fold cross-validated mean squared
error. In the sparse linear design (DGP 1), selection concentrates entirely on regu-
larized linear learners, with Lasso selected in 89.6% of outer folds and Elastic Net
in the remaining 10.4%. This pattern is consistent with the underlying sparse linear

structure and reflects effective exclusion of high-variance nonlinear learners.

Table 1: Nuisance Learner Selection Frequencies § (Percentage of Outer Folds)

Candidate Learner DGP 1: Sparse Linear DGP 2: Highly Nonlinear
Linear Class (Total: 100.0% / 40.4%)

Lasso 89.6% 36.1%
Elastic Net 10.4% 4.3%
Ridge 0.0% 0.0%
Linear SVR 0.0% 0.0%
Nonlinear Class (Total: 0.0% / 59.6%)
XGBoost 0.0% 31.9%
GBM 0.0% 26.7%
Random Forest 0.0% 1.0%
Neural Network 0.0% 0.0%
Decision Tree 0.0% 0.0%
Kernel SVR (RBF) 0.0% 0.0%

Note: Entries report the selection frequency of the outcome regression learner g. In DGP
2, the procedure selects nonlinear methods in the majority of cases (= 60%), but retains
linear estimators in cases where finite-sample variance reduction is prioritized over bias
reduction. Selection frequencies are reported for the outcome regression learner g under
the K-fold MSE criterion described above. This criterion is aligned with prediction of U
but is not, in finite samples, identical to minimizing the RMSE of the target 6, which
depends jointly on (g, «) and also reflects the additional nested sample-splitting used for
selection. Consequently, in the correctly specified sparse-linear DGP1, a well-tuned fixed
linear pipeline (notably Fixed LinearSVR in Table [2) can outperform the adaptive proce-
dure in RMSE even if LinearSVR is rarely selected for ¢ by MSE. The main advantage of
the adaptive procedure is robustness when nonlinear structure is present, as seen in DGP2.

In the highly nonlinear design (DGP 2), selection shifts toward flexible learners:
XGBoost (31.9%) and GBM (26.7%) together account for nearly 60% of selections.
Nevertheless, linear specifications remain selected in 40.4% of folds, indicating a finite-
sample bias—variance trade-off in which linear approximations are retained when they
reduce estimation variance. The representer & is selected independently using inner-
fold cross-validated Riesz risk over plugin and direct-Riesz candidates, allowing the

weighting architecture to adapt separately from the outcome regression.
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Figure 1: Finite-Sample Performance: Efficiency and Inference. Performance of the Adaptive Riesz-DML esti-
mator compared to fixed architectures across R = 500 replications with N = 1000. Panel A and Panel B report Bias and
RMSE (relative to 6y = 1). Bars are truncated at 0.20 for visibility; large outliers (e.g., Fixed NeuralNet (default)) are
annotated with their true values. In the sparse-linear design (DGP1), the adaptive estimator is competitive but can be
outperformed by a well-specified fixed linear pipeline (notably Fixed LinearSVR). Under nonlinear structure (DGP2), the
adaptive procedure substantially improves over fixed baselines. Panel C displays coverage probabilities for nominal 95%
confidence intervals (dashed line). The Adaptive estimator delivers near-nominal coverage in the sparse linear design and
substantially improved (though still below nominal) coverage in the nonlinear design at n = 1000. This gap is consistent
with finite-sample effects emphasized by the Berry-Esseen bound in Section



Figure [I] summarizes the efficiency and inferential consequences of this adaptiv-
ity. In the fully linear DGP, some fixed linear baselines attain lower RMSE than the
adaptive procedure, as expected when the model class is correctly speciﬁedﬂ. The
purpose of Adaptive Riesz-DML is robustness across regimes: it preserves (near)
nominal coverage and avoids large performance deterioration when the DGP deviates
from linearity, where several fixed learners exhibit substantial undercoverage and/or
higher RMSE. For example, Fixed Forest attains RMSE 0.146 but covers only 71.4%
of nominal 95% confidence intervals. The Adaptive Riesz-DML estimator achieves
RMSE 0.159 while maintaining near-nominal coverage (95.6%), providing a robust
compromise between efficiency and inference. In the highly nonlinear design, Adap-
tive Riesz-DML achieves the lowest RMSE among all considered methods (0.085),
improving upon the best fixed alternative (Fixed Forest, RMSE 0.106). Coverage in
this regime is 90.6%), which is below nominal but substantially higher than the severe
under-coverage observed for highly unstable fixed learners such as neural networks
(coverage below 10%). Overall, the results demonstrate that Adaptive Riesz-DML
effectively safeguards inference while adapting to structural complexity without re-

quiring ex ante architectural commitments.

6.3.2 Phase Transition: Performance Along a Smooth Complexity Path

To visualize how performance evolves as the propensity and outcome indices move
continuously from sparse-linear to highly nonlinear, we consider a phase-transition
design indexed by v € [0,1]. At 7 = 0 the indices are sparse-linear and at v = 1
they follow the nonlinear specification; intermediate values convexly mix the indices.
Note that—even at v = 0—the ATE representer is an inverse-propensity weight
and is therefore typically nonlinear in X, so a symmetric linear pipeline need not
be optimal at the ‘linear-index’ endpoint. Figure [2| reports RMSE and empirical
coverage along this path for Adaptive Riesz—DML and two fixed symmetric pipelines

“In DGP1, the Fixed LinearSVR pipeline attains the smallest RMSE for 6 even though the inner-
CV selector for the regression nuisance g almost never chooses LinearSVR. This is not contradictory:
the ¢ selector is based on prediction risk (MSE), whereas the finite-sample DML error for 6 is
governed by the interaction of the two nuisance errors through the orthogonal score, in particular
the product ||g — gollp,2 || — ao||p2. In DGP1, several linear outcome learners deliver very similar
MSE, and our stable selection rule favors sparse linear models when their MSE is statistically
indistinguishable from more complex alternatives. A symmetric LinearSVR pipeline can nevertheless
yield a smaller 6 RMSE if its representer estimate & is especially accurate (or yields a favorable bias—
variance tradeoff) in that design.
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Figure 2: Phase-transition experiment. Left panel: RMSE of 6 along the mixing
parameter v € [0,1]. Right panel: empirical coverage of nominal 95% confidence
intervals. The solid curve is Adaptive Riesz—DML, the dashed curve is Fixed Lasso,
and the dotted curve is Fixed Forest. Although v = 0 corresponds to sparse indices,
the ATE representer is still an inverse-propensity weight and thus nonlinear in X.

(Fixed Lasso and Fixed Forest). In this design, Fixed Forest attains the lowest RMSE
throughout the path, whereas Fixed Lassoﬂ exhibits substantially larger errors near
the sparse-linear endpoint. Adaptive Riesz—DML markedly improves over the fixed
linear pipeline and delivers stable coverage close to the nominal level across . These
results illustrate that (i) the identity of the best fixed architecture can be design
dependent, and (ii) data-driven selection stabilizes performance and inference relative
to committing to a single pipeline ex anteﬂ

Panel B reveals a critical insight regarding inference. While the Fixed Random
Forest achieves reasonable prediction error in the linear regime, its coverage prob-

ability drops significantly below the nominal 95% level. This under-coverage likely

8Throughout, “Fixed Lasso/Ridge” refers to a symmetric pipeline that fits the Riesz representer
a within the same (sparse) linear learner class by minimizing the Riesz loss over W = (D, X),
rather than a plug-in ATE-IPW construction that sets &(W) = D/é(X) — (1 — D)/(1 — é(X))
after estimating é by (say) lasso/logit. Even in DGP 1, ag(W) is nonlinear in X because of the
inverse-propensity form, so restricting « to be linear can be a substantial approximation error in
finite samples and can inflate both dispersion and bias of the resulting DML estimator.

9This phase-transition experiment uses Uniform covariates X ~ Unif([—1,1]?), whereas the
benchmark results in Table [2] use Gaussian covariates X ~ N(0,1;). Hence the phase-transition
plot is not intended to match the endpoint levels in Table [2| exactly; it is included to illustrate how
RMSE and coverage evolve smoothly as the nuisance structure becomes more nonlinear.
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reflects finite-sample deviations from the influence-function normal approximation for
the fixed forest pipeline—for example, a non-negligible second-order remainder (drift)
and/or heavier-tailed influence-function realizations and noisier variance estimation
when ¢ and & are obtained from highly adaptive learners. While centering bias can
contribute, in these simulations the forest pipeline’s mean bias is small relative to
its Monte Carlo dispersion, suggesting that variance underestimation and/or non-
Gaussianity also play an important role. In contrast, the adaptive procedure tends to

select more stable nuisance fits in this regime and delivers coverage closer to nominal.

Table 2: Main Simulation Results: Estimation Error and Coverage
DGP 1: Sparse Linear DGP 2: Highly Nonlinear

Estimator Bias RMSE Cov 95% Bias RMSE Cov 95%

Adaptive Strategy
Adaptive Riesz-DML 0.012 0.159 0.956 0.006 0.085 0.906

Fized Benchmarks
Fixed Boosting 0.132 0.189 0.872 0.136 0.201 0.880
Fixed ElasticNet 0.148 0.539 0.930 0.068 0.233 0.912
Fixed Forest -0.030 0.146 0.714 0.064 0.106 0.868
Fixed Lasso 0.235 0.680 0.914 0.082 0.289 0.898
Fixed LinearSVR -0.002 0.081 0.940 0.024 0.114 0.926
Fixed NeuralNet (default)  7.823 8.407 0.106 7.322 7.803 0.098
Fixed RBF SVR -0.005 0.217 0.576 0.073 0.118 0.856
Fixed Ridge 0.135 1.130 0.884 0.060 0.566 0.912
Fixed Tree 2.641 3.824 0.550 0.344 1.715 0.924
Fixed XGBoost 0.194 0.268 0.766 0.182 0.279 0.866

Note: Bias, RMSE, and empirical coverage of nominal 95% confidence intervals
across 500 replications. The Fixed benchmarks correspond to standard DML prac-
tice: outcome learners are tuned by MSE and propensity learners (where appli-
cable) are tuned by log-loss. Adaptive Riesz-DML automatically adapts to the
regime, maintaining valid coverage in the linear setting (where Forests under-
cover) and achieving the lowest RMSE in the nonlinear setting (where Linear
models fail). Note the extreme failure of the default/untuned NeuralNet baseline
across both regimes, illustrating that off-the-shelf high-complexity architectures
can induce heavy-tailed sampling behavior when used without inference-targeted
tuning.

6.3.3 Mechanism Stress Test: Off-Diagonal Optimality

A central implication of Definition (1] is that symmetric (diagonal) restrictions can
be first-order suboptimal when the effective complexity of the regression nuisance gq

differs from that of the Riesz representer ay. To make this mechanism empirically un-
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Figure 3: Mechanism Stress Test Results. Panel A: RMSE comparison (N =
1000). Symmetric architectures (Fixed Lasso, Fixed Forest) are outperformed by the
Decoupled Oracle (Lasso/Forest). The Adaptive estimator matches the Oracle. Panel
B: Selection frequency showing near-perfect convergence to the decoupled pair.

mistakable, we construct a design with Easy go / Hard aoﬂ Figure [3| summarizes the
results (N = 1000, 500 replications). Panel A confirms that symmetric architectures
fail in this regime. The Fixed Lasso (symmetric linear) yields the highest error (RMSE
~ 0.096) because the linear propensity fails to approximate the nonlinear Riesz rep-
resenter. The Fixed Forest (symmetric nonlinear) reduces bias but remains inefficient
(RMSE ~ 0.090) due to overfitting the simple outcome. In contrast, Adaptive Riesz-
DML effectively decouples the estimation problem, matching the performance of the
Oracle Pair (Lasso/Forest) with an RMSE of 0.071. Panel B reveals the mechanism:
the adaptive procedure correctly identifies the off-diagonal architecture (Lasso for g,
Forest for p) in 98.7% of outer-fold selection decisions, thereby recovering the oracle

efficiency without ex-ante knowledge of the structural asymmetry.

6.3.4 Distributional Properties and Finite-Sample Stability

Figure || presents the Empirical Cumulative Distribution Function (ECDF) of the
absolute estimation error |6 — 6| for the full library of estimators. The split-axis
visualization highlights two distinct classes of failure modes that fixed-architecture

DML can suffer from, both of which are mitigated by the adaptive procedure. First,

OLet X € R? with X ~ N(0,1;) and d = 200. Let D ~ Bernoulli(py(X)) with po(X) =
A(2sin(3X1X5) 4+ 1.5exp(—X3) +0.5X4 — 0.5X5), where po(X) is clipped to [p, p] to enforce overlap
and A(-) denotes the logistic link. The outcome regression is sparse linear: Y = D + X " By + €.
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in the competitive regime (errors < 1.0, left panels), we observe the cost of system-
atic bias. In the nonlinear design (DGP 2), fixed linear estimators like Lasso (blue
dashed line) flatten out early, indicating a high probability of moderate bias due to
model misspecification. In contrast, the Adaptive Riesz-DML tracks the oracle-like

performance of the best nonlinear learners, lying closest to the y-axis (zero error).

DGP2: Absolute Error (ECDF) y
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Figure 4: Empirical CDF of absolute estimation errors. The bold black curve
plots the distribution of |é — 60y for Adaptive Riesz—DML; dashed curves correspond
to fixed symmetric pipelines. In the nonlinear design (DGP 2), the adaptive proce-
dure is close to the best-performing fixed pipeline throughout the distribution and
dominates fixed linear baselines. In the sparse-linear design (DGP 1), the best fixed
linear pipeline can dominate in the extreme left tail (very small errors), but the adap-
tive estimator remains competitive and, importantly, avoids the heavy-tail behavior

exhibited by overly complex fixed learners.

Second, the outlier regime (errors > 1.0, right panels) reveals the risk of catas-
trophic variance. Complex fixed learners, particularly the Fixed Neural Network
(red dash-dot) and Decision Tree (orange dotted), exhibit heavy-tailed error distribu-
tions extending beyond 15.0 standard deviations. This confirms that blindly relying
on high-complexity architectures without Riesz-aware selection is dangerous in finite
samples. Crucially, the Adaptive estimator avoids this tail risk entirely. By select-

ing architectures based on the Riesz risk—which balances approximation bias against
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variance—it effectively filters out these unstable candidates, delivering inference that

is both accurate (low bias) and robust (low variance).

7 Empirical Application: 401 (k) Eligibility and Wealth

To illustrate the empirical role of adaptive architecture selection, we revisit the canon-
ical DML analysis of the effect of 401(k) eligibility on net financial assets (Cher-
nozhukov et all |2018)). The application is well-suited to our framework because
plausible fixed-learner specifications can yield materially different conclusions, a man-
ifestation of the Rashomon effect (Breiman, 2001). We use the 1991 Survey of Income
and Program Participation (SIPP) sample with N = 9,915 and target the Average
Treatment Effect (ATE). We benchmark our results against the fixed-specification

interactive regression estimates reported in (Chernozhukov et al.| (2018)).

7.1 Implementation and Riesz-Consistent Selection

We implement Adaptive Riesz-DML with L = 5 outer folds for cross-fitting and nested
K = 5 cross-validation within each training fold to select nuisance learners from a
finite library including regularized linear learners and flexible nonlinear learners, to-

gether with parametric baselines. For the ATE, the efficient orthogonal score depends

D _1-D
po(X)  1-po(X)’
ap is a known functional of py. Accordingly, within each propensity architecture we

on the propensity score po(X) through the representer ag(W) = SO
tune hyperparameters by log-loss (a proper scoring rule), but we select among ar-
chitectures using the cross-validated Riesz criterion evaluated on the implied weights
a(W) = D/p(X) — (1 — D)/(1 — p(X)). In terms of Algorithm [1} each propensity
architecture together with its internal log-loss tuning rule is treated as a single can-
didate procedure k € ®%: it outputs a tuned p, on each training fold and the implied
weights &, (W) = D/p.(X) — (1 = D)/(1 — p(X)). The inner-CV Riesz criterion is
then applied across these tuned candidates. We do not additionally retune propen-
sity hyperparameters by the Riesz criterion to avoid a computationally costly nested
search, and because the log-loss tuned grids are already narrow in our implementa-
tion. Recall that for ATE the Riesz criterion uses m(W,a) = «o(1,X) — a(0, X),
so the empirical criterion is computed by evaluating the fitted representer at both

treatment states for each X;. Outcome regression learners are selected by held-out
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MSE. All reported standard errors use the usual cross-fitted orthogonal-score variance
estimatdt]

7.2 Results: Ambiguity under Fixed Learners, and Decou-
pled Adaptivity

Table [3| summarizes the results. Panel A reports the published benchmarks from
Chernozhukov et al.| (2018)), where the Lasso specification relies on extensive feature
engineering (polynomials and interactions). Panel B reports fixed-learner benchmarks
using raw features. These fixed specifications span a wide range, from an imprecise
estimate under Double Lasso to substantially larger effects under tree-based learners.
This dispersion reflects sensitivity to ez ante architectural commitments when the
two nuisance components exhibit different effective complexity levels.

Panel C reports the proposed Adaptive Riesz-DML estimate. The adaptive proce-
dure delivers a single estimate that is close to the robust nonlinear fixed benchmarks,
but is obtained without manual trial-and-error over learner classes. Importantly,
adaptivity does not come with a large precision cost: the adaptive standard error is
comparable to the most precise fixed nonlinear specifications in Panel B.

Panel D provides a transparent mechanism. In multiple folds, the selector chooses
a structured (regularized linear) learner for the outcome regression § while selecting
a flexible nonlinear learner for the propensity score p. This fold-wise pattern is con-
sistent with asymmetric nuisance complerity in the 401(k) application and directly
illustrates the value of structural decoupling in the sense of Definition [I] It also
aligns with Proposition [2, which formalizes that symmetric (diagonal) restrictions
such as Double Lasso or Double Forest can be first-order suboptimal when the best
approximation regimes for gy and aq differ[?]

Figure [5| unpacks the mechanism driving these efficiency gains by tracking the evo-

lution of learner selection probabilities as the sample size N grows. The stacked areas

1We implement the stable e-minimizer variant described in Section

12A natural concern is whether the selection of nonlinear propensity models (e.g., Boosting) in
Panel D is driven by the true data generating process or simply by a deficiency in the linear can-
didate set. Comparison with Panel A provides robustness. The Double Lasso benchmark from
Chernozhukov et al.| (2018) (Panel A) utilized extensive manual feature engineering (polynomials
and interactions) to achieve an estimate of 7,170. Our Adaptive procedure, utilizing only raw fea-
tures, recovers a similar positive effect (7,565) by selecting tree-based methods. This suggests that
the nonlinearity discovered by the Riesz-Risk selector serves as an automated substitute for manual
feature engineering.
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Table 3: Empirical Results: Conventional vs. Adaptive DML

Estimator Specification ATE S.E.

Structural As-
sumption/Im-
plication

Panel A: Literature Benchmarks (Chernozhukov et al., 2018)

Double Lasso (w/ interactions) 7,170 1,201
Double Boosting (GBM / GBM) 7,713 1,155
Double Random Forest (RF / RF) 8,105 1,242

Sparsity in engi-
neered features
Homogeneous
Boosting

Homogeneous
Non-Linearity

Panel B: Fixred DML Benchmarks (This Paper, Raw Features)

Double Lasso (No interactions) 2,723 3,827
Double Boosting (GBM / GBM) 8,559 1,123
Double Random Forest (RF / RF) 7,969 1,115

Fails (Bias due to
po nonlinearity)

Robust Nonlinear
Baseline

Robust Nonlinear
Baseline

Panel C: Adaptive Riesz-DML (Proposed Method)

Adaptive Selector 7,565 1,160

95% CI: [5,291, 9,839]

Decoupled /
Endogenous
Selection

Panel D: Anatomy of Adaptive Selection (Mechanism)

Fold Outcome (§) Propensity (p) Selected Archi-
tecture Pattern

1 Forest Boosting Nonlinear / Non-
linear

2 Lasso Boosting Decoupled
(Linear / Non-
linear)

3 Forest Forest Nonlinear / Non-
linear

4 Forest Forest Nonlinear / Non-
linear

5 Ridge Forest Decoupled

(Linear / Non-
linear)

Note: N =9,915. Panel A reports the published benchmarks from |Chernozhukov et al.| (2018)).
Double Lasso is Linear DML (Lasso / Logit 35Panel B reports our replication on raw features;
the statistically insignificant estimate for Double Lasso (2,723) confirms that linear models fail
without manual feature engineering. Panel C shows that Adaptive Riesz-DML recovers the
robust positive effect (7,565) automatically. Panel D confirms the mechanism: the selector

discovers asymmetric complexity in Folds 2 and 5.



represent the probability mass assigned to each learner class, visualizing the adap-
tive procedure’s trajectory toward the oracle selector. A stark asymmetry emerges
between the two nuisance functions. Panel B reveals a rapid regime shift in the
propensity score model: while simple parametric benchmarks (Linear/Logit) have
non-negligible weight at N = 1,000, the probability mass for nonparametric learners
converges toward unity as IV approaches the full sample size. This suggests that the
treatment assignment mechanism—the decision to participate in a 401(k)—is highly

nonlinear and cannot be adequately captured by sparse linear approximations.

Panel A: Outcome Model (g) Panel B: Propensity Model (D)
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Figure 5: Learner selection frequencies across sample size. For each subsample
size N, the adaptive procedure is run repeatedly; the figure reports the fold-level
frequency with which each learner is selected for the outcome regression g (Panel A)
and the propensity score p (Panel B). The stacked areas represent the cumulative
probability mass assigned to each learner class, summing to 1.0. Panel A illustrates
the persistence of sparsity, where regularized linear methods (lighter regions) retain
a substantial selection share, illustrating the asymmetric complexity of the nuisance
functions. Panel B illustrates a transition to nonlinearity, where the share of tree-
based methods (darker regions) dominates as N grows.

Panel A exhibits structural stability. The outcome regression continues to allo-
cate the majority of probability mass to regularized linear learners even at moderate

to large sample sizes. This persistence implies that the conditional expectation of
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net financial assets is well-approximated by a sparse linear combination of covari-
ates. The ability of the adaptive estimator to decouple these choices—employing
high-complexity models for py while retaining low-variance linear models for gy—
prevents the regularization bias that would arise from a fixed linear architecture and
the variance inflation that would arise from a fixed nonlinear architecture.

Figure [6] reports two applied diagnostics. Panel A shows a learning curve: dis-
persion shrinks quickly with N and the mean stabilizes near the full-sample value.
Panel B shows that the full-sample Adaptive Riesz-DML estimate is stable across
K € {2,5,10}, suggesting limited sensitivity to the details of the nested selection
stage. Additional inner-CV diagnostic plots that summarize the selection metrics

used for § and p are reported in Appendix [D]

Panel A: Learning curve Panel B: Sensitivity to inner folds
Panel A: Convergence of ATE Estimate Panel B: Sensitivity to Hyperparameters
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Figure 6: Diagnostics for the Adaptive Riesz-DML ATE in the 401(k) appli-
cation. Panel A plots the mean ATE estimate across repeated subsamples, with the
shaded band showing the 10th-90th percentiles (dispersion shrinks rapidly with V).
Panel B shows that the full-sample estimate is stable across inner-CV fold choices
K € {2,5,10}.

7.3 Diagnosing the Instability: Riesz Representer Weights

For the ATE, the Neyman—orthogonal DML score can be written in terms of the
inverse-propensity Riesz representer weight &(W) = z% - 1;_&)_ Because (W)
diverges as p(X) — 0 or p(X) — 1, the tail behavior of the implied representer weights

provides a direct diagnostic for whether an estimator is implicitly relying on a small
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set of high-leverage observations, and for whether a particular nuisance architecture
(especially for p) is effectively imposing strong regularization or implicit trimming.
This diagnostic is tightly linked to our theory: the inferential object depends on the
Riesz representer, so nuisance choices that look adequate for prediction can still be
poorly aligned with the score geometry that governs inference.

Figure [7| visualizes the distribution of &(WW') under the baseline overlap stabiliza-
tion used throughout (7 = 0.01)[F] Panel A compares a symmetric linear benchmark
(Fixed Linear: Lasso outcome regression with a simple logistic propensity; dashed
gray) against Adaptive Riesz-DML (solid black), which selects the propensity learner
by held-out Riesz risk. The Fixed Linear benchmark exhibits a noticeably more con-
centrated right tail on the displayed scale, consistent with a propensity architecture
that does not generate many low-p(X) treated observations and therefore assigns less
leverage to those units in the score. In the same baseline specification, the bench-
mark yields a much smaller and statistically insignificant estimate: 2,723 with SE
3,827 (Table [d] Panel A, 7 = 0.01). In contrast, Adaptive Riesz-DML delivers a pre-
cisely estimated positive effect of 7,565 with SE 1,160 under the same stabilization.

Table [4] reports a formal sensitivity analysis with respect to overlap stabilization,
using two standard diagnostics. Clipping replaces p(X) by p(X) € [r,1 — 7] and re-
computes the orthogonal score using all observations. Dropping discards observations
with p(X) ¢ [r,1 — 7] and recomputes the score on the retained subsample. These
diagnostics are not proposed as preferred estimands; rather, they assess whether con-
clusions are sensitive to the most extreme implied weights. When dropping is applied,
the resulting estimate can be interpreted as inference for a trimmed version of the
target parameter on the retained (overlap) subpopulation; when clipping is applied,
the procedure corresponds to a stabilized weighting scheme that limits the influence
of extreme implied weights.

Two empirical patterns emerge. First, the Fixed Linear benchmark is highly
sensitive to stabilization. Under clipping, its estimate rises from 2,723 at 7 = 0.01
to 4,878 at 7 = 0.10, and under dropping it rises further to 6,121 at 7 = 0.10, with
corresponding changes in precision. Second, the estimates produced by standard

DML and Adaptive Riesz-DML are comparatively stable under clipping: both remain

13Tn this application the fitted propensities lie within [0.01,0.99] for all three specifications, so the
baseline bound is effectively non-binding; Table [] considers more aggressive stabilization to stress
the implied weights.

38



Panel A: Bias Correction via Tail Reweighting Panel B: Riesz vs Log-Loss Selection
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Figure 7: Distribution of implied Riesz representer weights in the
401(k) application. The figure plots the empirical distribution of the inverse-
propensity representer weights &(W) = D/p(X) — (1 — D)/(1 — p(X)) con-
structed from cross-fitted propensity predictions, with baseline stabilization p(X) =
min{max{p(X),0.01},0.99}. The horizontal axis is truncated to focus on the right
tail (treated weights); the inset zooms in on & € [5,15]. Panel A compares a symmet-
ric linear benchmark (Fixed Linear: dashed gray) with Adaptive Riesz-DML (solid
black); the adaptive procedure yields a thicker right tail on the displayed scale. Panel
B compares propensity selection by log-loss (Standard DML: dashed gray) with selec-
tion by Riesz risk (Adaptive Riesz-DML: solid black); the implied weight distributions
are very similar in this application.

essentially unchanged across 7 € {0.01,0.05,0.10} with SEs around 1.16k.

Under dropping, both increase modestly at 7 = 0.10 (to 7,935 for Standard
DML and 7,991 for Adaptive Riesz), reflecting the fact that removing the most ex-
treme p(X) observations mechanically changes the score contributions of those re-
gions. Importantly, the effective sample size (ESS) remains large for both methods
throughout—for Adaptive Riesz, ESS is at least about 6,900 even when dropping at
7 = 0.05 and increases to about 7,200 at 7 = 0.10—indicating that inference is not
driven by a vanishing set of extreme-weight observations.

Finally, Panel B of Figure m contrasts propensity selection by prediction (log-loss;
dashed gray) with inference-targeted Riesz risk (solid black). The weight distributions
are very similar in this application, which is consistent with the proximity of the
corresponding ATEs in Table 4| at 7 = 0.01 (Standard DML: 7,501; Adaptive Riesz:
7,565). This alignment is not generic: the mechanism stress test in Section m
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Table 4:  Sensitivity of 401(k) ATE estimates to
propensity-score stabilization.

Method Trim (r) ATE SE  ESS N
Panel A: Clipping

Double Lasso 0.01 2,723 3,827 7,381 9,915
Double Lasso 0.05 3,863 2,872 7466 9,915
Double Lasso 0.10 4,878 2,040 7,618 9,915
Standard DML 0.01 7,501 1,169 7,258 9,915
Standard DML 0.05 7,501 1,169 7,259 9,915
Standard DML 0.10 7,505 1,168 7,493 9,915
Adaptive Riesz 0.01 7,565 1,160 6,914 9,915
Adaptive Riesz 0.05 7,568 1,160 6,949 9,915
Adaptive Riesz 0.10 7,589 1,159 7,372 9,915
Panel B: Dropping

Double Lasso 0.01 2,723 3,827 7,381 9,915
Double Lasso 0.05 5,643 1,871 7,547 9,907
Double Lasso 0.10 6,121 1,284 7,704 9,864
Standard DML 0.01 7,501 1,169 7,258 9,915
Standard DML 0.05 7,525 1,175 7,227 9,865
Standard DML 0.10 7,935 1,246 7,328 9,287
Adaptive Riesz 0.01 7,565 1,160 6,914 9,915
Adaptive Riesz 0.05 7,604 1,172 6,926 9,816
Adaptive Riesz 0.10 7,991 1,250 7,199 9,168

Notes: The table reports cross-fitted ATE estimates based on the or-
thogonal DML score. Clipping replaces the cross-fitted propensity by
p(X) = min{max{p(X),7},1 — 7} and recomputes the score using all
observations. Dropping discards observations with p(X) ¢ [r,1 — 7] and
recomputes the score on the retained subsample (using the same cross-
fitted nuisance predictions). Standard errors are computed as the sample
standard deviation of the recomputed score divided by v/N, where N is
the number of retained observations. ESS is computed from the posi-
tive inverse-propensity weights w; = D;/p(X;) + (1 — D;)/(1 — p(X,))
via ESS = (32, w;)?/ >, w? (using the retained sample under dropping).
Double Lasso is Linear DML (Lasso / Logit). Because the stable e-
minimizer (one-standard-error rule) used for the reported fold-level learn-
ers may differ from the strict inner-CV argmin reported in Appendix [D]
for diagnostic purposes, the diagnostic argmin in Appendix need not
coincide with the learner recorded for each outer fold.
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shows that predictive selection can fail precisely when the representer is harder than
the regression nuisance. The role of Riesz-risk selection is therefore not to guarantee
a distinct choice in every application, but to provide a principled safeguard when

prediction and inference objectives diverge.

8 Conclusion

A central message of semiparametric theory is that valid inference is driven by the
geometry of the efficient influence function, not by predictive fit of auxiliary regres-
sions. In DML implementations, however, the researcher typically commits ex ante to
a particular double learning pipeline and tunes it using prediction-oriented criteria.
For linear-functional targets, this practice is conceptually incomplete: the efficient
score depends on a Riesz representer that is defined by a Hilbert-space duality (the
Riesz identity) and is estimable via a functional-specific quadratic criterion, the Riesz
risk. As a consequence, pre-determined predictive model selection can be weakly in-
formative about the quality of the representer and, more importantly, symmetric
architecture restrictions can be first-order by excluding the nuisance pair whose error
product vanishes at the required o,(n~'/?) rate.

This paper proposes Adaptive Riesz-DML, a fully data-driven estimator that
makes architecture choice an explicit part of the inferential problem. The method
is structurally decoupled: it selects the regression nuisance g by cross-validated pre-
diction loss, while selecting the representer v by cross-validated Riesz risk computed
on held-out folds. This separation aligns the selection objective with each nuisance
component’s role in the score and permits off-diagonal pairs in the product library,
thereby operationalizing the possibility that gy and «q inhabit different effective com-
plexity regimes.

On the theory side, the estimator provides a fast-rate oracle inequality for Riesz-
risk cross-validation over a growing finite library and shows that nested sample split-
ting preserves the orthogonal-score structure under non-parametric data-driven se-
lection. For linear-functional scores, the population moment error satisfies the exact
second-order identity Py (W;60y, g, a) = (g — go, g — @) p. Theorem [2[shows that this
same second-order representation continues to hold fold-wise conditional on the train-
ing sample when (g, &) are chosen data-dependently from libraries via nested sample

splitting; we refer to this post-selection second-order property as adaptive orthogonal-
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ity. Under standard moment and product-rate conditions, the resulting estimator is
asymptotically linear with influence function v (+; 0y, go, ag) and therefore attains the
semiparametric efficiency bound.

Empirically, the adaptive DML estimator stabilizes inference across regimes where
fixed architectures in conventional DML exhibit either misspecification-driven bias or
high-variance failures, and the 401(k) application illustrates how the method can
endogenize architectural choices that are otherwise a source of researcher degrees
of freedom. In particular, the fold-level selections transparently reveal asymmetric
complexity (e.g., nonlinear propensity /weight architectures paired with comparatively
structured outcome regressions), providing a reproducible diagnostic for when sym-
metric DML pipelines are likely to be biased.

Several directions remain open. A natural extension is to sharpen finite-sample
guarantees for large libraries (including computationally efficient search procedures)
while retaining inference validity. Another is to broaden the analysis to settings
with stronger ill-posedness and richer moment restrictions, where source conditions
and regularization interact more tightly with representer estimation. Finally, further
work on principled stabilization under limited overlap—viewed explicitly as a change
in estimand or as a sensitivity analysis—would complement the representer-oriented

diagnostics emphasized here.
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A  Proofs

A.1 Proof of Proposition

Let H denote the relevant Hilbert space. In the scalar case, H = L*(P) with inner
product (f,h)p := E[f(W)h(W)] and norm || f[|% := E[f(W)?]. (If g is J-vector-
valued, take H = L*(P)” with (f, h)p = E[f(W)"h(W)] and | f[ == E[lf(W)]3].)
Define the continuous linear functional 7' : ‘H — R by T'(g) := E[m(W, g)].
By the Riesz—Fréchet theorem, there exists a unique oy € H such that T'(g) =
(g, 9)p for all g € H.
For any a € H, define the Riesz risk

R(a) = E[a(W)]; - 2m(W, a)] (17)
= [lallp — 2T(a)

= [lall — 2(c0, @) p-

Hence, R(a) — R(ag) = ([lallt = 2(as,@)p) = (laollb — 2(a0, a0)r) = [l +
|vol|% — 2{ap, @) p = ||a — agl|% > 0. Moreover, ||ja — ag||% = 0 if and only if o = «yg

P-a.s. Therefore, o is the unique minimizer of R(«a) over H.

A.2 Proposition

Proposition [2| is an informal summary of the following rate-based statement.

Proposition 4 (Formal rate-based version of Proposition. Let @9 and @5 be index
sets generating nuisance libraries {Gpn : ¢ € P9} and {Gy,, : £ € DO}, Fiz indices
1,2 € PV and k1, ko € Py, and write §jn = Gp;n and Qjpn = Qg for j =1,2.
Suppose there exist constants 0 < ¢ < C' < 0o and exponents ag, Gy, by, by € [0,1/2)
such that, with probability tending to one,

en”® < ||gin — gollpe < Cn™%, e < lgom — gollpe < Cn",  (18)

cnb < |Gy, — aollpe < Cnhe, en” % < ||don — aollpe < Cn=%. (19)
Assume the exponents satisfy

1
by + aq < =. (20)

1
ag + by < 5

1
a>_7 )
ag+a 5 7
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Consider the diagonal (symmetric) restriction S92 := { (1, K1), (P2, a)} T DI x O,
which corresponds to allowing only the coupled estimator pairs {(G1n, G1.n), (Go.n, Gon)}.
In contrast, the decoupled pair (g1, Gan) (corresponding to the off-diagonal index pair

(1, ko)) satisfies the product-rate condition.

Proof. Work on the event where f hold.
(1) Symmetric pair (1,1). By the lower bounds, ||G1, — gollp2 ||&1.n — ollp2 >

. . q — A — 1
¢?n~(@stba) Since a,+b, < 1/2, it follows that 191, go”’;ﬂ?j’" allrz > (2 5-(ag+ba)

00, so the product cannot be o(n='/2).

(i1) Symmetric pair (2,2). Similarly, by the lower bounds, ||g2., — gollp2 ||G2n —
agllpa > 2n~(tetea) Since b, + a, < 1/2, this product is not o(n=1/2).

(i1i) Decoupled pair (1,2). By the upper bounds, ||§1, — gol|p2 ||G2n — ollp2 <
C?p~(estaa) Since a, + a, > 1/2, we have n~(@+9%) = o(n=1/2), so the product-rate
condition holds. O

A.3 Proof of Lemma 1

Fix any (possibly random) o € H satisfying the boundedness condition, and define
A(W) == a(W) — ag(W). Recall {(W,a) = |a(W)]]3 — 2m(W,a). By linearity
of m, {(W,a) = (W, a0) = [la(W)[3 = lao(W)[3 — 2m(W, e — ) = (a(W) +
ao(W))TA(W) — 2m(W, A). Conditional on a, the law of W is P, so E[({(W,a) —
(W, a9))? | a] = |[€(-, ) —€(-, o) || - Using the triangle inequality, Cauchy-Schwarz,
and the bounds [|a||e, ||aollee < B, [[0(;a) — £(-,a0)llp2 < (@ + ag) "Allp2 +
2[lm(-, A)||p2 < (2B + 2C,,)||A|lp2. Squaring this yields E[({(W, ) — £(W, ap))? |
a] < (2B + 2C,)? |o — apl|py. Since R(a) — R(ag) = |l — agl|3,, the Bernstein
condition holds with v = (2B + 2C,,)2. O

A.4 Proof of Theorem [1I

Throughout the proof we invoke Assumption . Define the (pointwise) Riesz loss
(W,a) = |la(W)|3 —2m(W, a),so thatR(a) = E[{(W, a)].

Step 0: Setup, folds, measurability, and conditional independence. The

sample is partitioned into K folds {I;}X ,. For each x € ®%, the fold-k estimator

a5 is trained using only observations indexed by If ={1,...,n} \ Ix. Let Fy :=
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o({W; :i € I¢}) denote the training o—field in fold k. By construction, as™ is B
measurable. Since the data are i.i.d. and I N I; = (), conditional on F}, the validation
observations {W; : i € I} are i.i.d. draws from P and are independent of as ™. We
assume folds are approximately balanced: there exist constants 0 < ¢_ < ¢; < o0
such that

c.— < || < C+% forall k € {1,...,K}. (21)

Step 1: Work with excess CV risk. The K—fold cross-validated risk is écv( )=
% S Ry (k), Ry(k) = ﬁ > ier, ! (VVZ, Qe ) Introduce the ezcess (oracle-centered)
CV criterion Ecy (k) == Rey (k) — Rev(ao), Rev (ag) = - % b S T e, (Wi, ).
Since Rcv(ao) does not depend on k, any minimizer of RCV also minimizes Eqy. Let
Ko € arg min,cpa RCV( ) = arg min,cqa SCV( ).

Define the fold-average population excess risk Ex (k) := S ErlR), Ek(k) =
R(d,(i_k)) — R(ay). Then, for any k € ®2,

Ex (ko) < Eov(fa) + |5CV fia) = Exc(Fa)|
<& v(k) + ’50\/ o) — Ex(Ra )|
< Ex (k) + |Eov (k) — Ex (k)| + |Eov (Fa) — Ex(Ra)|. (22)
In particular, letting £* € arg mingepo Ex (k).
Ex(Ra) < Ex(K") +2 sup ‘gcv(/f) — &k (k). (23)

KEDPY

Thus it remains to control the uniform deviation sup, |Ecy (k) — Ex (k).

Step 2: Centering and boundedness of the excess loss. Fix x and fold k.
Define the fold-k empirical excess loss average gk(/i) = ﬁ Zielk{£<wi>é‘f(f_k)> -

E(Wi,ao)},so that Eov (k) = %Zszl Ex(k). Conditional on Fy, as™ s fixed and
{W; i € I} are i.i.d. from P, so

E|&u(k) | Fi| =B [6(W,609) = €W, a0)| = RGEH) = Rlao) = Eulx).  (24)

Hence each & (k) — & (k) is conditionally mean-zero. Next, by Assumption [1] there ex-
ac M (W)| < B and [m(W,al™M)] <

ists B < oo such that a.s. uniformly over (k, k),
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B and also |ag(W)| < B, |m(W,ap)| < B. Therefore, for any such «, |[{(W, )| =
|[|(W)]3 = 2m(W, o)| < B? + 2B =: M, and hence

(W, )= (W, )| < 2Mo = ‘(K(W, a)— LW, ag) ) —E[0(W, a)— (W, ao)]‘ < 4My =: b.
(25)

Step 3: Conditional variance control via the Bernstein condition. Fix
and k. Define, for i € I, Z; (k) := {e(w,-,&&"”) — K(Wi,ao)} — & (k). By (124] .
E[Z;k(k) | Fi] = 0. Moreover, by ([25)), |Z;x(x)| < b almost surely. Finally, by

Assumption (applied conditionally on Fy, since d,(.fk) is Fy—measurable),

Var( k() |.7:k) < [Z (k)2 | ]_—k} < E[(@(W A (—k) ) — oW, ao))2 | ]__k]

(26)

< V{R(éz,(;k)) — R(ao)} = v&;(K).
Step 4: Bernstein inequality + union bound (fast-rate uniform deviation).
Conditional on Fy, the variables {Z; (k) : 1 € Ik} are i.i.d. mean-zero, bounded
by b, and have conditional variance at most v& (k) by (126 . Bernstein’s inequality

therefore yields, for any t > 0,

P( [un) — &) > vé(r)t | bt | ) <2 (27)
| 1| |

3|1,

Take a union bound over k € ®% and k € {1,...,K}. Let § € (0,1) and set
t:= 10g<2Kl(I> ‘) . Then with probability at least 1 — §, simultaneously for all (k, k),

QI/gk(K)t bt

+ . 28
TARREA (28)

Eu() — &) <
Average ([28) over k and use . By Jensen’s 1nequahty (concav1ty of /), & K VE(R) <

\/sz 15k = &k (k). Also m < Z and - Hence, on the same

event, Slmultaneously for all Kk € @7,
~ _ _ t t 2K |P%
‘50\/(“) - 5K(’f)’ < O/ Ek (k) StCo, t= 10g<M) ) (29)
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for constants C, Cy depending only on (v,b, K,c_, c.).

Step 5: Solve the self-bounding inequality and obtain the oracle bound.
Convert the empirical minimizer into a population oracle inequality. Let k, €

arg min,cga éA’K(n) and let £* € argmin,cqea Ex (k). Then, we have

Ex(ka) < Exlfia) + [Ex(Ra) — Ex(Fa)|
< (W) + |Ex(Ba) — Ex ()]
< Ex (k") + |Ex () — Ex (k)| + [k (Ra) — Ex(Ra)]
— — t t — t t
SgK(KJ*)—i—Cl SK(K*)——FCQ——FCl gK(/%a)—‘FCg—.
n n n n

To remove the square-root term involving & x (&4) on the right-hand side, apply 2ab <
na® +n~10* with a = \/Ex(k,) and b = C1+/t/n (e.g. n = 1/2), and then rearrange.

Step 6: Transfer to the refitted estimator. By Assumption 5] uniformly
over k € ®¥ we have |R(d)) — Rx(k)| < 0, in probability. Therefore, R(d%,) <
Ry (Ra) + 6p, inf,cqo Ry (k) < inf.cqpo R(Q)) + 0,,. Combining these inequalities with
the oracle bound for Ry (K,) yields the refit inequality with an additional 24, term.

Finally, choose § := n™2 so that t = log(2K |®%|n?) < log |®%|+logn and 1—§ — 1.
Under Assumption [2| (log |®%| = O(logn)), the remainder term is of order log |®%|/n.
Combining Ex (ky) < }—:’71 & w (W) +15, (% + 4CQ> L with the refit transfer argument
yields, with probability tending to one, R(ds,) — R(ao) < (14 0(1)) infecqpq { R(dw) —
R(ag)} +C &f%' + 20,,. Using the variational identity R(a) — R(ap) = [[a — a5,

completes the proof.

A.5 Proof of Theorem [2

Note on notation. We use the main-text notation throughout. Let U € R’ be
the signal and go(v) := E[U | V = o] the regression nuisance (so 79 = (go, %))
Recall V = o(V'). For readability we present the argument for the scalar case J = 1;
the extension to general J follows by replacing products with inner products, e.g.
a(W){U — g(W)} becomes a(W)"{U — g(W)} and squares with squared Euclidean
norms (e.g. a(W)? becomes ||a(W)||2). Throughout Appendix[A.5|and Appendix[A.6]
we write Y := U for the scalar (J = 1) signal. The data-driven (cross-validated)

choice of hyperparameters does not destroy Neyman—orthogonality of the score. The
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key fact for the linear-functional score in is that the population moment error
admits an ezxact second-order representation in the nuisance errors. This allows us
to treat the selected hyperparameters as a random index without taking derivatives

with respect to them.

Step 0: Outer-fold conditioning, measurability, and independence. Fix
an outer fold index [ € {1,..., L} and write [; for the evaluation indices and If =
{1,...,n} \ I; for the corresponding training indices. Define the training o—field
Fi = a({VVi 11 € Ilc}) By construction of Algorithm (1| the selected hyperparam-
eters (Qgi, Ray) are computed using only the training sample I, and the nuisance
estimators are refit on [, producing g, := gg ,, 4 := Qz,,. Since ®J and P are
finite (Assumption [2)), the map If — (Pg, Fay) is measurable and therefore g and
&; are Fp—measurable random functions. Because the observations are i.i.d. and I;
is disjoint from If, conditional on JF; the evaluation observations {W; : ¢ € I;} are
i.i.d. draws from P and are independent of (g, &;). Equivalently, conditional on F,
we may treat (g;,&;) as fixed functions and W ~ P as a fresh draw independent of
Fi. Let V := (V) denote the o-field generated by the conditioning variables V' (as
in Section 2.1). We assume that the nuisance classes for g and « are contained in
L3(P;V), i.e., their realizations are V-measurable and square-integrable. Thus, g; and

&, are V-measurable functions for each realization of the training data.

Step 1: Define the population moment map. Recall the orthogonal score
v(W;0,9,a) = m(W,g) —0+a(W){U — g(W)}. Define the population moment (at
the true target 6) as the map ¥(g, a) := E[¢(W;6p, g,)]. Using by = E[m(W, go)],

we may rewrite ¥(g, «) as
U(g,a) = E[m(W,g) — m(W,g)] +E[a(W){U — g(W)}]. (30)

Step 2: Linearity of m and the Riesz representation. Because m(W,:) is

linear in its second argument, m(W, g) — m(W, go) = m(W, g — go), and therefore

E[m(W7 g) —m(W, go)} = E[m(W, g— go)]- (31)
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By the defining property of the Riesz representer oy, for every admissible direction h

we have E[m(W,h)] = E[ao(W)h(W)]. Applying this with h = g — go yields
E[m(W,g — )] = E[ao(W){g(W) — go(W)}]. (32

Step 3: Conditional mean property and elimination of the first-order term

in . Assume that the regression nuisance satisfies the conditional mean restriction
goW)=EU[V] <«  E[U-gW)|V]=0. (33)
Let a be any V-measurable function in L?*(P). Then, by iterated expectation,

ElaW){U = go(W)}] = E[E[(W)N{U — go(W)} | VI]
= Ela(W)E[U — go(W) | V] = 0. (34)

Now decompose the residual as
U—gW)={U—=goW)} = {g(W) — go(W)}.
Multiplying by (W) and taking expectations gives

Ela(WHU — g(W)}] = E[a(W){U — go(W)}] — Ela(W){g(W) — go(W)}]
= —Ela(W){g(W) — go(W)}, (35)

where the last equality uses (34). Therefore, Term (II) simplifies to
(II) = =Ela(W){g(W) — go(W)}] .

Step 4: Exact second-order representation of the population moment error.
We now substitute the identities derived in Steps 2 and 3 into the decomposition of
U(g, @) established in (B0). Recall the decomposition:

W(g,0) = E[m(W,g) — m(W, g0)] +E[a(W){U — g(W))].

(.

g

Term (I) Term (II)
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By the linearity of m and the Riesz representation derived in —, Term (I)

becomes: (I) = E [ao(W){g(W) — go(W)}].

By the residual decomposition and the conditional mean restriction (Step 3), Term
(II) becomes: (II) = —E[a(W){g(W) — go(W)}]. Adding these two terms and fac-
toring the common difference g(W) — go(W) yields the exact product representation:

U(g, @) = E[ao(W){g(W) — go(W)}] = E[a(W){g(W) — go(W)}]
= E[(ao(1) — (W) (4(7) — (W) ]
= —E[(a(W) - ao(W) (9(W) — go(W)) . (36)

Step 5: Application to adaptively selected nuisances (conditional identity).
We now apply the identity to the fold-specific, adaptively selected nuisances. Let
Fi:=oc({W; : i € I}}) denote the o-field generated by the training fold. By Step 0
(measurability of the selection/refitting map over a finite library), the estimators g,
and ¢; are F;—measurable. Since the observations are i.i.d. and I; is disjoint from I},
conditional on F; the evaluation observations {W; : i € I;} are i.i.d. draws from P
and are independent of (g, &;). Equivalently, conditional on F; we may treat (g;, &)
as fixed functions and let W ~ P be a fresh draw independent of F;. Therefore,
applying conditionally yields

B[6(V; 60, 1, ) | Fi] = —E[(@(W) = agW)(@(W) = (W) | F]. (37

Step 6: Conditional Cauchy—Schwarz bound. Define the fold—specific nuisance
errors Uj(W) 1= &(W) — ap(W), Vi(W) :== (W) — go(W). Then can be
written as E [ (W; 60, §i, &) | Fi] = —E[U(W)Vi(W) | F]. Applying the conditional
Cauchy-Schwarz inequality yields

B[V 60,0, 0) | 7| =[BTV | 7]
< (B 1 A) " (Epoe 1 7)) ey

By construction of cross—fitting, (§;, &) are F;—measurable, and conditional on F; the
evaluation draw W ~ P is independent of F;. For any F;-measurable f € L?*(P),
E[ (W)? | .E] [ flw (w) = Hf||§32 a.s. Applying this identity with f = U
and f = Vj gives E[Um >2 | R =l — collba EGWY | F] = 31 — ol
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Substituting back into yields the pathwise (almost sure) bound
B[V 60,31, 60) | Fi)| < = goll e &0 = aoll e (39)

Crucially, holds pathwise for each realization of the training sample (equivalently,
conditional on F;), and therefore is uniform in the realized hyperparameter selections
(Pg.1s Ra,); no continuity or differentiability of the selection map is required. Steps 1-6

establish the identity and Cauchy—Schwarz bound exactly (conditional on D),

Step 7 (Asymptotic implication used in Theorem |3)). Fixafoldl € {1,..., L}.
By the pathwise bound , we have F—a.s. (i.e. for P—almost every realization of
the training sample) that

E[0(W; 60, 1, 60) | Fi]| < = oll e s = ol s (40)

To convert into an 0,(n~'/2) bound, let € > 0 be arbitrary. Then, using and
the monotonicity of probability,

P(\/E‘EW(W;QO>§Z,@1) | le > €> < P(\/ﬁngl — gollp2 ldu — aol[p2 > 5) . (41)

By the product-rate condition for DML inference, ||§;— gol|p2 || — ol p2 = 0,(n~/?),
the right-hand side of converges to 0 as n — oco. Hence

E[v(W; 6o, i, 61) | Fi] = op(n~"7?). (42)

Since the number of outer folds L is fixed, the same rate holds uniformly over ¢:

indeed, for any € > 0,

P(max VA[E[G(W: b, g1,60) | ]| > ) < ip(\/ﬁ\lﬁz[ww; bo. 1. ) | Fi] | > )

1<I<L
=1

(43)

where the inequality is the union bound and the convergence uses for each fixed
¢. Therefore, maxlggL‘E[zD(W; 0o, 41, &) | Fi] ‘ = 0,(n~%/2). In particular, any cross-
fitted average over folds inherits the same order because it is a convex combination of

the fold-specific terms and ¢ is fixed. This establishes the usual o,(n~'/2) implication
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of the non-asymptotic bound under a product-rate condition, which is the only part
of this step used later in Theorem [3| O

Remark. The argument is non-asymptotic up to the final product-rate step: the exact
identity and the conditional bound hold for any pair of )V-measurable func-
tions (g, a) trained on an independent sample, including data-dependent selections
from a finite library. In particular, no derivatives with respect to hyperparameters are
required, which justifies treating hyperparameters as a tertiary nuisance parameter

indexed over ®,,.

A.6 Proof of Theorem [3

We establish the asymptotic normality of the adaptive cross—fitted estimator éAdaptive

solving

1 o - . ) o
ﬁ Zw(Wi;eAdaptiveygfi, 064) =0, N—i := (9717044)-
i=1
Throughout, write Pf = E[f(W)] and P,f =n"t>" | f(W,).

Step 0: Cross—fitting notation and conditioning. Let ([;)-, be the outer
folds. For each fold ¢, let 7, = (g;, &;) denote the nuisance estimates trained on If
(including the inner CV selection and refitting), and define the cross—fitted nuisance
for observation ¢ by f_; := 7 whenever i € I,. Let 7, := o({W; : j € I}) be
the training o—field for fold ¢. Then 7); is F;—measurable and, conditional on JF;, the

evaluation observations {W; : ¢ € [;} are i.i.d. draws from P and independent of 7).
Step 1: Linearization in the target parameter. Recall the scoreFE]
Y(W;0,9,0) =m(W.g) — 0+ a(W) {U - g(W)}. (44)

This score is affine in 6 with slope —1. Hence, for any nuisance n = (g, ), (W 0, n)—
(W, 00,1m) = —(é — ), and therefore the sample moment equation implies the ezact

YM1f J = 1, interpret U and g(W) as scalars and drop the transpose. The argument below is
written in this scalar notation for readability; the J > 1 case follows by replacing products with
inner products.
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identity
0= in (W, éAdaptive, ﬁ7> = in(W, 907 77,) - (éAdaptive - 00)7 (45>

where 7)_ denotes the observation-specific cross—fitted nuisance map 7 — 7_;. Rear-

ranging yields
éAdaptive - 90 = in(Wa 907 ﬁ*) : (46)

Consequently,

V1 (Oadaptive — o) = % > (Wi 6o, 1) - (47)
=1

(Remark: In settings where 1 is not affine in 6, one can replace this step by a mean-
value expansion with Jacobian I'y = 0pP1(W;600,1m0); the rest of the argument below

is unchanged, up to the usual premultiplication by Ty*.
Step 2: Decomposition into oracle score and empirical remainder. Let
Mo = (go,ap) denote the true nuisance parameters. We decompose the estimator’s

error by adding and subtracting the unobserved oracle score ¢(W;; 6y, 1) inside the

summation in (47)):
R 1 & .
\/ﬁ(eAdaptive - 60) = % ; w(I/V’La 907 77*1)
1 © R .
= %;{@0(%;90,%) + (@/J(V[/i;@o,n-i)—w(Wi,@o,no)ﬂ
1 < 1 & ) .
= %;¢(V%;907n0> + %;{@z}(wi;eo,n_i)—¢<Wi,90,n0)}.

Defining the first term as the oracle process S,, and the second term as the nuisance

estimation remainder 7,,, we obtain the representation:

N 1< 1<
V1 (Oadaptive—00) = %ZWW@';HO,UO) + %Z{¢(M;907ﬁ—i) —%D(Wi;@o,no)}-
=1 i=1

J/

:Tgn :ﬁn
(48)

The term S, is a normalized sum of i.i.d. mean-zero random variables (the efficient

influence functions). The term T, captures the stochastic error arising from estimating
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no with 7_;. We proceed to show that T;, = 0,(1), which implies asymptotic normality
via the Central Limit Theorem applied to S,,.

Step 3: L*(P) Lipschitz bound for the score difference. Recall (WW;0,g,a) =
m(W, g) — 0 + a(W)"{U — g(W)}. For any (g, ), consider the difference relative to

the oracle nuisances 19 = (go, ®):

V(W3 0o, 9,a) — (W56, go, ag) = m(W, g — go)
— (W) {g(W) = go(W)} + {a(W) — ag(W)} {U — go(W)}.

Applying the L?(P) norm and the triangle inequality yields

19(+5 00, 9, ) — ¥(+5 00, 9o, 20) | p2 < [m(-, 9 — g0) || p2 + [T (9 — 90)|| P2 + || (@ — a0) T (U — g0) || p2-
(49)

By Assumption[l] ||m(-, h)||p2 < Cnl|h||p2. Moreover, by the interpolation inequality
1 fllps < ||f||1/2 ||f||1/2 and the clipping bound ||a — aollpo < |laflpeo + o]l Poe <

2B, we have || — apl|lpa < (2B)Y?||a — 040“132 Therefore, by Holder inequality,

2

(@ —a0)" @ —a0)|,, < Il — 0lls U = oll s < B2V = ol llo = vl 3
Combining yields

1956, 9. @) — (-3 6o, go, a0) I p2 < (Con + B)llg — gollpz + Cura o — aoll 3. (50)

where Cpr 4 := (2B)Y2||U — gol|pa < o0.

Step 4: Fold-wise decomposition and control of the bias term. We analyze
the remainder 7,, by partitioning the sum over the ¢ folds. Let n; = |[;| denote the

number of observations in fold ¢. We can rewrite 7,, as:

L
ny
Tn = E _Pn,lAla (51)
=V

where P f = nj ">, 1, f(Wi) denotes the empirical measure on fold /. Condi-
tional on the training o-field F;, the function A, is fixed, and the data {W;},c;, are

i.i.d. draws from P. We decompose the empirical mean P, ;A; into its conditional
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expectation (bias) and a centered empirical process (fluctuation):

Pn,lAl = PAZ + (Pn,l - P)Ala (52>
~
1as Fluctuation

where PA; := E[A,(W) | Fil.

We first control the bias term PA;. By the definition of A;(W) = ¢(W; 80y, 1) —
(W 00,1m0), and using the fact that the oracle score has mean zero (E[)(W; 6y, m0)] =
0), the conditional expectation simplifies to: PA; = ]E[@/J(W; 0o, 71) | ]ﬂ —0.

We now invoke Theorem [2| (Adaptive Orthogonality). Conditional on F,

[PA| = [E[0(W:b0. 51,60) | Fi]| < 130 = gollre |6 = collpa: (53)

Under the product-rate condition (Assumption2and Theorem(l]), ||ge—gol| p2 [|6e—
ol p2 = 0p(n~1/?), and therefore, by (53)), |PA.| = 0,(n"/2).

We now evaluate the contribution of this bias term to the total remainder T,,.
Recall from that the bias component is the weighted sum of these conditional

expectations. Substituting the rate obtained above: Zle ;—%PAZ = lL:l o <\/ﬁ
PAI> — Zle ™ <\/ﬁ : op(n_1/2)> = Zle 2. 0,(1). Since the number of folds ¢ is
n
<1

fixed and Zle " =1, the linear combination of 0,(1) terms remains o,(1). Thus,
Zlel \’}—%PAZ = 0,(1), proving that the systematic bias component of the remainder
T, is asymptotically negligible.

Step 5: Control of the stochastic fluctuation term. It remains to control
the fluctuation component of the remainder 7,. Recall from that P, ;A =
PA; + (P,; — P)A,. Having established in Step 4 that the bias component sums to

0p(1), we focus on the weighted sum of the centered empirical processes:

L L
ny ny
Thfue = — (P, — P)A; = — P, — P)A;.
f ;\/ﬁ( 1= P)A ; n\\/nz( 1= P)A

-~
::Gn,l(Al)

We analyze the term G,,;(4;) conditional on the training data F;. Conditional on
Fi, the function A; is fixed, and the observations in fold ¢ are i.i.d. draws from
P. The conditional expectation is zero by construction: E[(PM - P)A; | ]-ﬂ = 0.
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The conditional variance is determined by the second moment of the score difference:

Var(GnJ(Al) | .7:}) =1y Var(Pn,lAl ’ ]:l) = n; - %V&I‘(AZ(W) ’ ./_"l) S E[AZ<W)2 |

]-"l] = HAZH%’,Q' Fix any ¢ > 0. Conditional on F;, we have
Pr ‘Gn,E(AZ)‘ > ¢ .Fg < Val"(Gn’g(Ag) | fg) < t72
[yava s T PlAdR, T

where the first inequality is Chebyshev’s inequality and the second uses Var(G,, ((Ay) |
Fu) < ||A¢||3,- Hence,

A
CrelAe) = 0p(1) (conditionally on F).
1Al 2

Combining this with Step 3, which gives [|As||p2 = 0,(1), yields G, (As) = 0,(1).
Since ¢ is fixed and \/ng/n <1,

Ty flue = 3 @Gn, (Ag) = 0,(1). (54)

Step 6: Asymptotic normality of the oracle score process. Let Z; := 1(W;;00,m0)
with 19 = (go, ap). Then {Z;}I | are i.i.d. We first verify that E[Z;] = 0:

E[Z] = E[m(W, go) — 6o] + E[ao(W) {U — go(W)}]
=0+ E[E[ag(W){U — go(W)} | X]]
= E[ag(W)TE[U — go(W) | X]]
=0,

where 0y = E[m(W, go)], ap is X-measurable, and go(W) = E[U | X].

Next, under Assumption , Z; has finite second moment, so the variance o2 :=

Var(Z;) = E[p(W; 0y, m0)%] < oo is well-defined. Hence, by the Lindeberg-Lévy CLT,
1 >
S, = NG ;Z = N(0,02). (55)

Step 7: Asymptotic normality via Slutsky’s Theorem. We combine the re-

sults from the previous steps to establish the final limiting distribution. Recall the
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decomposition from : \/ﬁ(éAdaptive — 00) = S, + T,. From Step 6 (Equa-
tion , we established that the oracle score component converges in distribution:
S, L& N (0,0%). From Steps 4 and 5 (Equation (54)), we established that the
nuisance estimation remainder converges in probability to zero: T, = 0. Slutsky’s
Theorem states that if a sequence of random variables X,, converges in distribution
to X and another sequence Y, converges in probability to a constant ¢, then their
sum X,, + Y, converges in distribution to X + ¢. Applying this with X,, = S,, and
Y, =T, we obtain: \/ﬁ(éAdaptive —6y) = S+ T, 4, N(0,0%) +0 = N(0,0%).
This completes the proof of Theorem [3] O

Remark 14 (Generalization to non-affine scores). If ¢ is nonlinear in 6, Step 1 is
replaced by a mean-value expansion of the estimating equation P,y (W; é,ﬁ,) =0
around 6p: 0 = P,yp(W;00,1-) + f‘n(é — 6p), where [, is the empirical Jacobian and
T, & Ty := E[0g0(W:6y,m)]. Provided Ty # 0 and the corresponding remainder
term R, = o0,(1) (with R,, = T, in the affine case treated above), Slutsky’s theorem
yields \/n(6 — 6y) = N(0,T5%0%).

A.7 Proof of Lemma [3] and Corollary

We establish the consistency of the plug-in variance estimator 62 (Lemma [3)) and the

resulting validity of the confidence intervals (Corollary .
2

Recall the definition 62 = %Z?:l <w (VVZ-; éAdaptive, J_i, ol,i)) , where ¢g_; and

&_; denote the nuisance estimators trained on the fold I such that i € Ij.

Step 1: Decomposition of the variance estimator. The score function ¢)(W;6,¢g,a) =
m(W, g)—0+a(W){U—g(W)} is linear in . Specifically, »(W; 0, g, ) = (W 6y, g, ) —
(6 — 6y). Substituting this into the definition of 62, we expand the square:

1 n R 2
5’2 = E ZZI (¢ (VV“ 00, g_i, OAé_Z) - (QAdaptive - 90))

1 . ; 1 . 5
== ; (Wi 0o, i, Oéfz')Q — 2(Oadaptive — 0o) - Z (Wi 00, §—ir —i) + (Oadaptive — 00)°-

=1

(. J/ J/

~
=:3n =V,
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By the definition of the estimator éAdaptive, it solves % Yo (W éAdaptive, g_i,G_;) =
0. Using the linearity in 6, this implies ¥,, — (éAdaptive —60) =0 - U, =
éAdaptive — 6. Substituting this back into the expansion yields 6% = in - Q(éAdaptive —
00)* + (éAdaptive —00)? = 3, — (éAdaptive — 60y)?. From Theorem , we know that
éAdaptive — 0y = Op(n_1/2)7 S0 (éAdaptive - 90)2 = Op(n_l)‘ Thus,

6% =3, 4 0,(1). (56)
It remains to show that 3, & o2

Step 2: Consistency of the nuisance-plug-in second moment. We decompose
3, by adding and subtracting the oracle score 1o(W;) := 1 (W;; 0o, go, ). Let 1[}2 =
1/1<Wz7 907 gfia 657@) Then

n

= D= D+ S vl (57)
Note that the cross-fitted nuisances differ across folds, so we apply the conditional
law of large numbers within each fold conditional on its training sample Fy, treating
Ay(+) as fixed on the evaluation fold I,. This yields |I,|7'Y7,., A7 = E[A(W)? |
Fi) + 0p(1) = [|Agl|B + 0,(1), and averaging over £ gives n~' Y1 | A? = 0,(1).
The first term converges to 0% = E[t)o(1W)?] by the Law of Large Numbers, since
observations are i.i.d. and moments exist by Assumption [I} For the second term, we
use the algebraic identity |a® — b%| < |a — b|*> + 2|b||a — b|:

n

SR - )| < ;Zw (W, Zwo AR DR

Write the cross-fitted average as a sum over outer folds:
|IE 2
A;
Z Z i XI:

Within each fold ¢, (§_;,&—;) = (gs, &) is fixed conditional on Fy, so the condi-
tional LLN applies to ||~ Zielg A?. Recall A; := (W;; 60,9, ;) — o(W;). B
the score definition, A; == m(Wi,G_; — go) + (@—i(Wi) — ao(W)) " (U; — g0 (W3)) —
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a_i(Wi)"(G_; (W;) — go (W;)). Thus, conditional on Fy, using (a + b+ ¢)? < 3(a® +
b’ + %),

E[AY | Fi) < BE[m(We.g-— g0)” | Fi] + 3E[(<az~<wi> — () (0 - V)| 7
+ 3E[(a7i<Wi)T(§li (Wi) = go ( ‘ .7:@]

By the L? continuity of m, the first term is bounded by 3C? |g_; — go||?372. For the
second term, we do not require an essential-supremum bound on the conditional vari-
ance. Instead, by Cauchy—Schwarz and Holder’s inequality with conjugate exponents

p= % and p’ = 1 (valid since ¢ > 4), we have

E[{(a—i(W) — apg(W)) (U - QO(W))}2 | ]'—z] < E[la—;(W) — ag(W) I3 1U — go(W)I[3 | F]
<lla_; — OéoHiq% U = gollp,- (58)

Using the clipping bound ||a_; — agllec < 2B (Assumption |1} and the interpolation

inequality ||h| p, < HhH}QQ/THhHQ/T with r = 2q2, we obtain

16 = aoll}, 2 < (2B)7]|a-; — aoll 25"
Therefore,
E[{(@(W) = asW) (U = W)} | | < CE, I~ aoll 75" (59)

where CZ, = (2B)"9||U — go||3, < oo by Assumption [I| For the third term, us-
ing the uniform bound ||a_;(W)||s < B (from the clipping/boundedness condition),
E[(a_i<w,-)T(§_i (W) — go (W) ] ]—"g] < B||G_s — gol|%,. Hence, conditional on
f@a

~ ~ ~ 2—4
E[A? | Fo) < 3C2115-: — goll o + 3B[|9—i — goll52 + 3CH  lla—s — ol sy /.

Since g > 4, the exponent 2 — 4/q > 1, and consistency of the selected nuisances
implies ||g_; — gollp2 —p 0 and [[a_; — aglp2 —p 0. Therefore E[A? | Fy] —, 0
uniformly over folds.

Averaging over ¢ and using a foldwise conditional law of large numbers yields
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n~t3"  A? = 0,(1) by Corollary Substituting this back into (57), both error
terms vanish, proving 3, % ¢%. Combining with (56), we have 62 % o2;.

Step 3: Slutsky’s theorem and confidence interval validity. By Theorem
ﬁ(éAdaptive - 00) i> N<07 O-e2ff>'

Since & 2 oo (by continuous mapping of 62), Slutsky’s theorem implies

ViOndapive = 00) _ ViOndoptive = 00) 0o d 1) 1 — A0, 1),

15 Ooff 15

The validity of the confidence interval follows immediately from the definition of

convergence in distribution:

é aptive — 0
]P)(e(] c CIl_a) =P (—Zl_a/g S \/ﬁ% S Zl—a/Q)
— O(21-0/2) — P(—21-02) = (1 —a/2) = (/2) = 1 — a.

A.8 Proof of Theorem 4

Let Tn = \/ﬁ(éAdaptive - 00)) Sn = n71/2 Z?zl ¢(Ma 90,90,0&0), and Rn = Tn - Sn

Fix € > 0 and write 0 := g.g.

Step 1: Reduction to the oracle sum plus the remainder. For any x € R,
{T,)o <z} C{S,/o <z +¢e} U{|Ry|/o > ¢}, hence Pr(T,, /o < z) < Pr(S,/o <
x+4¢e)+Pr(|R,|/o > ¢e). Similarly, {S,,/oc <x—¢e} C{T,/o <z} U{|R,|/0 > €}, so

Pr(T, /o < x) > Pr(S,/o <z —¢)—Pr(|R,|/o > ¢).
Step 2: Convert the shift into a ®-error. Using the upper bound,
Pr(T, /o < ) — ®(z) < (Pr(Sn/a <zte) - Ba+ 5)) + (@(x o) <I>(x)> 4 Pr(|Ry|/o > €)

< sup | Pr(S, /o < u) — @(u)] + —— 4 Pr(|Ru|/0 > ),
T

u€ER vV 2
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where we used sup, ¢(z) = 1/v/27 for the standard normal density ¢. The corre-
sponding lower bound yields the same inequality for ®(x) —Pr(7,,/o < x). Therefore,

sup [Pr(T, /o < z) — ®(z)] < sup [Pr(S,/o < u) — ®(u)| + —— + Pr(|R,|/0 > ¢).
zeR u€eR V 2w

Step 3: Apply the classical Berry—Esseen inequality to S,. The summands
»(Wi; 00, go, o) are i.i.d., mean zero, and have variance o®. Under E|v(W; 0g, go, o) |> <

00, the Berry—Esseen theorem implies

CBE ]E|77/}(” ;607907a0>|3
Pr(S,/oc <u)—® < :
ilelgl r(Sh/o < u) = P(u)| < i o3

Combining Steps 2-3 yields the desired bound. O

B Efficient influence function for the Riesz score

Lemma 4 (Efficient influence function of the Riesz score). Let P be a dominated
nonparametric model for the law of W with reqular parametric submodels. Let U =
w(W) € RY and let X be a o—field. For P € P, define the regression nuisance
gp = Ep[U | X| and the target functional 0(P) := Ep[m(W,gp)]. Let Py € P
be the true law and write (0y,go) for the induced objects. Assume that the map
h s Ep, [m(W, h)] is linear and continuous on L*(Py)” restricted to X -measurable h,
so that there exists a unique X-measurable ag € L*(Py)” satisfying the Riesz iden-
tity Ep,[m(W, h)] = Ep,[ao(W)Th(W)] for all X-measurable h € L*(Py)”. Then 6 is
pathwise differentiable at Py with efficient influence function ¥o(W) = m(W, go) —
0o + (W) {U — go(W)}.

Consequently, the semiparametric efficiency bound equals o2; := Varp, (vo(W)) =
Ep,[tho(W)?], where the last equality uses Ep,[th(W)] = 0.

Proof. Let {P; : t € (—¢,¢)} be an arbitrary regular parametric submodel through F
with density p; (w.r.t. a common dominating measure) and score s(W) := 9;log p,(W)|,_, €

L3(Py). Write E;[-] for expectation under P; and denote g; := gp,.
Step 1 (Pathwise derivative of 0(F;)). Define f;(W) := m(W, g;). For regular

64



submodels,

d

dt

d
dt

mMMMZMMM%MM+m[

mwﬁ

t=0
Since fo(W) = m(W, go), the first term equals Eo[m (W, go)s(W)].
Step 2 (Linearity + Riesz representation for the g;-term). By linearity and

continuity of m(W,-),

d

— W) =m(W,g ] = — .
dt —o ft( ) m( 7g)7 g dt t:Ogt

By the Riesz representation property at Py, Eo[m (W, g)] = Eo [aO(W)Tg(W)] )
Step 3 (Derivative of the conditional mean). A standard calculation for regular

submodels yields
g(W) = E[(U = go(W)) s(W) | X].

Because ag is X—measurable, iterated expectations give
Eo [ao(W) " §(W)] = E[ag(W) (U = go(W)) s(W)].

Step 4 (Identify the gradient and conclude efficiency). Recall ¢o(IV) =
m(W, go) — 0o + ag(W)"{U — go(W)}. Combining Steps 1-3 yields

L1 9P = EBo[m(W, go) s(W)] + Eo[m(WW, §)]

B [{m(Wig0) + (W) (U = go(W))} s(W)]
= Eo [{m(W, go) — 0 + (W) " (U — go(W))} s(W)]
= Eo[go(W) s(W)].

where the third line uses Eq[s(1V)] = 0.

In the dominated nonparametric model, the tangent space equals L3(P); hence
the unique 1y € L3(P,) representing the derivative is the efficient influence function,
and the efficiency bound is Eq[to(1W)?]. O
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C Additional Simulation Results

C.1 Ro

bustness to Dimensionality

To ensure that the adaptivity results are not specific to the high-dimensional setting
(d = 200) presented in the main text, we repeated the phase-transition experiment
with p = 20. Figure [§| reports the results. The findings mirror the high-dimensional
case: the Adaptive Riesz-DML estimator successfully tracks the best-performing
model in terms of RMSE and maintains valid coverage where fixed estimators fail.
Notably, the under-coverage of the Random Forest in the linear regime is slightly less

severe in low dimensions but remains present, reinforcing the necessity of adaptive

selection ev

en in simpler settings.

RMSE across Linear-to-Nonlinear Phase Transition
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Figure 8: Low-dimensional Phase Transition (d = 20). Replication of the phase
transition experiment in a low-dimensional setting. The qualitative dominance of the

Adaptive e

stimator (solid black line) is preserved.
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C.2 Finite-Sample Distributional Diagnostics

To verify the theoretical prediction that adaptive selection preserves inference while
minimizing risk, we examine the full sampling distribution of the estimators beyond
the first two moments. Figure [J] summarizes the distribution of estimation errors
(é —0o) for the full library of learners. The results highlight two distinct failure modes
of fixed strategies that the adaptive procedure successfully avoids. First, in the sparse
linear regime (DGP 1, left panel), high-complexity learners such as the Fixed Neural
Network exhibit extreme variance, with error whiskers extending significantly beyond
the scale of the linear benchmarks. This confirms that unconditionally using flexi-
ble architectures can induce heavy-tailed sampling distributions when the underlying
signal is simple. Second, in the nonlinear regime (DGP 2, right panel), fixed linear
estimators exhibit systematic bias, with median errors visibly shifted away from zero.
In contrast, the Adaptive Riesz-DML estimator (dark grey) consistently recovers a
centered, low-variance distribution. In DGP 1, Adaptive Riesz-DML yields a con-
centrated error distribution and near-nominal coverage, though the smallest RMSE
is attained by the best-performing fixed linear benchmark in this design. In DGP 2,
it remains centered at zero, effectively filtering out the biased linear candidates. This
confirms the adaptive orthogonality result: the estimator automatically navigates the
bias-variance trade-off to preserve valid inference.

Finally, we examine the price of adaptivity. A central concern in semiparametric
theory is whether searching over a complex library inflates variance when a simple
model would suffice. Figure [10| provides a granular test of this trade-off by plotting
the absolute estimation error of the Adaptive estimator against the best available
fixed benchmark for each replication. In the sparse linear regime (DGP 1, left panel),
the replications cluster tightly along the 45° line. This provides direct visual confir-
mation of the oracle property: the price of adaptivity—the efficiency loss incurred by
not knowing the true linear structure ex ante—is statistically negligible. The adap-
tive procedure effectively collapses to the optimal linear benchmark when the data
supports it. In contrast, the nonlinear regime (DGP 2, right panel) reveals the asym-
metric payoff of this strategy. The cloud of points disperses into the upper-left region,
indicating that when the estimators diverge, the fixed benchmark typically incurs sig-
nificantly larger errors than the adaptive estimator. This confirms that the procedure
offers substantial robustness against misspecification bias in complex settings while

incurring virtually no penalty in simple ones.
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Figure 9: Distribution of estimation errors across regimes. Boxplots display
the interquartile range (box), median (line), and 1.5xIQR whiskers of the estima-
tion error (é — 0p) for all candidate learners. The Adaptive Riesz-DML estimator
(dark grey) consistently achieves a centered, low-variance distribution. Note that
fixed learners exhibit regime-specific failures: linear learners suffer bias in DGP 2
(shifted medians), while complex learners like Neural Networks suffer extreme vari-
ance in both regimes (wide whiskers). The comparatively larger RMSEs for some
fixed linear benchmarks in DGP 1 are driven by rare but large outliers, which appear
only as scattered points in the boxplots and can be visually muted on a vertical scale
dominated by the catastrophic Tree/NeuralNet errors.
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D Additional Empirical Diagnostics for the 401 (k)
Application

This appendix reports additional diagnostics from the nested cross-validation stage
that inform nuisance learning and the selection decisions summarized in Table[3] For
readability, we present high-contrast diagnostic summaries; these figures complement
the main text by showing that (i) flexible nonlinear propensity learners tend to achieve
better classification fit and better representer-oriented diagnostics, while (ii) differ-

ences across outcome learners are comparatively modest, consistent with asymmetric

nuisance complexity.
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Figure 10: Paired comparison of absolute estimation errors |é — 6p|. The
x-axis represents the Adaptive Riesz-DML estimator, and the y-axis represents the
best-performing fixed benchmark (LinearSVR for DGP 1, Random Forest for DGP
2). Points above the red 45° dashed line indicate replications where the Adaptive
estimator achieved lower error. In the linear regime (DGP 1), the Adaptive estimator
tracks the oracle benchmark, with the bulk of the distribution lying on the diagonal.
In the nonlinear regime (DGP 2), the Adaptive estimator frequently outperforms the
benchmark (points in the upper-left region). To visualize the density of the primary
distribution, axes are zoomed to the 99.5% quantile. As noted in the figure text, a
small number of extreme outliers (e.g., < 1% of draws) with errors exceeding the axis
limits are excluded from the visual but included in all tabular RMSE calculations.
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Panel A: Propensity (Log-Loss)

Inner-CV propensity fit (log-loss; lower is better)

Panel B: Outcome (MSE) Panel C: Riesz Criterion

Inner-CV propensity representer criterion (Riesz; lower is better)

Inner-CV outcome fit (MSE; lower is better)
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Figure 11: Inner-CV diagnostics for nuisance selection in the 401(k) application. Panel A reports inner-CV
log-loss for propensity learners (used for hyperparameter tuning within architectures). Panel B reports inner-CV MSE
for outcome learners. Panel C reports the representer-oriented diagnostic used to compare propensity architectures via
the implied weights &. Highlighted winners correspond to strict argmins of mean inner-CV criteria. The diagnostics
display the strict inner-CV argmins of the mean criteria. However, the main application tables implement the stable
e-minimizer rule from Section so the selected learner in a fold need not coincide with the strict argmin when several
candidates are statistically indistinguishable. In folds where Forest is selected in Table [3| despite Boosting being the
strict argmin in Panel C, the Forest and Boosting criteria lie within the estimated one-standard-error band, and the
e-minimizer rule selects the simplest/stablest architecture among near-minimal candidates.
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